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Abstract

We consider the long time behavior of a quantum particle in a 2D magnetic field which is homogeneous
of degree —1. If the field never vanishes, above a certain energy the associated classical dynamical system
has a globally attracting periodic orbit in a reduced phase space. For that energy regime, we construct a

simple approximate evolution based on this attractor, and prove that it completely describes the quantum
dynamics of our system.
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1. Introduction
1.1. Two-dimensional purely magnetic Hamiltonians

A classical particle in a magnetic field is described by the Hamiltonian

1
hx§) = 2 (6 —am)’, (x5 R, (1.1)

The magnetic field B(x) is obtained from the vector potential a by exterior differentiation, B(x) =
da(x). In this paper we study the classical and quantum dynamics of a two-dimensional particle
in a magnetic field of the form

b(0)

B(x) = —=dx; Adxs, Xx=(rcos6,rsinf) e R>. (1.2)
r

We are interested in orbits (x(¢), £(¢)) for which

lim r(1) = oo (1.3)

and hence in scattering theory. The decay rate (x)~! in (1.2) seems to be the borderline rate of
decay for which we can be assured of (1.3) (at least for some range of energies). For if we take
B(x) = (b/r”)dx| A dxp with b a nonzero constant and 0 < y < 1, a vector potential satisfying
B(x) = da(x) is readily found and leads to the conservation laws

1= const. E—n= (¥ 2+1 L irY Const
= — = Cons =h=—-|— —|(-=cr = Const.
30 st 2\ ar AT

b
2=
confined to a){)ounded region of phase space. Indeed, Miller and Simon analyzed the correspond-
ing quantum Hamiltonian and showed that its spectrum is pure point, dense in [0, co) (for more
details, see [2, Theorem 6.2]).

On the other hand, much work over the last twenty years has been done in analyzing the
quantum problem with |B(x)| = O((x)_l_é) with € > 0 (in any dimension > 2). We briefly
review known results in this case. Firstly, the existence part of wave operators for 1 <y < oo is
covered by general results of Héormander (see [9]) which hold in combination with a long-range
scalar potential. The comparison dynamics used in [9] to construct a wave operator preserves
the momentum (it is a refined Dollard-type dynamics). Asymptotic completeness was proved
by Hormander (using stationary methods) in [10, Chapter 30]. In addition we mention here the
work of Robert (see [18]) which also includes long-range scalar potentials. The wave operators
in [18] are constructed using the stationary modifier of Isozaki—Kitada (see [11] for details). Very
recently Roux and Yafaev revisited this problem in [19], and they also investigated the spectral
properties of the corresponding scattering matrix S.

Secondly, the case y > 3/2 was further investigated by Loss and Thaller in [12,13] for purely
magnetic Schrodinger and Dirac operators, where they prove existence and completeness for
the ordinary Mgller operators employing Enss’ time-dependent approach. Then Nicoleau and
Robert in [16] treat the Schrodinger problem for y > 3/2 by using stationary scattering theory; in

Here ¢ = , [ is the angular momentum and E is the energy. It follows that all orbits are
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addition, they allow short-range scalar potentials. Enss (see [5]) extended their Schrodinger result
to include long-range scalar potentials, giving a simplified proof of existence and asymptotic
completeness of the modified Dollard wave operators. The modification here only uses the scalar
and not the vector potentials. We mention that these results for y > 3/2 can now be recovered as
particular cases of the more general results in [19].

Scattering theory with ¥ = 1 (no decay on the vector potential) does not appear to be treated
in the literature. Similar problems with homogeneous of degree zero electric potential have been
considered by two of the authors in [7,8]; see also a related work of Hassell, Melrose and Vasy
in [6]. In those cases, the Hamiltonian is roughly H = —A 4+ V(x/|x|), where V is defined on
the unit sphere. The generic behavior for the classical orbits in this situation is that they are
eventually trapped in the directions in which V has local extrema (in the quantum case the local
maxima and saddle points are excluded), hence very roughly the trajectories are asymptotically
straight.

The behavior for the two-dimensional magnetic case with ¥ = 1 turns out to be different (at
least for the case treated in this paper). Assume that we are given a magnetic field which is
homogeneous of degree —1 outside the unit disc, i.e. is given by r~'b(0) for r > 1. For the
classical orbits staying outside the unit disc (for all large times) and with energy E > E, where

E,= max b>(9)/2, (1.4)
6€[0,27]

we have an “easy” Mourre estimate implying that their radial velocities eventually become pos-
itive, hence these orbits move to infinity. (We remark that when b is constant, E; equals the
mobility edge in the Miller—Simon model, i.e. that particular energy above which the spectrum is
purely absolutely continuous while below it the spectrum is dense pure point.) A more detailed
analysis under the additional condition that b is strictly negative (a similar analysis may be done
for b > 0) shows that the asymptotic orbits are logarithmic spirals and not asymptotically straight
as in the potential case. Moreover, we can even go below Ej; with our considerations if b is not
constant.

The main goal of the paper is to demonstrate analogous behavior in quantum mechanics. In
a following paper [1] we will study the case in which b has zeros and in particular the zero flux
case f02n b(0)d6 = 0. For the latter case the classical scattering orbits approach a direction in
which b(6) = 0. When b changes sign but the flux is different from zero both types of behavior
may occur: some trajectories are drawn toward the half-lines defined by the zeroes of b while
others will spiral.

There are indications of somewhat similar results in dimensions higher than two, although the
geometry and analysis are more complicated.

1.2. Classical mechanics: preliminaries and main results

Our system consists here of a classical particle (with charge —1) confined to a plane and
subjected to a magnetic field B which is assumed to be homogeneous of degree —1. As usual,
B is “orthogonal” to the plane in which the particle moves so it has only one nonzero component
(the “third” one) which is of the form B(x) = b(0)/r. We assume that b is smooth and negative.
The associated transverse magnetic vector potential is a(x) = (— sin(#), cos(8))b(6).
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The corresponding classical Hamiltonian function is (in polar coordinates)

1 1/1 2
h(r,0:p,1):= 5p2+5(;—b(9)> , (1.5)

where p = ﬁ - (¢ — a) is the radial velocity and [ = x| pp — x2 p; is the canonical angular mo-
mentum. The Hamilton equations for  and 6 are

dr  9h do  oh 1/[1
dr _oh _, 40 _on _1(L_ ). (1.6)
dt  9p dt dl r\r
The Hamilton equations for p and [/ are
dp ah l l
—=——=-=-b0) )= 1.7
dt or <r ( )> r2 47
and
dl ah l
—=——=|--5b0®) |b'®). 1.8
7 29 (r ( )) @) (1.8)
Let us introduce the transverse velocity & := é — b, which obeys the equations
de & dé& E+Db
=2 == 1.9
dt r dt r (1.9

Since 4 in (1.5) does not depend on ¢, the energy is conserved; that is, on a given trajectory
one has

p2(t) + E2(1) = 2E. (1.10)

1.2.1. An attractive Lagrangian manifold

We will now discuss various results obtained in the classical framework. Apart from their
own intrinsic interest they serve as motivation for our main result in quantum mechanics (see
Theorem 1.1 below).

Define the extended configuration space

A={x=@r0):1>0r>0,0€T},
and consider the function
h(x,7) =T +h(r,0;p,1), TeA ij=(,p,l).

We introduce a symplectic form on 7*.4 given by

dXANdE+dt Ndt =dO Adl +dr Adp +dt Adr.
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We construct a solution S (defined on 4) to the equation h(x,VS) =0, which is nothing but the
Hamilton—Jacobi equation (see Section 3 for details)

;S + h(r,0;0.S,9S)=0.
Consider the associated Lagrangian manifold
L:={z=(x.7): €A f7=VS}CT*A.
Then £ is invariant under the flow corresponding to /2, which when restricted to £ can be written

dr o~ o ., - <
E—arS(t,r,G), = [r 89S(t,r,9)—b(9)] (1.11)
(with the momenta satisfying 7 = V S of course). It is natural to ask how closely an orbit origi-
nating off £ is approximated by solutions of Eqs. (1.11). We show in Section 3 that £ is attractive
for all energies above a certain threshold E; < Ej. More precisely, assume that (r, 6; p,[) is a
solution for the symbol /# with energy E > E; which exists for all # > 0. Then for any § > 0,
the quantities E + 9,5, p — 9,5, (I — 99 S)/r are all O(t~'1%) as t — co. Here and henceforth
t — o0 means t — +00.
Even though (1.11) may seem somewhat complicated at first glance, we obtain in Section 3
that 6(¢) is strictly increasing and grows logarithmically in time. This allows us to consider the

radius as a function of the angle r(@) =7(t(0)) and eventually prove that
Inr = C(E)8 + R(E, 6), (1.12)

where C(E) is a positive increasing function and R is 2w -periodic in 6. Moreover, C (E)N\ O
when E N\ E4, and one can prove that C(E)/~/2E approaches a positive constant when E
increases to infinity. With R(E, é) = R(E) independent of g, (1.12) is the equation for the so-
called logarithmic spiral. On the other hand, if the energy equals E;, we can construct closed
classical orbits which can be put arbitrarily far away from the origin. This indicates that even if
there still exist scattering states below E;, the mechanism through which they go to infinity is
different. What we know is that in the constant b case, according to the Miller—Simon model,
the spectrum below E; = Ej, = b*/2 is pure point, thus no scattering is possible. For further
comments see Section 10.

An example of a typical integral curve first defined for the full Hamiltonian vector field and
then projected to the rectangular configuration space is given in Fig. 1 (E > Ej).

1.2.2. Classical comparison dynamics and asymptotic completeness
Motivated by the above considerations, we introduce

[ —09S 1 -
n=p=08S  p=— ha=h—5(yf+y§), ho(F, M) =T +he. (1.13)

It is easy to see that the Hamilton equations for (r,6) obtained from h, coincide with the sys-
tem in (1.11). Moreover, the dynamics of 4 and A, coincid_e on L, hence recalling the result of
Lemma 3.14 mentioned above, the dynamics generated by %, should approximate the real one.
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Fig. 1.

To fix notation, denote by q, ; = (04(?), l4(¢)) the “momenta” generated by h,; the flow gen-
erated by &, is denoted with V,; and acts as V, ;(r1, 01; qq4.1) = (V¢; qq,r). The flow generated
by h is denoted by V; and V,(r(1),0(1); p(1),1(1)) = (r(t),0(t); p(¢),[(t)) gives the classical
solutions of the true dynamics.

Let W, ; = V;} denote the inverse flow (explicitly, writing the equations for V,; as
dx/dt = F(t,x), the equations for W, ; are dz/ds = —F(t + 1 — s,z), where z(1) = V,;(X)
and W, ;(z(1)) = z(¢t) = x). The obvious interpretation of W, ; is that it gives back the initial
conditions used in computing V, ;.

Classical asymptotic completeness would be the existence of

2, := lim W, 0V, (1.14)
11— 00

and the limit represents the initial data one should put into the dynamics V, ; generated by A, in
order to get a good approximation to any true orbit V;.

Although we do not prove the existence of the above limit, we do prove for energies larger
than E,; the existence of

M2, = lim MW, 0 Vi, (1.15)

where IT projects on the configuration space of (r, 8)’s. Note for the flow V, ; that the equations
for the configuration space part v; in (1.11) are completely decoupled from the momenta qq ,,
and that W, ; consequently enjoys the same property. In fact denoting the inverse of v; by w;,
we obtain w; = I[IW,, , simplifying the right-hand side of (1.15). We denote by (r4, 6) the limit
in (1.15) and call the entries the asymptotic radius and angle, respectively. Intuitively, when put
into the direct flow v, this limit provides us with a good approximation of the configuration space
component of the true orbit at time 7. See Proposition 3.13 for details.
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1.3. Quantum mechanics: preliminaries and main results

Motivated by its classical counterpart, we choose a magnetic vector potential (we denote
x=(r,0))

a(x) = (—sin#, cosO)b(O)m(r) € COO(RZ), (1.16)

where 0 < m4 < 1 is a smooth cut-off function equal to zero if r < JT and equal to one if r > %
Notice that a is homogeneous of degree zero outside the unit disc while the corresponding mag-
netic field is homogeneous of degree —1.

The classical Hamiltonian from (1.5) now becomes an operator

=—-(p—a)"=-p°—=(p-ata- =
2P A A Py sy

1 92 19 1/L

2
z—im—55+5(7—m+(r)b(0)> , (L.17)

which is essentially self-adjoint on Cgo (R?) with the domain H?(R?) (we denoted the angular
momentum L = —idy).
We will often identify L?(R?) with L?>(R x T) through the unitary transformation

L*(R*) 3 f(r,0) > r'/2 f(r,0) e L*(Ry x T). (1.18)
As an operator on L?(R, x T) the Hamiltonian H takes the form

1 92

H Lo (r)b(0) ’ (1.19)
=—————+=|——— —my(r . .
20r2 82 "2\ rae "

We will see that there is an “easy” Mourre estimate with the generator of dilations A = 1/2(p -
X + X - p) as conjugate operator,

i[H,Al>H—b*©®)/2+K, (1.20)

with K being relatively compact to H, see (2.2) for the classical counterpart. Indeed, after easy
computations employing polar coordinates one obtains

i[p-a,p.X]zi[p-a’X.p]zp_(a_'_ac)’
where a.(x) = (sin(6), —cos(9))b(8)rm’,(r) is smooth and compactly supported. Then

i[H, Al=p*—(1/2)p-(a+a.) — (1/2)(a+a,)-p+a-a,

(a—a.)? 1
=H—TC+§(p—ac)2
)
>H—¥. (121)

Thus we obtain (1.20).
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This computation indicates that above Ej, = max |b|?/2 things are somewhat “easier,” just as
they are in the classical case (see (2.2)). We will see in Section 3 that if b < 0 is not constant, we
can go below Ej; down to the critical energy E; by using a more involved conjugate operator;
notice though that E; = Ej;, when b is constant (see Proposition 2.10). For the classical version
of this conjugate operator see (2.33).

Hence, according to Mourre (see [15]), the interval (E;, 00) is a subset of the absolutely
continuous spectrum and does not contain singular continuous spectrum. Possible embedded
eigenvalues in this interval are discrete and may at most accumulate at E.

We introduce a comparison dynamics roughly generated by the quantization of the symbol 4,
of (1.13). A similar approximate dynamics was used in [8]. This type of dynamics is motivated
by a related one introduced by Yafaev [20]; see also [3,19]. We can define a family of isometries

L*((Eq,00) xT) 3 f > Up() f e L* Ry x T, t2>1,

by (see (3.56) and (3.57))

[Uo() £](r, 0) = 5C9 112 (r,0) £ (—(3,S) (1, W (1, 0)), 61 (1,7, 6)), (1.22)

where J; is the Jacobian determinant arising from the various changes of variables which makes
Up(?) an isometry.

With this comparison dynamics we have existence of the direct wave operator (denoted by
.Qi) and completeness (see the remark after the statement of Theorem 4.2 for a more general
result including short-range perturbations).

Theorem 1.1. Denote by Hg, = I(Ed,oo)\gpp(H)(H)Lz(]RJr X T). Then the following limits exist
and define unitary operators which are mutually inverse:

2 =slime" Uo(t) : L*((Eq. 00) x T) > M,

24 =slimU§(0)e "™ :Hg, > L*((Eq, 00) x T). (1.23)
11— 00
We have the existence of the asymptotic observables defined on Hg, (see (3.56)):

Fi=SI. hme”HM(r](t, ,-))e_”H,
—o0

et i=s.r-lime M ()T HH (1.24)
t—00
where the notation M(-) signifies multiplication operator and s.r.-lim means strong resolvent
limit. These operators can be expressed in terms of the wave operators of Theorem 1.1; they
represent quantum analogs of the classical asymptotic radius and angle, 4 and 6., discussed
previously. For details, see Theorem 4.2.
In the case, where b < 0 does not depend on @ we have the result E; = Ej, = b%/2 in (1.23)
and (1.24), cf. the Miller—-Simon result, and the formula for Uy(¢) reads

}”2 b2 b2
[Uo(0) £](r,6) —exp{lz— —i— }\/7f<2t2 L0+ b ln(t)) (1.25)
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Moreover in this case the term R(E, 9~) in (1.12) is indeed constant in 6.

Heuristically, our comparison dynamics moves the support of an initial state of sufficiently
high energy along the integral curves of (1.11) which are spirals moving counter-clockwise to
infinity with the radius proportional to ¢ and the angle proportional to In¢, cf. (1.12) (see also
(3.65) and (3.66)). (Clearly this picture is confirmed by (1.25) in the constant b case.) Asymptotic
completeness means that any state with high enough energy can be thought of (asymptotically in
time) as a superposition of translates along these logarithmic spirals.

1.4. Gauge covariance of the wave operators and unitarity of the S-matrix

Using an argument similar to the one which led to our “outgoing” wave operators (see (1.23)),
we can also give an approximate dynamics at negative times (see Section 9 for details), and
consequently define some “incoming” wave operators (denoted by £2¢ and £2_). It can be shown
that £2¢ maps unitarily L2((E4, 00) x T) onto ‘HEg, and £2_ is its inverse.

The non-trivial fact that needs to be shown (see Proposition 9.2) is that the E; for negative
times is the same as that for positive times. One might feel that this follows from time reversal
invariance. But it does not seem to. In fact time invariance is different with a magnetic field. If the
time reversed orbit is X, (¢) := x(—t), then the time reversed velocity is v, (¢) := X, (1) = —Xx(—t).
If the force is given only by a scalar potential, then (X, v,) satisfy Newton’s equations. But if
there is a magnetic field B(x) this also needs to be changed to —B(x).

Hence the S-matrix defined as (.Q_‘f_)*.Qi is unitary on L?((Eg4, 00) x T). Our wave operators
have a simple transformation law under a time independent gauge transformation. If

a—>a+V{f, H— T He '/ and S— S+ f,
then
Qi%eifﬂi.

It follows that the S-matrix is gauge invariant.

In the gauge we use here there is no asymptotic momentum and we conjecture that there does
not exist a gauge, where an asymptotic momentum exists. This would mean that no momentum
preserving approximate dynamics is available. This partially motivates our choice of approximate
dynamics (1.22) which is not momentum preserving. For a comparative discussion of various
types of wave operators as used in [9,11,20], see [3].

2. Classical mechanics: the globally attracting periodic orbit

Our main interest in this section is to determine the so called “scattering energies” and to
study the long time behavior of any classical orbit corresponding to such an energy. We will see
that Ej, = max |b|?>/2 is a threshold above which things are “simpler” while below it they are
“more complicated.”

We assume that the orbits stay away from the origin at all positive times, i.e. r(¢) # 0 for
t > 0. We assume that b < 0; in this section we take the magnetic field B(x) = b(0)/r for all
x # 0, cf. Section 1.2.
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Let us first notice that we always have a maximal velocity bound as an immediate consequence
of energy conservation (1.10) which gives |F| < +/2E and yields

r/t<~V2E+e, t=T.. (2.1)
2.1. E > Ep leads to an “easy” classical Mourre estimate

Next we shall show that if £ > E}, then not only does the particle leave the origin, but we also
have a positive lower bound for its velocity. More precisely, we show that 7(t) = p(t) > po > 0
if ¢ is sufficiently large (see (2.4)).

To achieve that, compute the time derivative of pr using (1.6)—(1.10) and get

b2
%(pr)=;‘>r+,oz=§(b+é§)+2E—g2=2E+gb>E—7 2.2)

After integration we obtain

(pr) (1) = (pr)(to) + (E — Ep) (1 — 10)

which leads to the conclusion that for sufficiently large + we must have at least p(¢) > 0. Knowing
the sign of p, we can express it as /2 E — £2 and introduce it in (1.9) obtaining for the transverse

velocity &,
_E - _5 ; [2F — £2 2
t E . ( '3)

We have the following localization at large times.

Lemma 2.1. Fix 0 < ¢ < min |b| = —maxb. Then for every trajectory of energy E > Ey, there
exists T > O sufficiently large such that

£(t) € [min|b| — €, max |b| + €], 1>T.

Proof. We already know that for ¢ large enough, the radial velocity p is nonzero, hence |£(¢)| <
V2E, for every t > T1. Fix € > 0 and assume that either £(77) € (max |b| + €, «/ﬁ) or&(Ty) e
(—v2E, min |b| — €). We first prove that there exists 75 > 77 such that £(73) € [min |b]| — €,
max |b| + €]. Indeed, if we assume the contrary it means that either £(¢) > max |b| + € or £(¢) <
min |b| — € for every ¢ > T1. In the first situation, (2.3) implies that £(¢) is decreasing and

d
d—f(r) < —;/215 — €Ty, t>Ti,

while in the second situation, (2.3) implies that £(¢) is increasing and if we define M as the
maximum between &2(7}) and (min |b| — €)? then

d
S0 =SVIE—M. i>T.

dr Ty

Using (2.1), we see that in both cases the variation in £ is logarithmic in 7 so £ cannot be bounded.
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Thus in any case we can find 7> with £(73) € [min |b| — €, max |b| 4 €]. Let us prove that £(¢)
will stay in the same closed interval for all times # > T>. Assume on the contrary that there exists
T3 > T» such that £(73) > max |b| + €. Then the intermediate value theorem gives exactly one
point Ty € [T, T3), where

E(Ty) = max |b| + €, max |b|+e€ <&(), Ty<t<Ts.

The mean value theorem would lead to the existence of t € (T4, T3), where i—f(r) > 0 which

contradicts (2.3) which says that %(r) has the same sign as —£(7) + |b| < —€ < 0.
In a similar way, one proves that £ (#) cannot become less than min |b| — € for any ¢ > 7> and
we are done. O

We may now conclude that we also have a minimal velocity bound, that is for every suf-
ficiently small €, there exists 7 = T large enough such that (remember that we imposed the
condition E > Ejp)

p(E. 1) = \/ZE —E2(E, 1) > \/ZE — (max |b| + 6)2, t>T. 2.4

Another important consequence of Lemma 2.1 is that the transverse velocity £(¢) eventually
will be positive. Using this fact we may express the time variable from the first equation in (1.9)
as a function of 6 and introduce it in (2.3), obtaining one equation for & (6):

d§ b(0) +&(9)
E:—W,/M—SZ(@), 0> 60y, 0<&(0) <v2E. (2.5)

More generally, motivated by these considerations we transform (1.7) and (1.9) into a system
of equations with 6 as variable and E > 0:

dgp=b+§,

b+
dpk = —Tgp, p(60) € (—2E,~2E ) and £(6y) € (0, V2E ). (2.6)
£2+p? =2E,

Notice that (2.6) is derived under the assumption that & > 0, while no sign assumption on p
is imposed. Although (2.6) have maximal solutions that are not globally defined (depending on
the initial conditions), we shall only be interested in globally defined in fact periodic solutions.
As we will see shortly the above system may admit periodic solutions even for some energies
E<Ep.

Clearly the single equation

dop=b—++/2E —p2, p(y) € (—2E,~2E), (2.7)

is equivalent to (2.6) if we only consider solutions to (2.7) with & := \/2E — p? strictly positive.
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2.2. Existence of a periodic solution to (2.5)

With the standing hypotheses £ > Ej; and b < 0 we look at (2.5) with the initial angle 6y
chosen to be zero. For any a € (0, v/2FE), denote by £(E, a; -) the maximal solution to (2.5) with
specified initial data £(E, a; 0) = a.

Lemma 2.2. For every a € [min|b|/2, /E + Ep], the maximal solution is global and stays in
the same interval for all 0 € R,..

Proof. We reason as in Lemma 2.1. Let us assume on the contrary that there exists 61 > 0
such that either 0 < §(E, a; 01) <min|b|/2 or §(E, a; 61) > /E + Ej. Denote by 6, the largest
argument in [0, 61), where we have that £(E, a; 6) = min|b|/2 (or /E + E}p, respectively).
Then (2.5) implies that

0
%(E,a;x) >0(<0), M™b<x <0y,

which clearly contradicts £(E, a; 61) < (>) §(E,a;0). O

We may now conclude that the mapping

g(E;): [min|b|/2, vVE+ Eb] — [min|b|/2, vVE+ Eb],

g(E;a)=§(E,a;2m)
has at least one fixed point so there exists at least one 277 -periodic solution.

Remark. An analysis similar to the one we did before shows that for any choice of a; €
(0, min |b|] and ap € [max|b|, V2E ) we again have that the interval [aj, a>] is left invariant
by the above mapping g. In fact, the next result says there is only one periodic solution which
does not get outside [min |b|, max |b|]. Moreover, all other global (non-periodic) solutions will
be drawn to the periodic one.

Denote by &g any 2w -periodic solution to Eq. (2.5), with the conditions £ (0) € (0, v/2E)
and 9 € [0, 00).

Lemma 2.3. There is exactly one such solution, and it obeys
Ran(¢g) € I :=[min|b|, max |b|].

Proof. The existence of a solution £z with values in / follows from the previous considerations.
Consider any other solution to the same equation (which may not be periodic), starting at £(0) €
(0, v2E). Assume that £(0) # £g(0), otherwise £(0) = £ (6) everywhere.

If pp(0) = \/2E — £2(9) and p = \/2E — £2(0) then introduce F = p — p. Since Eq. (2.5)
can be rewritten as

% 2E —£2(0) = b(0) + £(0), (2.8)
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we get
dF —
A tpm—hp. p=SEZS _PTrE 2.9)
do p—pe E+EE
Notice that we used the energy conservation in order to obtain the second expression for 4.
Then by integration:
6
F(©)=F() exp|:—/h(¢>)dqb:|. (2.10)
0
Next using the bound
J2E — max €2
PE E
h> > =:C(E,b) (>0),
V2E 4+ &g 2\2E
we get
[F©)] <|F(0)|exp[~C(E,b)d],  (¥)6 >0,
and conclude that
lim |£(0) — &£ (0)| =0. (2.11)
60— 00

In particular, this will prove the lemma. Indeed, if there were a different periodic orbit £z we
would have

|6£Q2nm) — Ep(2nm)| = [££(0) —EE(0)| >0, VneN,
and this would contradict (2.11). O
2.3. Periodic solutions below Ej,
This is the first place, where we are going to allow E to go below E}. First we prove that there
exists E; € [min |b|2 /2, Ep] such that (2.6) admits global periodic solutions for every E > Ej .
If b is not constant then we show that E; € (min |b|%/2, Ep).

Fix E¢ > 0 and consider (2.7) with the notation extended to include the energy and initial
value of p

990(Eo. a.8) = b(®) +/2E0 — p?(Eo. a. 6).

p(Eo,a,0) =a e (—/2Eq, /2Ep), 2.12)
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or equivalently

0

p(Eo.a.0) =a+ [ (b@) + 20— p2(Ev.a.9))do.

0

Proposition 2.4. Assume that for some Eo > 0 Eq. (2.12) admits a global, C' and 27 -periodic
solution denoted by pg,. Then it satisfies

¢ =inf, [2Eq — p, () > min |b| > 0. (2.13)

If in addition we have

2
PE
I(Ey, pE,) == / —Ozdfp > 0, (2.14)
0V 2k — PEo

then there exists € > 0 such that for every E € (Eg — €, Eg + €) we have a periodic solution pg
obeying I (E, pg) > 0 as in (2.14).

Proof. Before starting the proof, let us explain the meaning of (2.14). Assuming that we have
pE, define &g 1=, /2F — ,0125. Consider the initial value problem (¢t > 1):
dF do  &p(0)

- = és - — ~ 3
ar ~PE® a7

(F(1),6(1) = (1,0). (2.15)

It is easy to check that at least for ¢ close to 1 the above system admits a solution (7, ) which
also solves the Hamilton equations (1.6)—(1.9), hence it corresponds to a real orbit at energy E.
‘We notice that the above system gives

10)

F)=76(n) = exp{ / (PE/EE)(®) d¢} (2.16)
0

hence the solution is global, Ran(f) = [0, 0o) and 7(r) increases “in mean” after each complete
revolution around the origin and escapes to infinity. It is important to remark though that 7(¢)
may not be strictly increasing as a function of time as it was the case for energies above Ej.
Now let us start the proof of the proposition. If pg, is periodic and C !, then it cannot equal
++/2E at any point 6] since otherwise ¢; would be an extremum point and thus 0 = dg o, (61) =
b(61) which contradicts b < 0 everywhere. Next, let us show that ¢ > min |b|. Indeed, assume that

the minimum of §g, :=,/2Eq — p%o is attained at some point 8. Then pg,(01)dg p£,(01) = 0. If
PE,(01) =0then £g, = /2E, pEg, vanishes identically and b = —+/2E(. Obviously ¢ = min |b|
in this case. If pg,(61) # 0 then 9y pg,(01) = 0 thus g, (61) = ¢ = —b(61) and (2.13) follows.
Next, denote by ag = pEg,(0). General results in O.D.E. ensure the existence of 81, §, > 0 such
that p(E, a, 0) exists and is smooth in all arguments for E € (Eg — 81, Eg + 81), a € (ap — 82,
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ap + 82) and 0 € [0, 27]. We intend to apply the implicit function theorem to the equation
p(E,a,?2r) = a; differentiating (2.12) with respect to a we get

0

V2E — p?

89(81110)(E9a79):_ aap(E,a,Q)

which by integration yields
dap(Eo, ag, 2) = exp(—1 (Eo, pEy)) < 1.

Then the implicit function theorem gives a smooth solution a(E) to the equation p(E, a(E),
27) = a(E), in a small open interval centered at Ey. The proposition is concluded by putting
pE(®) =p(E,a(E),0). O

For every Eg > 0 denote by P(Ey) the statement “there is a C ! periodic solution to (2.12)
satisfying (2.14).” Then define

&:={Ey>0: P(Ep) is true}, E4 :=inf€&. 2.17)

Lemma 2.5. For every E > Ej let Eg be the periodic solution to (2.5) and let pg :=

V2E — S% (> 0). Then pg satisfies the bound I (E, pg) > 0 as in (2.14). Moreover (pg, EE)
is the unique periodic solution to (2.6) which satisfies (2.14).

Proof. The facts that pg satisfies (2.14) and that (og, £g) is a solution to (2.6) are trivial; we
only need to prove that there are no other solutions to (2.6) which also satisfies (2.14).

Assume that (5, £¢) is such a solution. First, 5z cannot be strictly negative because in that
case (2.14) cannot be fulfilled. Second, if pg (@) is strictly positive, then we can write pg =

\2E — % and hence &g satisfies (2.5). Whence by Lemma 2.3 we conclude that Ep =& and

o = pg. Third if pg(0;) = 0 we have §E (61) = ~/2E and hence the first equation of (2.6) leads
to 99 pE(01) = ~/2E — max |b| > 0. From the periodicity of og (0) we then conclude that indeed
this function cannot have zeros. We have reduced to the previous case. O

However, it is not yet clear whether we can construct periodic solutions which obey (2.14) for
all energies in (E4, 00). This question will be answered shortly.
But first let us prove a few (interesting) facts about pg(0). We start with its energy depen-

dence:

Proposition 2.6. Let Eg > 0 and pg, be as in Proposition 2.4 (obeying also (2.14)). Denote by
PE(0) the smooth and periodic solution to (2.12) constructed in the proof of Proposition 2.4 for

every E € (Eg — €, Eg + €). Define Eg = /2F — p% (> 0). We then have
iI@lfaE,OE(G) >0, (2.18)

supdzpp(0) <0 and (2.19)
6

infag 2L 0) > 0. (2.20)
0 &g
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Proof. We start with some general results we use in the proof. Suppose x : R — R is 27 -periodic
and satisfies the equation

x'(0) = —h(©)x(0) + g(0), (2.21)

where h and g are continuous, 27 -periodic and fo2 Th(©)de > 0.
The boundedness of x and the integral condition on 4 ensure that

lim e Jo M®doy 9y =0,

60— —00
and after a standard computation we get

o0

x@) = f 20 — @)eIo HO=9049" gg (2.22)
0
We can rewrite (2.12) as
dgpg =b+&E, (2.23)
and obviously
PEIEPE =1 —EEJEEE. (2.24)

Now let us prove the monotonicity of pg in (2.18). Differentiate (2.23) with respect to E and get
0p&E = 09 (g pE), then introduce this in (2.24) to obtain

1
09 (OppE) = —2—2(3505) + P =—h(dgpE) +&. (2.25)

Notice that according to (2.14) we have that f027r h(0)dO > 0. Thus g is strictly positive and the
equation has the same form as in (2.21). It follows according to (2.22) that dg pg > 0.
The concavity in (2.19) is shown using the same idea. Write

03 (920E) = —(1 — EpdrER)* — p2[(OpEE)* + E£dREE], (2.26)
then isolate 81255 E:
02ep =—"E . (02 pp) — i[<aEpE)2 + (3&p)?]. (2.27)
¢E 35

Differentiate (2.23) twice with respect to E to get 8%.§E =0y (8129 or) and introduce it in (2.27):

09 (07.p£) = —h(9%PE) + .

Since we again have the integral condition on /# while g now is strictly negative, (2.22) implies
8% pE < 0 and we are done.
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Finally, let us prove (2.20). Using ég = ,/2E — p% we have

I (pE/EE) = QEdEpE — pE)/ER,

so it is enough to prove that x(0) = 2EJdg pg(0) — pg(0) is strictly positive. By direct computa-
tion we have (use (2.24))

89x=2EBE§—b—§E=—'§—Ex—b

E

and since —b > 0 we are done. O

We can now claim the absence of gaps in £ N (Ey4, 00).

Corollary 2.7. For every E > E4 there is a periodic solution (p,§) = (pg, /2E — ,0% ) to (2.6)
which obeys (2.14). Moreover; there is no other periodic solution with this property.

Proof. Assume there exists Eg > E; and Eg ¢ £. Since E; is the infimum of £ then there must
exist E1 € &€ so that E1 < Ey. It follows that some pg, () exists and satisfies (2.14). Then we
can apply the local construction of Proposition 2.4 in order to obtain similar solutions for slightly
larger energies. In fact, we claim that this construction can be continued up to Eq and cannot stop
before. Indeed, assume there exists E; € (£, 00) such that the branch coming from pg, stops at
E>. We know that pg (0) is increasing as a function of E on (E1, E») and bounded from above by
~/2Ey, hence admits a limit pg, (). We conclude that pg, is periodic, solves the integral version
of (2.12) with @ = pg, (0), thus itis C'.

Then define ég, = ,/2E> — '01252 and notice that according to (2.13) it cannot be zero. Hence

PE, and &g, are smooth functions of & which solve (2.6). Then they also obey (2.14) because
(2.20) ensures that pg /& is increasing in E at fixed 6. It follows that the construction of Propo-
sition 2.4 can be repeated at E,. Hence pg does not stop there. Thus we must have Eg € £ and
therefore £ = (E;, 00).

Now let us prove the uniqueness of such a solution. Assume that (3¢, £¢) is another solution
to (2.6) obeying (2.14). Then using the local construction of Proposition 2.4 together with the
monotonicity in (2.20) we can uniquely construct the solution “branches” originating from pg
and g as functions of E until we reach an energy E’ > Ej, where we know that pg = pp
due to Lemma 2.5. Going backwards from E’ using the uniqueness part of the implicit function
theorem, cf. the proof of Proposition 2.4, we conclude that pg = pg and we are done. O

Remark. The above uniqueness proof works only for solutions which we a priori know obey
(2.14). If we drop (2.14) in Corollary 2.7 uniqueness is no longer true, see Section 9.

We know by now that if E > E}, then pg is positive. From Proposition 2.4 we see that if pg
is non-negative (but not identically zero), we can still go lower in energy with our construction.
Hence we give here another definition related to the energy for which pg can become zero:

E..= inf{Eo > 0: irglprO(G) > O}. (2.28)
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However, if b is a negative constant, then it is easy to see that E; = E. = E}. Indeed, in this case

we have &g, = —b > 0 independent of 6§ and Ey. Moreover, pg, = +/2Eg — b2 and the result
follows.

More interesting is the situation in which b is not constant. We start with a lemma.
Lemma 2.8. If b is not constant then Eq < E. < Ep.

Proof. Since pg () is increasing in E and is bounded from below by zero if E > E., we can
define the functions

pe(0) = EI{‘H}E PE(9), £:.(0) = Eh\nllf Ep(0) = \/2E — p2(0). (2.29)

Notice that p. and &. are smooth and periodic solutions to (2.6), where £ = E.. By (2.13)
we have £.(6) > 0 for all & while p.(61) = 0 for some ;. But p. cannot be identically zero,
otherwise (2.12) would read as

d

gPe= V2E.+b. (2.30)
Since the right-hand side is not identically zero this leads to a contradiction. In particular, this
means

21

/ ?d@ >0, 2.31)
0 C

and according to Proposition 2.4 it follows that E; < E..
Now let us prove that E. < Ep. Assume on the contrary that E. = Ej. Pick 61 such that
pc(01) =0 and £.(61) = /2E}p. Since b + /2Ep > 0 we learn from (2.5) that

d
79 Ge ~V2Ep) =—h(E—V2Ep) + ¢ g<0.

In particular

%{ef’“’%c —V2E)} <0,

which shows that £.(6) > +/2E} (and therefore £.(0) = +/2E}p) for 6 < 6. This implies that
pc(0) =0 for 6 < 6, and the periodicity gives that p.(0) is identically zero, contradict-
ing (2.31). O

Now let us focus on E, again in the case when b is not constant. Reasoning as we did for E,,
there exist two smooth and periodic functions pg and &; which solve (2.6) with E = E; and

2

E1>c>0, g—j 6 =0. (2.32)
0
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It is interesting what happens when the energy decreases from E. to E;. At E, the radial velocity
is zero somewhere but still non-negative; then for E € (Eq4, E.) the velocity pg attains more
and more negative values and the integral in (2.14) becomes smaller and smaller when E; is
approached.

Lemma 2.9. [f b is not constant then

1 1 = ?
—|—— [ b(B)dO E,;.
2[ 271/‘() i| <Ey4

0

Proof. Since we have dppg =b + ,/2E; — ,05, then by integration we get

2 2
o:/b(e)deJr/,/zEd—pgde.
0 0

Since pq is not identically zero we get — 02” b(0)dO < 2w /2E; and we are done. 0O
Now let us summarize what we obtained in the last few lemmas.

Proposition 2.10. If b is a negative constant then Eq = E. = Ep = b*/2. If b is not constant,
then

2 2

min|b> 1 1 max |b|?
<—|—— | b@)dO| <E;<E.<Ep= .
2 2| 2n 2

0

2.4. A classical Mourre estimate above E

We now investigate the long term behavior of an arbitrary classical orbit, defined for every
t > 0, corresponding to an energy E > E;. We will see that the periodic solution provided by
Corollary 2.7 generates an attractor.

Consider an orbit (r(¢), 6(¢)) solving (1.6)—(1.9) and obeying (1.10) with E > E;. We use the
notation (pg, £g) for the periodic solution provided by Corollary 2.7.

For every C > 0 define

Ac(t)={oepp(0®) + C[p) — pp(0®)]} - r(1). (233)

Proposition 2.11. For every € > 0, there exists T > 1 large enough (depending on the particular
orbit) such that

p(t) — pE(0(1)) > —€, V1>T. (2.34)



H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94 21

Proof. We first compute the derivative of Ac with respect to ¢; using the Hamilton equations we
get (also use (2.24))

d
EraEpE =&0pép + pOppe =1+ (& —&)0géE + (0 — PE)IEPE, (2.35)
and
d 1 , 1 5
Er(p —pp)=E—¢p)+(p—pE)p= 5(,0 —pe)” + E(E —&e)7, (2.36)

where the last equality is a consequence of energy conservation and the identity

1 1 1
E—Ep)E+ (o —pp)p =~ (0> +&%) — E(p% +EH) + S = pE)* + SE - £p)*. (2.37)

|-

Combining (2.33), (2.35) and (2.36) we get

dA C
=1 € ks + (0 — pp)dppr + 5 [0 —pe)’ + € — 0] @38)

Since dg&E and dg pg are bounded, it is easy to see that there exists C(E) > 0 (i.e. only depend-
ing on E) such that if C > C(E)

dAc _ 1
s s (2.39)
dt 2

Then integrating (2.33) we obtain that for 7' large enough:

Act) ==, t>T. (2.40)

ENPIEN

Using (2.33) we finally get

1
p(1) = pE(B®) + ZoepE(0()) >0, (=T,
and the proof follows by choosing C large enough. O

3. Propagation estimates in classical mechanics

In this section we work with classical orbits that are defined for all times r > 0. We want
to show that the radial and transverse velocity p(¢) and &(¢) corresponding to an arbitrary orbit
(r(t),0(t)) atenergy E > E,4, will get arbitrarily close to pg (6 (¢)) and &g (6(¢)) for large enough
times.

Let us introduce four real-valued cut-off functions F € C*°(R); they depend on real parame-
tersa<b<c<d:
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b
FL=F!",
Fi(x)=0 forx<a, Fi(x)=1 forx>b,

FlLx)>0, JFy, V1-F;, \JF, € CP®R). 3.1
Fo=F""=1-F%" (3.2)
Fp_=Fobed — pebped (3.3)

X
Fiy(x)=F&bed(p) = [ FoPed sy ds. (3.4)

a

3.1. A minimal velocity bound: the particle leaves the origin

Proposition 3.1. There exists d > 0 small enough such that for every ¢ < d and F_ = F& we
have

lim [F_(r(t)/1)] =0. (3.5)

In particular, fixing ¢ = d /2 implies the existence of T large enough such that r(t)/t > d /2 for
allt > T.

Proof. The methods we use here will from now on be employed throughout the paper for both
classical and quantum mechanics. We first need the following lemma.

Lemma 3.2. There exists a di > 0 small enough such that for all c; < dy and F_ = FErat e
have

1

/;|FL|(Ac/t)dt < Const, (3.6)

1
where the above constant does not depend on the particular orbit. Moreover, for all ¢y € (0, dy)

Fcl/3,cl/2

(Ac/t) = 0, 3.7
but the rate of convergence depends on the particular orbit.

Proof. We start with (3.6). Differentiate the bounded propagation observable @ (r) =
F_(Ac(t)/t) and get (the derivative of F_ is negative)

1 1
3@ (1) =—|F.|(Ac(t)/1) - (;azAc(t) - t_ZAC(t))’

or equivalently (here r > 1)
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1 / ] !
Z|F_|(AC(I)/I) < BzAc(t);lF_l(Ac(t)/t) =—0,P(1t)
1
+|F |(Ac(t)/1) - (Ac(t)/t);,

where the first inequality is given by (2.39). Since F_ is supported in (—oo,d;], then
|FLI(Ac@®)/t) - (Ac(@®)/1) < |FLI(Ac(t)/1) - dy hence

1 1
<5 - d1>;|FL|(Ac(t)/t) <—%P(1).

Because @ < 1, choosing d; € (0, 1/2) and after integration (3.6) follows.

A few words about (3.7). We could say that due to (2.40) the existence of the limit would
immediately follow. But we use another argument which is based on (3.6) and can be generalized
later on to quantum mechanics. We prove two things: first, that the limit exists; second, the limit
equals zero.

Now consider Ffl/ 3.1/ 2(Ac(t) /). To prove the existence of a limit when t — oo we employ
a Cook type argument, that is we show the absolute integrability of its time derivative:

0, FS 2 (Ac)/1)] € LY((1, 00)).

But we see that on the given orbit, the above derivative may be bounded by (we omit the super-
scripts)

) 1
Const - |F_|(Ac(t)/t)?,

where the constant depends on the orbit; here we used the boundedness of the support of F’ , and
that d; Ac is bounded. Now since c1/2 < dy, the integrability is ensured by (3.6).
Now let us prove that the limit is zero. First, note that sup, > [Ac(t)/t] < 0o because of

the energy conservation and maximal velocity bound (2.1). Second, choose a < b < 0 negative
a,b,ci/2,c1

enough such that sup,> [Ac(1)/t| < |b|. Take Fyq = F like in (3.4). We will now
mimic the proof of (3.6) and show that

i 1

/ ;|Fjr+|(Ac/t)dt < Const. (3.8)

1

First, since Ac/t cannot enter the interval (—oo,b) we have F/, (Ac/t) = F/>N(Ac/1).
Second, differentiating @ () := F;+(Ac/t) we obtain:

. 1 1 1
3@ (t)=F"* (Ac/1) - (;atAc - t—2A0> > ;Fi‘/“l (Ac/D(1/2 = c1),

and we can now integrate and obtain (3.8).
We then can write

Fil/3’cl/2(Ac(l)/l)F_/;,_+(AC(t)/t) = Fil/3’cl/2(AC(t)/l). 3.9
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Because of (3.8) we conclude that there exists a sequence of diverging times {#,} such that
Fi (Ac(tn)/ta) = 0.

Then (3.9) implies the same thing for F_(Ac(#,)/t,). Since we have proven the existence of the
limit, it must be zero. O

We are now ready to finish the proof of (3.5). Write

61/3 c1/2 c1/3,¢1/2

FEUr /0 = FEC o/ {FE P A ) + FEP 2 (A ),
where we choose 0 < ¢ < d < c1. The contribution from the first term is handled by (3.7); the
second will eventually equal zero because r/t < d and Ac/t > c; are not simultaneously true if

d is small enough. O
3.2. & moves away from zero

We now want to prove that the transverse velocity & will eventually have a sign after waiting
long enough. That is, we want to first exclude the possibility that the particle stops rotating around
the origin.

Lemma 3.3. There exists d > 0 sufficiently small such that for all Fy, = F d —d/2.d/2d
(see (3.4))

/ ;|F4 L1(E@) dt < Const, (3.10)
1

Moreover, (see (3.3)) if 0 < dy < d/2 is also sufficiently small then for any Fy_ with support in
[—di, d1] we have

lim Fy_(£(1)) =0. 3.11)

Proof. We start with (3.10). Differentiate the bounded propagation observable @ (¢) = F.y (£(¢))
and get

)48

L)
= —FL ()= +

(- b)p
)——

P (t)=F (60) (3.12)

+FL (50

A consequence of Proposition 2.11 is the inequality
liminf[p (1) — p£ (6())] >0

and by (2.13) there exists € > 0 (only depending on the location of E) and T > 1 large enough
(depending on the orbit) such that

p(t) = —v2E+¢e, t>T. (3.13)
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But F' | (£()) is zero unless |&| is less than d. Energy conservation will force p to stay either

above v2E — d? or below —+/2E — d?2. If we choose d small enough (depending on € in (3.13))
we can rule out the second alternative so we have

—b
L) S22 > P o)

(min |b|)v2E — d?
. ,

t>T.
Introducing this in (3.12) we obtain another 7" large enough such that with C; >0and ¢t > T

&P (1) =

1
Fi (8®) - (=dv2E + (min|b|)V2E —d?) > C; - SFLL (),

N | =

where in the last inequality we used the maximal velocity bound (2.1) and we took d small
enough in order to get a positive lower bound. We then integrate and get the result.

The proof of the limit in (3.11) is similar to the one we gave for (3.7). First, with a Cook type
argument we reduce the existence of the limit to the absolute integrability of

d 1
Fi_ (s(r))d—f‘ < cOnst;|F@,(g(t))|.
We can write

Fi_(E0)FL (@) = Fi_(5()

because of their support properties, so the integrability problem can be reduced to (3.10).
Second, notice that we also may write

Fi (§0)Fii(§()) = Fi—(5(0)

and repeat the sub-sequence argument we first employed right after (3.9). It follows that the limit
must be zero. O

3.3. & is positive for large times

We saw in the previous subsection that £ could not return to zero for large times; now we
prove that £ becomes positive.

Lemma 3.4. [f d; is the same as in (3.11), consider —d; < c3 < d» < 0. Then for F_ = F>®
we have

lim F_(£(0) =0. (3.14)

Proof. The existence of the above limit again follows after using a Cook argument; notice that
F’_is supported in (—dj, d;) so we can apply the propagation estimate in (3.10).

We now prove that the limit is zero. We know from energy conservation that p(t) €
[—v/2E, v/2E]. Fix some a < b < —+/2E and ~2E < ¢ < d and consider F,_ = F_‘i’f’c’d
(see (3.3)); we have

Fi_(p)=1. (3.13)
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Consider also that particular F whose derivative gives back the above F,_. If we can prove
the propagation estimate

f %F " (p(D))F-(£(0)) dt < Const, (3.16)
1

then because of (3.15) we conclude that F_(£(¢)) admits a divergent sequence of times along
which it tends to zero and this would prove the lemma.

We now prove (3.16). Consider the observable @ () = F4 4 (p(¢)) F—(£(t)) and compute its
time derivative:

8;@([):@F4_+F_ +F++F d_é

Now notice that on the support of F_ we have & < d> < 0 hence

E-(E+D) |d2|? + |d| min ||
fFiJrFf > ,

1
F . F_ > Const;F_’H_F,,
where in the second inequality we used the maximal velocity bound. Finally,

— |+ 0,P(t)

oy |48
COI’ZS[;F++F_<F++|F_|' di

and the integrability of the right-hand side finishes the proof. O

Remark. If we put together the previous two lemmas, we obtain that £(¢) > d; > Oforallt > T
where T is large enough.

3.4. p gets trapped near pg and & near &g

We already know from energy conservation and Proposition 2.11 that the radial velocity is
localized somewhere in the interval

p(t) €[pe(0®)) — e, V2E], t>T, (3.17)
where T is large enough and depends on everything. We now intend to show that p(#) can only

spend a finite amount of time outside an interval of width € centered at pg (6(¢)).
For every E’ > E, define

Bp/(t) := p(t) — per(0(0)).

e/2 €

Proposition 3.5. Denote by Fy = . Then

lim Fy(Bg () =
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Moreover, there exists T large enough such that
o) —pe(0M)| <€, 1>T. (3.18)

Proof. Notice that F, (Bg(t)) is zero unless p(t) € [pp(0(t)) +€/2, ~/2E ]. We now try to break
this interval into smaller pieces which can be more easily treated using propagation estimates.

Lemma 3.6. Define € := m. Then there exists M large enough such that uniformly
in 6 €|0,2r] we have

[pE©) +€/2,V2E] C {pp(0): E' €[E + €0, M1} (3.19)

If N > 1 is an integer, define Ej:= E + €q and E; := E| + %(M — E|). Then for every €3 > 0
there exists N large enough such that

N
{pEr©): E' € [E +eo, M1} C | [ g, 60) — €2, pp; 6) + 2]. (3.20)
k=1

Proof. We know that £ cannot exceed max |b| for all energies, hence energy conservation gives
pE' ~ ~/2E’ when E’ — oo. This is how we get the existence of M. Now since pg increases
with E, in order to get (3.19) we only need to verify that uniformly in 6

PEy(0) < pE©) 4 €/2.

The concavity in energy and the definition of €\ then gives

pE, @) — pE(0) < (Eg — E) - (9ppE(9)) < €/4,

and (3.19) is proved.
As for (3.20), it is sufficient that uniformly in 6

IOE;(+1(0)<'OE]/¢(0)+€2’ ke{()’la‘-'aN_l}‘
Since PE},, 0)— PE, (0) < Const - (E,’CH — E;) = Const/N, we can make this difference smaller
than €, and we are done. O

The next step is to rule out the possibility for p(#) to be located in small intervals like those
in (3.20).
For every €3 > 0 consider

— —4ey,4
F+_ =F Sez,—4er, 52’552'

Denote by F,4 precisely that function of the type (3.4) whose derivative gives back the
above F,_.
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Lemma 3.7. Uniformly in E' € [E + €y, M] there exists € small enough such that

T 1 r 1
/;F Ty BE/(t) :/;FJr BE/(t) dt<oo (3.21)
1 1
Moreover,
lim Fyi et p, ) = (3.22)
11— 00

Proof. We only prove (3.21), since the limit follows from the usual Cook type argument.
We introduce the bounded observable @ (t) = — F (Bg/(t)) and compute its time derivative:

)g R (0®) —5@) (3.23)

@ (1) = Fr—(Bg (1) "

Since we know that £(¢) > d; > 0 after some time, we can write using energy conservation that

2E' — pp(0()) —2E + p*(1)
Ep(0(1) +£()
AE'—E) | pO+ppr@®®)

Ep(00) &) =

B Be:(®). 3.24
I R T R (3.24)

Since E' — E > €p, we get that for ¢ > T} we have
Fi(Be/(0) - (52 (6(0) —£(1)) = (Creo — Cr€2) - Fi— (B (1)), (325)

where C| and C; are positive constants not depending on €2. Moreover, they can be uniformly
chosen if E’ is restricted to compact sets. Hence if ¢, is small enough, we have the desired
positivity and we can integrate in (3.23) thus yielding (3.21). O

Now let us get back to the proposition. With €, provided by the above lemma, construct the
intervals from (3.20) and see that there exists a constant ¢ > 0 such that

N
C Kipp@yresayam ) < ) F22T 222 (e — pp 9)) (3.26)
k=1
which leads to
N
1 s
Fy(Be(1) < = Fy(Be() Y F2 7222 (B (1)), (3.27)
k=1

Then the use of (3.22) finishes the proof. O



H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94 29

Remark. An immediate consequence of the above proposition and energy conservation is a sharp
localization for &, too. Namely, for every € > 0 there exists 7 large enough such that

60 —e(0)|<e, 1>T. (3.28)
3.5. The eikonal and Hamilton—Jacobi equation
Let (pg, &) be as in Corollary 2.7. Define S:(Eg4,00) x (0,00) x Ri> R by
S(E,r,0):=rpg(0). (3.29)
By direct computation we can show that S solves the eikonal equation
@8)% + (365/r — b(®)* =
Define r(E,t,0) :=1t/(0gpg)(0) > 0. We then have

Lemma 3.8. Forallt >0, E > E; and 0 € R
opr(E,t,0) >0, lim r(E,t,0) =00, lim r(E,t,60)=0. (3.30)
E—oo ENEq

Proof. Clearly, r(E, ¢, 0) increases with E because of the properties of pg, see Proposition 2.6.
The only nontrivial thing is proving that Ranr (-, ¢, 8) = (0, c0). But this is equivalent to proving
that

lim dgpgp(@) =400, lim dgpg((@)=0. (3.31)
ENEq E—oo

For, let us introduce (2.25) into (2.22) and obtain

00 ¢
1 PE ’ /
0 0) = — (0 — d do. 3.32
EPE©) 0/§E(9—¢) { 0/5 ) ¢} ¢ (3.32)

Since £g(0) is continuous on both arguments and strictly positive, for any E| > E4 we can
find ¢ > 0 such that

inf inf >
E€[Eq,E1] 0T EE(0)
Choose M to be arbitrarily large and see that for E € [E4, E1] we have

M

¢
dEE©) > c- / exp{ f ’;—9 ¢/)d¢’}d¢. (3.33)
0
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Hence we get (see (2.32))

M

¢
liEn{‘ig’:jfaEpE(Q)> fexp{ /2—9 ¢/)d¢’}d¢.
0

Because the integral in (2.32) is zero, we get the existence of another constant ¢ > 0 such that

for every 0 and ¢
¢
exp{ /g— ® —¢>’)d¢’} > ¢
0

and since M was arbitrary, we get limg\ g, 0g pg(0) = 00

The other limit is proven using (3.32) again. When E becomes large, we know that &g is
trapped inside [min |b|, max |b|] while pg ~ V2E. Tt follows that the right-hand side in (3.32)
can be bounded by a constant times £~/ and we are done. O

Now consider the partial Legendre transform of S:

S:(0,00) x (0,00) x Ri>R,  S(t,7,6):= sup {S(E,r,0) —tE}. (3.34)
E>Ed

The previous lemma stated that
Ranr(-,1,0) = (0, 00). (3.35)
Since dgr (-, t,0) > 0, one can express E as a function E(¢, -, 0) of r € (0, 00), obeying
E(t,-,0):(0,00) > (Eg,00), t= (855’)(E(t, r,0),r, 9). (3.36)
With this definition, the function S in (3.34) becomes
St,r,0)=rpeq,re @) —tE(,r,0). (3.37)

This will be our Hamilton—Jacobi function. Using (2.8), (3.29) and (3.34) one readily verifies
the following identities:

8S(t,r,0)=—E(t,r0), (3.38)
0,S(t,r,0)=pE@,r6)0), (3.39)
dS(t,r,0)=r[b®) + Epq.r0 )] (3.40)

Therefore, S is C* on its domain and obeys the Hamilton—Jacobi equation

S 2
0=a,5++(%5 _p) +1a92 (3.41)
2\ r 2
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Proposition 3.9. The function S(t,r, 0) is homogeneous of degree 1 in the variables (r,t), i.e.
S, r,0)=tS(1,r/t,0). Suppose K C (0, 00) is compact. Then for every n >0 and m > 0 we
can find a constant C = Cy, , x such that

c
sup sup |30 S(t,r,0)| < . t>1. (3.42)

6 r/tekK

Proof. Let us see why S has the stated homogeneity property. First, notice that E(z, r, 6) only
depends on r/t and 6 since it was obtained from the equation 7 /r = dgpg(E, 0) (see (3.36)).
Second, apply (3.37).

In order to prove (3.42), we use the scaling property and the fact that E(z, r, 6) is restricted to
some compact in (E4, oo) only depending on K. Further details are omitted. 0O

3.6. A priori localization for E(t,r(t),0(t))

Consider again a trajectory corresponding to an energy E > E;; we know that (3.18) and
(3.28) hold and we now want a similar localization for the difference between E (¢, r(t), 6(t))
and E.

We again use propagation estimates which can and will be generalized later to quantum me-
chanics. For simplifying notation, replace E(¢, r(t),0(t)) by E;. We take € in (3.18) and (3.28)
very small. Define

D(t) —1—¥ depe(0(D)). (3.43)

Then we have

Proposition 3.10. Let Fy_ = F{/>¢

we have:

, €1 > 0, and consider the corresponding F . Then

/%F (D) d :/%ﬂ D(1)) dt < oc. (3.44)
1 1

Moreover, there exists T large enough such that
|E+0,8(t,r),00)| <er, t>T. (3.45)

Proof. Differentiating D and using the identity 1 — ppdgpg = Eg0p&E we obtain:

aD D 1

===l —pe(6®)) -0pE + (¢ —E£(60))) - 9£EE]. (3.46)
Consider the bounded propagation observable @ () = —F;(D(t)), differentiate it and use
(3.46), (3.18) and (3.28):

) dD _ 1
®'=—Fi (D). —=>-Fy (D)-(1/2 = Const-€), 1>T.
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Hence if € is small enough, we have the desired positivity and we can integrate in order to get
(3.44). Now using the usual procedure, we can prove that

tl_i)rrolo Fy_(D(1))=0

and because D is bounded and the above limit did not depend on the choice of ¢ and d in F_,
we can write

lim. F* (D)) =

Reasoning in a very similar way, we can also prove that for a,b < —€; and F;_ =

Fj’_’f’_el’_e'/z we have
T
/ SF_(D®)dt <oo,  lim Fio (D)) =0,  lim F-""*(D(1) =0. (3.47)
t t—00 t—00
1
We conclude that
|ID()|<e, t>T. (3.48)

Using the equation defining E (¢, r(¢), 0(¢)) and (3.43) we obtain

depE(O(1))
=9 0(1)), D=1—-—"—"—". 3.49
t/r(t) =g pE, (0(1)) 9205, O0) (3.49)
Then
2
Dty = 20O g gy (3.50)

A IACIO))

where x(¢) is somewhere between E and E;. Because of the minimal and maximal velocity cut-
offs in (2.1) and (3.5), we know that E; thus x(¢) varies in a time independent compact interval
provided 7 is large enough. This means that we can write

|E, — E| < t>T,

hence (3.45) follows and the proposition is proven. O
3.7. The classical comparison dynamics

We already know that given an energy E > E;, the momenta of any real orbit corresponding
to E tend to get closer and closer to the periodic ones. We would also like to have a similar
property for the trajectory itself, but we first need a comparison orbit, which is constructed in
what follows.
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For every 61 € R and every E > E;, denote by (see Lemma 3.8):

rii=r(E,1,0)) = — >0 (3.51)
depE(61)
Consider the following system of equations
dr ~
2 (B0 =pp(0(E.D),
t
~ ~ (3.52)
4 p o _ EEOE. 1)
dt F(E, 1)

with 7(E, 1) =r; and 6(E, 1) = 6;. Notice that in rectangular coordinates this is equivalent to

dx ~ - - - .
== VS(E, %) —a(x), X(1) = ry(cos(6y), sin(6))). (3.53)

With reference to (3.36) we have the following.
Lemma 3.11. Forall t > 1 we have E(t,7(E,1),0(E,1)) = E = E(1,r],0;).

Proof. It suffices to show the identity f~(E, ty=r(E,t, é(E, 1)).
Differentiating the equation r(E,#,0(E,t)) = with respect to ¢ and using (2.23)

and (2.24) one obtains

N S
depe(0(E.1))

1 _ 19g (99 PE)
deppO(E, 1)  [0epel?

g B(E ) = E,O(E,t d—éEt
dt(vv(s))_ (5(7))dt(7)

_ EeQeép)(r—1)

1
= —[1 = sE<aEsE>;} = pr o7

OEPE
or using (3.52) again

_ §£(0eéE)
(OEpE)F
r(E,1,6(E, 1)) —F(E,1)=r; —r =0.

%[F(E’fvé(E,t))—F(E,t)]z .

Solving this initial value problem shows that the difference must be zero at all times, therefore
the identity follows. O

We define the mapping:
ViR xT> Ry x T, v (r1,61) := (F(E(1,r1,61),1),0(E(1,r1,01),1)).  (3.54)

Notice first that the system of equations defining v, in (3.52) can be more compactly written
as (see (3.38)—(3.40) and Lemma 3.11)
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M _ (.50 Laos = 2w ) = X0
E_ (}’ )(1VI)7 r_2 0 _; (7Vl) - (1VI)7
Vi=(r1,60) €Ry x T, (3.55)

where we introduced
1 b
X(t,x) = <(3r5)(t,X), (—2395 - —>(I,X)>, x=(r,0).
r r

Then v, admits an inverse denoted by w;:
Wi Ry x TRy x T, wi(r,0) = (r1(t,r.0),01(,1,0)). (3.56)

If we denote by u, (r, 6) the solution to the equation

du;
dt

= X(t—-1t+Lu), w=@0ecR.xT, te(l1), (3.57)

we have w; = u;.

We point out that v, (71, 61) also solves two of the Hamilton equations (corresponding to the
configuration space) for the symbol /2, we introduced in (1.13). The other two equations give a
solution we denoted by q,,; = (04 (t), l4(¢)) in Section 1.2, and we defined the total direct flow to
be V,.; = (V+; qq,:) corresponding to a set of initial data (1, 01; ps(1), [,(1)). The inverse flow
denoted by W, ; has as the “configuration space part” the flow w; described above.

In order to get an idea about how w, depends on the initial conditions, we first look at the case
when b(0) = b < 0 is a negative constant. We then know that E; = E. = E}, and the periodic
solution is £ (0) = —b > 0, which from (3.29) and (3.34) leads to

. 2 p%
S(E.r0)=rV2E —b2,  S(t.r.6)= ;—t -5 (3.58)

The energy function E(z,r, 0) in (3.36) is

r2 b? r]2 b?
E(t,r0)=—+ —, E(l,r,601)=—+ —. 3.59
(t.r.6)=55+> (Lr.6)=2+ (3.59)
We now can explicitly solve (3.52) obtaining
b
r(t,r,601)=try, 0(t,r1,601) =——1In(t) + 64, (3.60)
r
while the inverse flow is
r t
ri(t,r,0) = o 01(t,r,0) =0 +b—1n(r) 3.61)
r

or in a more compact form

W, (r,6) = ('tl o+ bé ln(t)>. (3.62)
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The Jacobian matrix (with respect to the initial conditions) is then

, 10
W’(r’0)=<—br%lnt(t) 1). (3.63)

The remaining part of this subsection is devoted to showing a similar behavior for the inverse
flow even when b(9) is not constant. That is, we look again at the Jacobian matrix w}(r, ) and
prove that given any small § > 0, then by performing a derivative with respect to r we introduce
a decay of order #°~! while differentiating with respect to 6 we introduce a growth of at most 7°.
These estimates (and extensions to higher order derivatives) will play an important role in the
rest of the paper.

We first study the direct flow (3.52), since we intend to use the inverse function theorem. An
immediate consequence of Lemma 3.11 is

t

_ . (3.64)
OEPE, 00O (E(,11,61),1))

f(E(l, r1,601), t) =

Moreover, if we impose the condition that E(1,71,0;) € K, where K is a compact subset of
(Eg4, 00), then there exist two positive constants C1(K) < C2(K) independent of 9; such that
t-Ci<F(E(1,r,01),1)<t-Cy, 121, (3.65)
Knowing that the periodic solution £ is always trapped between min |b| and max |b|, using
(3.65) and (3.52) we get that if E(1,r1,601) € K then there exist two other positive constants
C3(K) < C4(K) independent of 67 such that
Cz-In(t) <0(t,r1,0;) — 0 < Cs-1In(r). (3.66)

In a similar way, imposing the condition E(z,r,0) € K we have the positive constants C < C’
only depending on K such that

r ;T
C‘;grl(l‘,r,g)gC’;,
—C'-In(t) < 61(t,r,0) —0 < —C -In(2). (3.67)

These estimates give some information about the location of r; and 0; as functions of ¢, » and 6.
It remains to study how their derivatives behave with respect to » and 6.

3.7.1. Dependence of the direct flow on r1 and 6,
We start by looking at the Jacobian determinant for the direct flow

JV, = Jvt(t’ ry,01) = (3.68)

Dy N
[o5)
=
D N

or,
o,
We shall prove that it grows precisely like . With the notations from (3.55) we have Jy, =

det(g%:) which according to general results obeys the equation (we denote by E; := E(t,v;) =
—0;5(t,v1)):
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dt FUF

2
@y = (V- X) (1, Vo) Iy, = [8350, Vo + 2 (aes b’@)}Jw
2 1 A
= |25 v) + <0565, @)] | (3.69)

We integrate (3.69) and obtain

t

{ s 1/02S -
Jy, = exp /|:8, S(t,vy) + ?(T —b (0)>]dr

1
t

1 ~ ~
ZGXP{/[&ZS(T,VT)+ ;((3E§E,)(9)~(39E)(t,f,9))} dt}

1

13
1 ~
X eXp! / :(3955,)(9)611}- (3.70)
r
1
We may simplify the second exponential realizing that one can express ¢ as 1(@,r1,6)) by
inverting the function 6(¢, r1, 61) given by the direct flow. Consequently we may introduce
F@,r1,60) =F(10,r1,61),r1,61), (3.71)

and (3.52) reduces to (denote by E1 = E(1,r1,61))

oF P (0) =
59 @,r1,601) = £0,(0) r(,r1,61) (3.72)
which in turn leads to
0
F(O,r1,00) =r1 exp{g ';Z:((j;)) dd)}. (3.73)

With the same change of variables and keeping in mind that £, = E| (see Lemma 3.11):

t 0

1 ~ 1
/:(39§E,)(9)df=f—(3¢$E1)(¢)d¢=m[
r gE]

1 01

£, (01)

which introduced in (3.70) yields

t

exp{f(B,ZS(t, Vo) + %(BEEEI @) - (D E)(x, Vr))) d‘t}. (3.75)

1

_ 5,0
§e,(01)

\3
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We now treat the integral in (3.75). We compute using (3.39), (3.52) and the identity
OEPE(.r0)(0) =t/r:

1 3 6
078 (t,ve) + < (0£8E, 6) - (B E) (T, Vo)) — PEr;( :

;.‘

dé 1 PE ~
= ———{@ppe)? + ptp,)* +—f} 6
17 [55,3,2;,05, {OepE,)” + 0£E.)} Py )

dé
== In|3% ok, |, (3.76)

where the last equality comes from (2.27). We conclude that

2

1 PE, | =
——{@® 24 2 +—’}d6’=0.
0/[5&312.;)0& {OepE)” + (0£&E,)7) .

We also compute (using (3.52) again)

t ~
:/ Pz (0(0)) }dr N0
FD) F(D

1

Consequently we conclude that there exists C = C(r1, 61) > 0 such that (see also (3.65))
Clt <Oy (t,r1,00)<C-1. (3.77)

We now estimate the individual derivatives of 7(z, 1, 6;) and ] (t,r1,601) with respect to rq
and 6;. In conjunction with (3.77) those will be useful for estimating derivatives of the inverse
flow.

Using (3.71) in the second equation of (3.52) after separating variables and integrating we get
(remember the abbreviation E| = E(1, ry,61))

0(t,r1,01) -
r 9 9 9
r@.rO) oy, (3.78)
&g, (@)
01
Differentiating with respect to r; we obtain
90 F@,r,60 Lo G
96 70.r.0) =_/a,1[4r(¢’”’ D}d(b. (3.79)
o &£, 0) £ (@)

Let us prove a very rough estimate of the above derivative (here and below the constants are
uniformly bounded on compact energy intervals K C (Eg4, 00)):

90

5| < Const - [1+ (@ —01)*] < Const- [ +In*(1)], > 1. (3.80)
ry
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Indeed, differentiating the integrand on the right-hand side of (3.79) with respect to r; we get
(see (3.73)):

. ¢ .
7(p,r1,61) /' PE (1) F(p,r1,601)
— 11 0y dny — ——- (0 -(0,E)(1,r1,601). (3.81
£ (D) { /r1+ Yo n} E%l(fl’) (0E&E)(P) - (O EX(1,71,61). (3.81)

01
This together with the fact that 7 increases with ¢ over a period, leads us to

[?(dm, 01)
"L EE (@)

which introduced in (3.79) and using (3.66) leads to the desired estimate in (3.80).

One can iterate this procedure by performing higher order derivatives with respect to 6; and
r1 in (3.79) and isolating the term having all the derivatives acting on 6. Hence reasoning by
induction (we skip the details), one obtains logarithmic type bounds for all derivatives of 6

]' < Const - 78,1, 0|1 + (¢ — )],

iP5

|t 11, 61) < Const [1+@ -0 ] <Const-[1+I T (1)), t>1, (3.82)
ar! 96
1 1

fori, j,ke{0,1,2,3},i >0, j +k=i.

Let us now investigate the derivatives of 7. Using (3.71), (3.73), (3.66), (3.82) and reasoning
by induction one infers:

7

J apnk
or{ 36}

(t,r1,00) < Const-t[1 + I ' (®)], t>1, (3.83)

fori, j ke {0,1,2,3},i >0, j+k=i.

3.7.2. Dependence of the inverse flow on r and 0

The following lemma (and similar bounds for some higher order derivatives; see the remark
after the lemma) will be important in the next sections. It gives a precise meaning to the statement
saying that when one differentiates the inverse flow with respect to » one gains a decay of almost
¢+~! while differentiating with respect to  one gets back something almost bounded.

Given a compact energy interval K C (E4, 00) we introduce for ¢ > 1 the sets

A (K) ={(r,0) € (0,00) x T: E(t,r,0) € K}. (3.84)
We recall, cf. (3.56) and (3.57),

E@,r,0)=E(1,w,(r,0)), w;=(r1(t,r,0),01(,1,0)), (3.85)
r=Fr(t,ri(t,r,0),01(t,r,0)) (3.86)

and

0 =0(t,r1(t,r,0),01(,1,0)). (3.87)
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Lemma 3.12. Fix § € (0, 1). Then for any compact interval K C (Eg, 00) and any initial data
for the inverse flow located in A, (K) we have

30 90 30 oF
G|t < e A=l <ce- s, (3.88)
or on " or

and
9 30 9 or
Do <, | =|- | <c (3.89)
ar L 36, 30 © 36,

where C > 0 only depends on K and §.

Proof. The result comes after a straightforward application of the inverse function theorem and
by using (3.77), (3.82), (3.83); we replace the logarithms by %%, O

We will later on need similar bounds for some higher-order derivatives; those are obtained
along the same line, that is by applying the inverse function theorem in conjunction with the
bounds obtained for derivatives of the direct flow.

3.8. Investigating classical asymptotic completeness

We now are in a position to prove (1.15), which as we have already stated is only a first step
in showing classical asymptotic completeness.

Proposition 3.13. Consider an arbitrary classical orbit defined for all positive times:

Vi =(r®),00); p(1),1(1))

corresponding to an energy E > E4. For such an orbit the asymptotic radius and angle defined
as entries of the limit (1.15), and denoted ry and 6., respectively, exist. Moreover the energy of
the orbit is related to the asymptotic quantities by E = —0;S(1,r, 04).

Proof. We start by fixing further notation. Denote by (see (1.5) and (1.13))

F(r,0,p,1) = (0,h, 0th, —0,h, —9h),
Fo(r,0,p,1) = Opha, dha, —=0-ha, —36ha). (3.90)

We now explicitly need the dependence on the initial conditions. For example, V;(x) means
the particular orbit which equals x at = 1,i.e. V| =x € R*.
The Hamilton equations for the true and comparison dynamics may be written in the form

dV dv,
—’( ) =F(V,(x), dt*’ x) =F, (Vo (%)). (3.91)

Since W, ; denotes the inverse for V, ;, we have

d

0= E (Wa,z(va,l(x))) =

dWg
dt

(Va, ) + [We,, (Va, 0) [Fa(Var (0),  (3.92)

where W', ; denotes the total derivative of the vector valued function y = W, ;(y).
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We shall prove the existence of the limit (1.15) by a Cook type argument, that is by showing
that the time derivative is in L ((1, 00)). Hence we choose an initial condition y for the true orbit
at energy E > E; and compute

a,t

dt

d d
- (Hwa,t (Vt (Y))) =11

T (Vi) +T[W, (Vi) JF (Vi (y). (3.93)

Using (3.92) with x =W, ; o V,(y) in (3.93) we get

d

E(Hwa,z(Vz(Y))) =1[W, ,(V:®) [{F(V: ) = Fa (Vi) }. (3.94)

An important feature of the 4 x 4 Jacobian matrix W;’t(x) is that it looks like (x =
(x1, X2, X3, X4))

/ (w1, x2) 0
WW(")‘< Ao (%) A22(X))’

where 03 is the 2 x 2 zero matrix. This is a consequence of the decoupling of the equations for
the comparison evolution.
With the notation E; = E (¢, r(¢),0(t)) we introduce

Y1) = p(t) — @, 9) (1. r(1),6(1)) = p(1) — p, (0(1)), =T, (3.95)
and

_ 1(t) — (39 S)(t,r (1), 0(1))

v2(0): o

=&(1) — &, (0)), t>T, (3.96)

where T is sufficiently large such that both the maximal and minimal velocity estimates hold
(see (2.1) and (3.5)).
Hence (3.94) reads

d / y2(t)
(MW (Vi) = [W, (7). 60))] (m ), f(—t)) (3.97)

Proving that the right-hand side of (3.97) is in L' is what we do in the rest of this subsection.
First, let us see that we can use Lemma 3.12; fix € > 0 small enough such that K :=[E — 2e,
E +2¢] C (E4,00). Then (3.45) implies that E; = E(¢,r(t),0(t)) € K if ¢ is large enough and
hence (r (1), 0(t)) € A;(K). It means that the estimates in (3.88) and (3.89) hold for r > T, where
T is large enough, therefore showing the integrability of the right-hand side of (3.97) is reduced
to proving the following result.

Lemma 3.14. Fix § € (0, 1). Then there exist a sufficiently large T and a positive constant C
such that

max{[n )|, @)} <C-*7, 1>T.

’



H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94 41

Proof. To motivate our somewhat complicated analysis we first replace y; and y» by the fixed
energy quantities

g1(t) = p(1) — pe(6(1)), g1 =& - (6()), (3.98)
and give an easy proof that
gi(H=0(""). (3.99)

Let L := g% + g% and note that energy conservation gives an “almost linear dependence” for g
and g;. Namely from the equality

2 2
2E = [g1(0) + pe(0)]" + [82() +£(6(1) ]
we obtain
g1(®) - pe(0(0) + g2(1) - £ (0 (1)) = —L /2. (3.100)
Using the Hamilton equations and (2.6) it follows that
dgi/dt=(§/r) - g,
dgr/dt =—b+8&)/r-g1+ (bp)/(Er)- g+ O(L/r), (3.101)
and thus (also using (3.100))
dL/dt = (2bp)/(Er) - L+ O(LY?/r). (3.102)
Note that (d/dt) In(€r)> = —2bp/(£r) so that for large
@d/dn[(Er)?- L]=[&r?*-L/t]-O(L'?), (3.103)
where we have used the minimal velocity bound r/t > ¢ > 0 for large ¢. According to (3.18)
and (3.28), L(r) — 0 as t — o0, so integrating (3.103) gives L(r) = O(t~>*%). Then integrating
(3.103) again with this new information gives (3.99).
To bridge the gap between (pg,&g) and (pg,,&g,) (remember our notation E; =

—0:;S(t,r(t),0(1))), we make a Taylor expansion and keep only terms up to the first order in
E — E,. Thus we define

P10 == p@) — {pE, (01) + 8 pE, (D) - (E — Ep)},
Pa(t) =) — €6, () + 3R, () - (E — Ep)}. (3.104)

We will also need to show that E — E; is small so we introduce a third y and a third y:

v =p30) = E+9,S(t,r(1),0(1)) =E — E;. (3.105)
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We can then rewrite (3.104) as

@ =) = @ppe)(0®) - y3(), 720 =y2— @ep)(0() - y3(1).  (3.106)

We have previously shown some a priori smallness in (3.18), (3.28) and (3.45) for these quan-
tities but just for the record we write again that for every € > 0, there exists 7 large enough such
that

max{|P; )|, [;@®)]: j.ke{l,2,3}} <e, t>T. (3.107)

We split the proof of Lemma 3.14 into several pieces.

I. We start with a few constraints we have on the y’s coming from energy conservation. The first
one is

2E = p* (1) + £2(t) = (1 + pE)* + (2 +EE,)?
=2E,+ 2y pg, +2v2- £k, + (V) +77) (3.108)
or equivalently
2p3(0) =211 (1) - pE, (0(1)) +202(8) - ££,(0())) + ¥ (1) + v (0). (3.109)

Rewriting (3.109) with 7’s we get a linear dependence (up to quadratic terms) between 7
and 75, similar to (3.100); we again employ the identity 1 — pgdgpr = EgOpéE:

201() - pE, (0)) +292(1) - £, (0(1)) = O(P?). (3.110)

II. We continue with the time derivative of 73. The key equation is

1/r(t) =0ppE, (0(1)). (3.111)
Performing the derivative we get
1/r—(t/r*)p = —(9%pE,) - 3 P3) + OEéE, /1) - € (3.112)

and using again 1 — pgdgprp =& dp&E we are led to

73 =0y3 =—5—{@kpE,) - v1 + BckE,) - 2}, (3.113)

ra% PE;
and finally, using (3.111) in order to get rid of r(¢) on the right-hand side:

_ OppE ) 0 X
aty3=ta‘§p 5 A @ppE) - 71+ OréE) - 72} + a’ip “[@ppe)? + (0pEe)?] - 75 (3.114)

EPE, 10E PE,
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IIL. Next comes the time derivative of y;. Compute first the derivative of y; using the Hamilton
equations and (2.6):

By () = %[b(em) 1]
R0
r(t)

B30

—%Vz(l)-i-aEpE,(@(l))'3z)/3(l). (3.115)

We then obtain (using (2.6), (1.9), and (3.111)):

[b(0) +&E,(0))] + dEpE, (0(1)) - ry3(1)

01 =0y1 — (0eég,) - (§/r) - v3 — (OppE,) - 0 y3 + V3 - (312«:PEt)3tV3
=g, /1) -7+ O(P?/1)
=—[pE, - @epe)/t]- 71+ O(P%/1), (3.116)

where the last equality came from (3.110), (3.111), and (3.114).
Define

1
fi@®) = m(e(t)) > 0. (3.117)

1

We see that its time derivative gives (use (3.111) and (3.114)):

3 fi = (0gpE,)/PEpE)* - (3:73) — (fi/1) - (VEkE,) - &
=—fi-(1 —pg,depe)/t + Oy /1). (3.118)

Combining this with (3.116) we get
A (AP =—1/D(AD) +O(P%/1). (3.119)

IV. Now we deal with the time derivative of 7. The computations are more involved and we only
give the relevant equation:

b+er . bpp . .
DAL 5 4 Py 02 1), (3.120)

Y =—
' rég,

We remark that the right-hand side of the above equation contains 3 only in the quadratic re-
mainder. Then notice

bpg, b+E&, PE,
= pE, — "
r&g, r&g, r

and

b+E&E,
r

O [&r, (0()] =~ pE, + O /1).
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We introduce the second integrating factor

H(t) = (&g, /9 pE) (0 (D). (3.121)
Then

3,(faf2) = sE'

@epE)éE, - (iv) — (/DL +O(P /). (3.122)
Now we are ready to rewrite (3.114) in a more convenient form. Define

f3(0)=—(0gpE, /3 pE,) (O1)). (3.123)

Using the identity (3g&E,)? + (3epE,)* = —pE, 8,25,05, — &g, 81255 g, together with the “linear”
dependence (3.110) we obtain

¥ (f313) = [as1()/t] - (fip) — (1D (f373) + O(P? /1), (3.124)

where a31(t) is a bounded scalar.

V. We are now ready to give a differential inequality involving all three y’s. First, rewrite (3.119),
(3.122) and (3.124) in a more compact form:

3
3 (fi7)) Za,km/r |- it +0(P? /1), jell,2,3), (3.125)

where aj; = —1 for all j, and aj2 = a13 = az3 = a3z = 0. In particular, the matrix {a} is lower
triangular. Notice also that we have been using the fact that when the energy is localized around
E > E4, one may get upper and lower bounds for f;’s uniform in #; there exist upper bounds for
aji’s too.

Define the Liapunov-type function

Le=C-(fiv)> + (21)* + (f373)°, (3.126)

where C > 0 is a very large positive constant only depending on the energy. Now let us see how
we choose C. Compute

dLc=—Q2/0)Lc+ 2/D]a - (L) (fivD)] + @2/D[az1 - (373)(fivn)]
+0(73/1). (3.127)
We see that the cross terms can be bounded by
27D PD] < AVO[S90* + Cip*] < (Le/VC),  jef2,3).

We conclude that for every § > 0, we can choose C(§) sufficiently large such that for and for
some large constant K5 (we write Ls instead of Lc;):

2—-6/2
/ Ls JrKL%/z

0 Ls < — /t. (3.128)
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Moreover, due to the a priori smallness of the p’s (see (3.107)) we get that given § > 0, there is
T large enough such that:

KsLy*<8/2, 1>T.
Combining this with (3.128) we finally obtain that for every § > O there is T sufficiently large
such that

0 Ls(t) < —

—Ly(). 1>T. (3.129)

We are finally in position to end the proof of Lemma 3.14. Indeed, (3.129) implies that
t2_5L3 (t) decreases if t > T', hence
19;1(t) < Const - 71, je{1,2,3}, t>T,

and by introducing this in (3.106) and the proof is complete. O

4. The main result

From now on we deal with quantum mechanics. This section contains the formulation of our
main theorem.

4.1. A Mourre estimate above Eg4

We know from (1.20) and (1.21) that the generator of dilations is a good conjugate operator
for states with energy localization above E;. We have already encountered this in the classical
case (see (2.2)). Now the natural question is whether or not we can give a quantum counterpart
to the quantity we defined in (2.33). The answer is positive and stated in what follows.

We introduce 7 (Xx) := F_L/z’] (|x]) - |x|. For every C > 0 and E > E; define a “rotated” gen-
erator of dilations:

c .. o
Ac(E) = Ee*lrl [351)5(9)/(3*/)5(9)][[) X +x-ple [6505(9)/6"*05(9)]’ 4.1)

where pg is the periodic solution given by corollary (2.7).

Proposition 4.1. Fix E > E;. Then for every small enough € > 0, there exists C = C (¢, E) large
enough and a compact operator K such that

. 1
Lg—c+e)(H)i[H, Ac(E)|l{g—c. p4e)(H) > 7 LiE—eEve)(H) + K.

Proof. We can compute the commutator between H and Ac(E) by reading off the classical
computations we have done in (2.35)—(2.37) and making everything symmetric.
We first need a few definitions. For a = 1/2 and b = 1 we define a regularized “modulus” by

|x| 1
f(x):fF+(s)ds+f[1 — Fi(s)]ds 4.2)

0 0

(notice that for |x| > 1 we have 7 (x) = |x]).
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The radial velocity p is given by

1

pi=5{(p—a)- (V7)) + (V) - (p-a)}. 4-.3)

It is easy to see that p is essentially self-adjoint on C§° (R?).
Using polar coordinates in L%(R?) and (4.2), we have

I K
P——E{g' +(r) + +(r)-5+; +(r)}

1
=—i F+<i+5>\/?, r=|x|. (4.4)

ar
As an operator on L*(R4 x T) the radial momentum takes the form:

p=—iyFyd/Fy. (4.5)

Moreover there exists a smooth function m(r) supported away from zero and with a decay of at
least order r~2 such that

P> =—F{32F  +mo(r). (4.6)

The transverse velocity & is given by

L
§1=— —my(b(®). %))

Finally we note (see Lemma 6.1 for related bounds) that for every g > 0 there exist C, N > 1
such that forall z e C\ R

max] |7 (H — 271 () F|,

o L C @ \"
B 1 B < ’
-2 "7} 13(2) (ITS(ZN)

1/2

(2) = (1+121%) (4.8)

We shall use (4.8) in the context of estimating commutators.

The various cut-offs will generate through commutation several terms which are relatively
compact to H, while p? + &2 now equals 2H (up to relatively compact remainders) and not 2E
as in the classical case. Hence we can write

1
i[H Ac(E)]=1+H —E+ 5[(& — &p)0péE + (0 — pE)IEpE +hc.]

C
e (G £6)* + (0o — pp)*] + K1, (4.9)
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where h.c. means Hermitian conjugate and K is a relatively compact remainder. In the form
sense we have the inequality

1/2 |

1 C
—5[€ —&poptr +he] < - — &) + 55y Orkr)

while a similar one holds for (0 — pg)dgpr. We have (H — E) > —e when restricted to the
range of 1{g_¢ g+¢](H); then choosing C large enough we obtain the desired positivity and the
proposition is proven. 0O

Under the conditions we imposed, 1/7* with & > 1/2 is a locally smooth perturbation for H,
cf. Proposition 4.1, [15] and [17]. For any state like the one in (6.1) we have that

@]

/(V/(I), (F) "y (1)) dt =/||(7)_“1ﬂ(t)||2dt < Const|[y||. (4.10)
1 1

We also learn that the point spectrum of H in (Eg4, 0o) is discrete with eigenvalues of finite
multiplicity.

4.2. Construction of the approximate evolution
From now on we abbreviate (0, o) by R... Define for # > 1 the operator
Uo(t): L*((Eq, 00) x T) = L*(R4 x T), (4.11)
where (see also (3.56))
[Uo(0) £](r, 0) := exp{iS(t, 7, 0)} 1, %, 6) - f(=0,S(1, Wi (r,6)),61(2,7,6)).  (4.12)

Here J; is a Jacobian determinant which assures that Uy(¢) is unitary. More precisely, it equals
the product between the Jacobian Jy, of the inverse flow, and the Jacobian of the transformation
Ry> (@ 0)— (—0,S(1,r,60),0) € (Eg, 00). We also introduce

W(t): L*((Eq, 00) x T) = L*(Ry x T),
[W() £](r,6) :=exp{—iS(t,r,0)}[Uo(0) f](r, 0). (4.13)

For f € C°((Eq4, 00) x T) we have that W(t) f is strongly differentiable and

—i%W(t)f = —BOW®)f. 4.14)

Moreover,
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BOW()f € CPR, x T), (4.15)

2B(1) = —i(3,.8)(t, 7, 0)d, — ’(M

1
— b(@)) —dp +h.c.
r
= (VxS(t,x) —a(x)) -p+hec, (4.16)
where h.c. means Hermitian conjugate. The computation is fairly standard, and relies on (3.55)
and (3.69).
We now want to determine the “generator of the free evolution,” i.e. to describe the strong
time derivative of Uy(?).

Consider the following symmetric operators on L2(Ry x T) (defined on smooth and com-
pactly supported functions)

Vi=p—0,SUt,r,0)=p— pgq. o) 4.17)

and
9pS(t,r,0)
y2=£— <f - b(G)) =& —&£.r0)(0). (4.18)
From (3.41) and (4.14) one infers that for any f € C{°((E4, 00) x T) the mapping

(1,00) 3t Up(t) f € L> (R4 x T)

is differentiable and if ¢ is large enough then

.d 1
iU f = HoOUo()f. Ho(0):=H+ g5 — -~ 2. (4.19)

4.3. Stating the main result of the paper

We are finally prepared to give the main theorem.

Theorem 4.2. The limits in (1.23) exist and define mutually inverse unitary operators. Spelled
out:

L. (Existence of scattering states.) For every ¢ in L>((Eq4, 00) x T) there exists W = .Qiqﬁ in
the space Hg, = 1(1511,(><J)\(,IDIJ(11)(H)LZ(IRJr x T) such that

lim e ™" 2¢¢ — Up(t)p| = 0.

t—00

II. (Asymptotic completeness.) For every v in the HE,, there exists ¢ = 2, in L2((E4, 00) X
T) such that

lim |e "y — Up()249 || = 0.
t—00
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III. (Asymptotic observables.) The asymptotic radius and angle (mod 2m) as defined in (1.24)
exist as operators on Hg,; moreover (M(-) denotes multiplication by the argument, see
Lemma 3.8 for the definition of r (E, t,0)):

e =24 M () 2,4, ry=09M(r(E, 1,0)02,, Hly, = .inM(E).QJrlHEd.

Remark. We may readily add some short-range magnetic and scalar perturbations to H, and the
above theorem remains true. Namely, we define (see also (1.16) and (1.17))

1 1 1 1
Hy :=5<p—a—as>2+vs=H—5(p—a)-as—Eas-(p—a>+5a?+vs,

where a; is cl, Vs is relatively bounded with respect to —A with bound less than 1 and, in
addition, for some € > 0 and as |x| — o0,

Vi(x), ag(x) = O(|x|"!+9);
D*Vy(x), D*a,(x) = O(Ix|7%); || =2.

Then by standard Mourre theory and the theory of smooth perturbations, cf. (4.10), one first
constructs the relative wave operator for the pair (H, Hy). Next invoking the stated theorem
(for H) and the chain rule for wave operators one deduces the theorem with H replaced by H;.

5. Proof of the existence of scattering states

Our proof of the first statement of Theorem 4.2 has two parts. Choose any ¢ €
C3°((Eq, 00) x T) and denote its support by /.
Firstly, we show that the following limit exists in LZ(R; x T):

24¢ .= tl_i)rgoethUo(t)q). (5.1)
Secondly, we show that this limit belongs to Hg,.

5.1. Existence of .Q_‘f_

Employing the usual Cook argument, we can reduce the above limit to the “time integrability”
of the “perturbation” (see (4.19)):

dt < oco. (5.2)
L2(R,xT)

e 10 1
/H (ﬁ +t 3t m)[wam](n 0)
1

In order to get an idea about why (5.2) should hold, we again look at the case when b(0) =
b < 0 is a negative constant. From the definition (4.13) we get using (3.58), (3.59), (3.62) and
(3.63) that

r r2 b? t
(W] (r.0) = \/;cb(ﬁ +2.0+bt 1n(z)>, (5.3)

in accordance with the formula (1.25) for Uy(z) f.
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We may now see that on the support of W(#)¢, r and ¢ are effectively proportional; when we
look at the integrand in (5.2), we realize that by differentiating with respect to r we obtain an
extra decay of order either = or r~!In(¢). Two derivatives will make it integrable in r. As for
the derivatives with respect to @, we see that they are bounded; but 1/r? is transformed into 1/¢>
so (5.2) follows.

A similar argument can be carried out when b is not constant. Compared to Lemma 3.12 we
need to go further, i.e. to investigate what happens when we differentiate twice with respect to r
and 6. Taking two derivatives in (3.86) and (3.87) we get

oF 8%r;  oF 926,
ary or2  96; ar?

3% [ or1\? 327 oar; 90, 8% (96, \°
A= ’(ﬂ) _z_rg_l__r<_l) 5.4)

== 1’

o2\ or ar1361 ar ar 962\ or
and
30 9%r1 | 30 3%0,
ary or2 90, ar2 2’
DB\ 9% dnder 0% (61 5:5)
2T a2 \or or(061 or or 902\ or '
We then have
82r1_J_1 90 s oF 4 5.6)
oz~ v \ag, ' a0, P '
and
326, _ - 36 . F 4 57
arz TV or, o ) ’

Using (3.82), (3.83), (3.88) and (3.89) in (5.4) and (5.5) we get up to additional factors of 10
(remember that § is arbitrarily small; these terms appear when we replace the logarithms)

Ay ~1! Ay ~172,
which leads to
3% 9%6; )
—_— ——~1 " 5.8
ar2’ or? (5-8)

Similarly, one may show that (again forgetting about factors of %)

9%r; 9%0 92 926
J7 Y Const, on on L (5.9)
902" 362 000r  909r

’
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These estimates and Lemma 3.12 lead to the conclusion that the first and second order derivatives
of the Jacobian corresponding to the inverse flow Jy, (r, 0) = Jy I(r1, 01) behave like

[0, Jw.*] I, /zz—%a,(anv,ow,wt—‘, (5.10)
[86 Jw!*] I, * ~ Const, (5.11)

o [[0rIw! "] Iw *] = %af(mjv, ow,) ~172, (5.12)
3 [[36 1w/ Iw *] = 289(1nJV,ow;)~C0nst (5.13)
36 ([0 Jw! ]I, 1/2]_—%393,(1““ ow) ~1 ", (5.14)

Up to factors of 1% we conclude from Lemma 3.12, (5.8)—(5.14) that indeed

[a2[we]r. o), |r 285 [W ] o), [r2[Wmne]r. o)~  (5.15)

which finally leads to (5.2). O

5.2. Proving the inclusion Ran(Qi) CHg,

We first show that Ran(.Qi) C Ran(1(g,,00)(H)). The inclusion is based on the intertwining
formula

HQl¢p =02 M(E)e, (5.16)

where ¢ € Cgo((Ed, o0) x T). This formula implies a similar intertwining for resolvents and
through functional calculus for any real and bounded function:

fHRE=2{M(f(E)). (5.17)

which yields the result.
For every ¢ €e Dom(H) and ¢ > 1 we have

<H1//,ei’HUo(t)¢)=/dr/d9 He tHy (r,0)e ST O [W (1) (r, 0). (5.18)
We move H to the right and use (4.19):

) ) 1 2 2
(Hy, ™ Up(t)¢) = <e"”’w, (—87 + 4y )Uo(t)¢> (=M, i3, Up(1))-

When we differentiate i Uy (¢)¢ with respect to ¢, we get two terms: the first one contains the
expression

—[3,S1(t, r,0) SO [W (1)¢](r, 0) = [Uo(t) M(E)p] (1, 0),
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cf. (3.38); the second one contains

i [W()¢](r,0) = BO[W(1)](r,6),

cf. (4.14).
‘We then obtain
2 2
(Hy, "M Uo(t)p) = (¥, " Up(t) M(E)p) + <e—”H1/f, (—8% + %1 + %)Uo<r)¢>>

+{e "y, S BOW (1))

Now the second and the third term on the right-hand side of the above equality converge to
zero as t — oo. This follows readily from the estimates of Section 7.1 together with the identity

(ylz+yg)eiS(t,r,e)[W(t)qﬁ](r’9):_eiS(t,r,H)(arZ+r—2a§)[w(t)¢](r,9).
In conclusion
(Hy, 2{¢)=(v. 2L M(E)¢),

yielding (5.16).
Clearly 2¢{ M(E)¢ L H,,. We have proved Ran(2{) € Hg,. O

We have now established I of Theorem 4.2. The remaining part of the paper is devoted to
proving II. Given these results, III of Theorem 4.2 follows easily. For the last identity H 1y By =

QiM(E)mlHEd we invoke (5.16).
6. Asymptotic completeness: propagation estimates in quantum mechanics

We now start the proof of local asymptotic completeness. In this section we are going to prove
various propagation estimates for states ¥ (¢) of the form (6.1), very similar to the ones we had
for the classical problem.

The method we use is to show that for large ¢, ¥ (¢) is “localized near the attractor” in the sense
that vy (¢) ~ HzN:I F; (A; (1))y (t) with each F;(A;(t)) a “cut-off function” of some observable. It
will be crucial that the Heisenberg derivative of the product of cut-off functions is essentially
positive. For further motivation see the remarks at the beginning of the proof of Lemma 8.2.

6.1. Preliminaries and the Helffer—Sjostrand formula

We start with various definitions and preliminary technical results. Let H be the Hamiltonian
introduced in (1.17). We are going to study states of the form

Y(t) =e " fr(H)Y, (6.1)

where € > 0 is very small, fr € Cgo((E —€/2,E+€/2),0< fg<land fp=1on (E —
€/4,E +&/4) for E € (Eq, 00) \ opp(H). The state ¥ € L*(R?).
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We will later need two other cut-off functions. Namely, consider f] g € Cgo ((E — 4€/5,
E 4+ 4€/5)),0< f1,e <1 andequal to 1 on (E — 3€/4, E + 3€/4). Moreover, consider fE IS
CFPUE—-€,E+¢6),0< fE < 1 and equal to 1 on (E — 7¢/8, E + 7€/8). We then have the
property that

fLESE= fE, fefie= fiE.

Let us define the regularized radial and transverse velocities by
pi=fe(pfp(H), &= fe(H)§ fe(H). (6.2)

Let us recall (see [4, Appendix C] or [14]) that for all bounded (or possibly unbounded) self-
adjoint operators A and B (on the same Hilbert space) and for all f € C§°(R) we may represent

(8 denotes differentiation with respect to z):

[A,f(B)]:—%/éf(z)(B—z)_l[A,B](B—z)_ldxdy; z=x+iy, (6.3)
C

where f is a smooth compactly supported almost analytic extension of f.
We shall need this and other commutator formulas for functions I” of the type F or type F4 4.
An almost analytic extension of I" can be constructed obeying

|07 ()| < Ce() ™ *[3(2) k. zeC, keN. (6.4)
Then,
1 (.-
[A.T(B)]= —;/af(z)(B —2)7'A, BI(B—z)"'dxdy
C
= %{F/(B)[A, B +[A, BI'(B)} + Ry, (6.5)
where
1 (.-
Ry = ——/ar<z>(B -2
2
C
x {(B—2)"'[B.[A,B]] - [B.[A, BI](B—2)"'}(B—2)'dxdy. (6.6)
Also,
[A, I'(B)] =vT'(B)[A, BIWT'(B) + R + R, 6.7)
where

1 1
Ry = 5[[A, Bl,\/T'(B) |V I'(B) — 5\/F/(B)[[A, B1,\/T'(B)]. (6.8)
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6.2. Non-commutativity and “integrable remainders”

To go from classical to quantum mechanics we have to deal with “errors” coming from the
non-commutativity of certain operators. We will use the following technical lemmas to show
that these “errors” are small. In order to simplify notation, we will often write r instead of the
regularized modulus 7 (see (4.2)).

Lemma 6.1. Suppose F, G € Ci°(Ry) and F = 1 on a neighborhood of the support of G. Let B

be one of the operators H, Ac/t, p or &. Then for every integer N > 1, there exists C > 0 such
that

N
[(1=F@/0)B-27'Gr/n| < ¢ ( ) > V.

I3\ 3(2)]

Proof. One can find a function G such that G{G = G and FG| = G1. Then for any N € N we
may write (abbreviating below F' = F(r/t), G = G(r/t) and G| = G1(r/t))

(1-F)B-2"'6=(1-F)(B-27'6YG.
Due to the support conditions we have
(1-F)(B-27'G=>1-Fady (B-27")G, (6.9)

where adOG1 (B) =B and ade1 (B) = [ad]z;_ll(B), G1] for k > 1. Then

ad) (B=27)= Y Cyty(B—27"ad (B)---(B—2)""adgs (B)(B —2)7".
ki+--+kn=N

(6.10)

It is then easy to see that each commutator brings a decay of order r~!; more precisely, if B is
either p or & then

|add, (B)| < Const-17%.

If B = H then

(z)
I3(2)|

laddl, (H) - (H) ™' | < Const- 174, |[(H)(H — 27" < Const
If B = Ac/t then the only nonzero contribution comes from k; = 1 which gives

1 1 r_, 1
adg (Ac/t) = T ;Gl(r/t) ~ o

We then sum up the contributions coming from each commutator and conclude the lemma. O
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Remark. Combining Lemma 6.1 with (6.3) we obtain for every function f € C;°(R) and B any
of the operators H, Ac/t, p or E:

(1= F@/0)) f(BYGE/D)| =O(t~). (6.11)
‘We continue with another localization result needed later.

Lemma 6.2. Assume F.y_ has supportin Ry and consider F, G, L € C3°(R) such that F equals
1 on a neighborhood of the support of G. Assume that B and D are either H, p or €. Then

[(1=F(B)) - L(D)-G(B) - Fr_(r/t)|| = O(t~). (6.12)

Proof. Clearly if D = B there is nothing to be proven. First, assume that B = p and D = &; we
can find a function G as in the previous lemma such that G{G = G and FG| = G. We then
see that

(1—F(B))-L(D)-G(B)=(1— F(B))- adgl(B)(L(D)) -G(B), NeN.

Looking at (4.5) and (4.7) we see that every time we commute p with £ we gain an “extra 1 /7
decay.” The same thing is true when we commute G(p) with L(£) via the Helffer—Sjostrand
formula; hence N commutators provide us with N extra factors of 1/7. In order to transform them

into 1/t we employ the previous lemma: multiply each 1/7 with 1 = Fill (r/t)+1— Fill (r/1),
where Ffrll has the property that (1 — Ffrll)FJr_ =0 and its support is included in R. The
previous lemma ensures that the resulting cross terms containing at least one %(1 - Fill) are of
order O(1=°°) while (1/7) - F" (/1) ~ =, We then get

(1-F(®) -adgl(ﬁ)(L(é)) G- Fi_(r/)=0(t""), N>1

Finally, let us notice that we can follow the same argument for all possible choices for B and D,
since every time we commute any two of the operators H, p and & we gain the extra 1/r decay
and we can repeat the same procedure as before. 0O

The last technical result we present here is a quantum version of energy conservation. Con-
sider f1(p), f2(§) and fr(H), where f] is supported in [po — €1, po + €1], f2 is supported in
[0 — €1, %0 + €1] and f1 f is defined right after (6.1).

Lemma 6.3. Assume F _ is supported on R and assume that | ,08 + 5(? — 2E| > 3€. Then there
exists €1 > 0 small enough such that for every f| and f> as above we have

11 - &) - fie(H) - Fo(r/t)| = O(). (6.13)

Proof. Assume without loss that pg + ég —2E > 3&. Choose ¢ € L%(R?) and define ¢ (¢, €]) =
fi(p) - fz(é) - fi,E(H) - F4+_(r/t)¢. Let us prove that for sufficiently small €; we may write

($(t, €, (B> + & —2H) (1, 1)) = E|p(t, e |* + Ot~ 11> (6.14)
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Indeed, consider the expectation in the left-hand side of the above inequality. We can put near ,T)

some function f1 (p) which equals 1 on the support of f] and is supported on [pg —2€1, po +2€1];

then put near £2 another function f2 (€) which equals 1 on the support of f» and is supported on
[Eo — 2€1, &0 + 2€1]. According to the previous two lemmas we have that

max{[|[1 - f2(&)] [1-A@®]oE. D]} <O(E™)lgll. (6.15)

In a similar way, we may put fE(H ) near 2H at the expense of another O(t~°°)||¢|| error. Then
we see that in the form sense we have

P2 F1(p) + &% fr(8) — 2H fr(H)
> (Ipol — 261)> 1 (B) + (%] — 2€1)° Fo(E) — 2(E + &) fie (H). (6.16)

When we take the expectation of the right-hand side of (6.16) on ¢ (7, €1) we can get rid of the
cut-offs f1 f2 and fE at the price of another O(t~*°)||¢|| error. Then if €; is small enough we
have

(100 —2€1)” + (10l — 2€1)” —2AE +&) 2 &
and (6.14) follows. Now let us prove that
(p(t.€1), (p* +E2 —2H) (1, €)) < —Hqs(r,el)Hz+0(r‘°O)||¢||2, 12Tz (6.17)

which together with (6.14) implies (6.13). Indeed, from (4.5), (4.7) and (1.19) we see that

. 1
[p> +E2 —2H]o(1,€1) — =0 e =0(™%) gl

Then if ¢ is large enough we have

1 é o
<¢(r,e1), ﬁ¢<r,e1)> < Enas(t,el)ﬂz +0(®)¢l?

and we are done. O
6.3. A maximal velocity bound

The notation (-); will be used to signify the expectation in a state like (6.1) at time . We
will often slightly abuse notation by abbreviating the notation 7 for the function in (4.2) as r.
For example, we use the notation (F’(r/t)); in the integral in Lemma 6.4 stated below for the
expectation of the operator of multiplication by x — F’((x)/t) in the state v/ (¢).

A standard computation will show that

ol < V2E +26. (6.18)
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Indeed the result follows from the definition (6.2), the fact that |[Vr(x)| < 1 and the Cauchy—
Schwarz inequality:

I71l= sup |(#. po)| < sup Vs, 2H fe (H)g) < QF +29)'.

Lemma 6.4. Let K =+2E+1,a=K, b =K + 1 and let F denote either Fy or Fy (see
(3.1)-(3.4)). Then

/ U F' (/1) dr < Clly I
1

Proof. Consider the observable
®(t) = —fe(H)F(r/1) fe(H). (6.19)

By differentiating with respect to 7 we get
wo®), =t r/tF (r/1), = (fe(HDi[H, F(r/D)] fg(H)),. (6.20)

The above commutator may be written as

i[H F(r/H] =@ {p- (VI F'(r/t) +hec.}
=) 'WF'(r/H){p- Vr +he]VF'(r/t)

=t "WF'(r/H)pVF (r]1). 6.21)
By (6.3)
[ feH), VFo/0]| <C|(H - i[HNF /0](H -7 (6.22)

Introducing (6.21) in (6.20), commuting fE(H) and v F'(r/t) (using (6.3)), and invoking
that (r/t)F'(r/t) > K F'(r/t), we obtain

(@), =17 (VF'(r/D)(K — )VF'(r/D), + R (t;9), (6.23)
where the remainder Rj(¢; ¥) obeys

|Ri(1; v)| < Cr 2Ny ||% (6.24)

With our choice of K, K — p > +/2E + 1 — +/2E +2¢ > 0 (for € < 1/2), cf. (6.18). Applied
to the right-hand side of (6.23) we obtain after an integration that for every 7 > 1

T T

/z (F'(r/)), dt <(@(])), —{@(1)), —/R](ﬁl/f)dl‘. (6.25)

1 1
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Finally, using the fact that ||@(7)|| < C uniformly in 7 > 1 and (6.24), the right-hand side of
(6.25) may be estimated independently of 7 > 1, and the lemma follows. O

Corollary 6.5. Let C > K + 1 (with K as in Lemma 6.4) and suppose Fy € L®(R) with
supp(F1) C[K + 1, C]. Then

[e¢]

/ I E Gy O] di < Constl .

1

Proof. Using theinputsa =K,b=K +1,c=C andd = C + 1 in (3.3) and (3.4) we infer that
FJ/F+ F1 = Fl. Then
2 2
|F /0y O < IR - |V Fig ¢/OV @O |7 = 1F1lIZ(FL /D), (6.26)
and we may use Lemma 6.4 to conclude the estimate. O

Corollary 6.6. Let C > K + 1 and suppose F| € C3°(R) is real-valued and that supp(F;) C
[K +1,C]. Then

lim [ Fy /0w ()] =0.

Proof. We will prove that n(r) := || F1(r/t)¥ (¢)||* goes to zero as t — oco. From Corollary 6.5
we know that there exists a sequence (#;),>1 with t, — oo such that

lim n(t,) =0.
n—od
Hence we only need to prove that 1 has a limit at infinity; by a standard Cook type argument,

this would be true if n’ € L'((1, 00)).
We compute

0 (t) = =2t~ (r/t(F\F))(r/ D)), + (i[H, F{(r/1)]),.
The first term may be estimated by

.

| =2t~ r/t(FLF)) /1)), | < 2Ct~ Y| IFLF]| (/) ()

which is in L' by Corollary 6.5. )
The second term can be rewritten using that fg(H )y = v and a computation similar to (6.21):

fe(H)i[H, FE(r/0)] fe(H)
=1~ fg(H)Fip- (Vr)F{ fe(H) +h.c.
=17 F fg(H)p- (Vr) fe(H)F| +h.c. + Ry (r). (6.27)
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Using (6.3) one can show that || R, () || = O(t72), cf. (6.22), and hence integrable. Let us look at
=Y Fi(/0) fe(H)P - (Vr) fe(H)F{(r/1)),.

Taking the modulus we get an upper bound for it of the form

1, = 2 ’ 2
5 | FeCEDp - (Vo) fE(ED | (| Fiar/ov @) |+ | F{Gr/Hv @) (6.28)

which is integrable due to Corollary 6.5. In conclusion, ’ is L' and we are done. O

Lemma 6.7. Suppose C > 1 and Fy € L (R) with supp(F>2) C (C,0) and || F2|lcc < 1. Then
for all  in the Schwartz space S(R?)

Const(yr)

2
F. <
tS;[})H 2 (/DY @) | oz

Proof. First, notice that due to the support condition we have

2 2 2
C | Bar/y ] < |[rBatr/y O] " < [ Ixly )]~
Second, since ¥ € S(R?) we have that ¥ (t) = e '# fz(H)y is in the domain of multi-
plication with any power of |x| and A (the dilation generator, cf. (1.20)). By integrating the
second-order derivative (from ¢ = 0) we get the estimate, cf. (1.21),
ex2e="H < x2 4 2t A 4 Const - (H 4 1)t?
which leads to
2
lxlw O |” < (fe(H)W, x> fe(H)Y) + 2t( fe (H), Afe(H)Y)
+ Const - (E + V2| fe () ||,

Now combine the two estimates and the lemma follows. O

Proposition 6.8. Consider the function Fy in (3.1) witha =K + 1 and b = K + 2 (and with
K =+/2E + 1). Then for all states (t) as in (6.1) we have

Jim || Fo (/0w (0) ]| =0.

Proof. What follows is an (¢/3)-argument. Start by fixing ¢ > 0 (this is not the € used to specify
the state (6.1)). There are three steps.

I. Choose ¥, € S(R?) such that ||y — || < &/3.
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I1. Denote by 1, the characteristic function for (k, c0). Employing Lemma 6.7, we find C, >
K + 2 such that

sup||1c, (r/HY: (1) | < &/3.
t>1

III. Consider F_ in (3.3) with the same a and b as above, and with c = C, and d = ¢+ 1. Then
by Corollary 6.6 there exists 7 > 1 such that

sup | F—(r/D) e ()| < /3.

t>T;
We decompose
Fir(r/Dy ) = Fr(r/D(¥ @) — e @) + [Fy(r/1) = 1e, (/D) e (1)
+1c, (r/D)Pe (1), (6.29)
use the triangle inequality, then the estimate
[[Fs@/t) =1c, /)] @) | < || Fy— (/D0
and the estimates from I-III, yielding

sup | Fy(r/Dy )| <e,
>T,

t/E

and therefore the proposition. O
As a consequence of Proposition 6.8 we define
FMYD . pEFLER2 g () = FMYY /0w (), (6.30)
and notice that lim;_, oo (Y1 (2) — ¥ (¢)) = 0. We rewrite this as
Vi (t) ~ ¥ (@).
6.4. A minimal velocity bound

We follow the same strategy as in the classical case and we use almost the same tech-
nique (with some complications due to non-commutativity). Since we have the maximal ve-

locity bound, we can define a regularized conjugate operator as (here F_ := J 2RI g
V2E+1)
Ac(E)=F_(r/1) fe(H)Ac(E) fe(H)F_(r/1). (6.31)
Clearly this operator is bounded and grows at most linearly in #:
|Ac(E)| < Const - 1. (6.32)

We start with the quantum equivalent of Lemma 3.2.
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Lemma 6.9. For every F,_ = F_‘f_’f’d/ 24 denote by Fiy exactly that function as in (3.4) whose

derivative gives back Fy_. Then there exists d > 0 small enough such that we have (see (6.30))

/H Fi (Ac(E)/t)¥n (t)||2dt < Const - ||y ||*. (6.33)
1
Moreover, for F_ = F(_1/4’d/2 we have
Jim F_ (Ac(E)/t)¥1(t) =0. (6.34)

Proof. Define the bounded observable
& ()= FMY (/) Fyy (Ac(E) /1) FMY>(r/1)
and differentiate (@ (7))y () with respect to ¢ and get:
0@ @),y = Ri®) +(Du[Ac(E)/1]) sy, (6.35)
where
DuX (1) := X (1) +i[H, X(1)] (6.36)

denotes the Heisenberg derivative; we also employed (6.4). The above remainder R;(¢) can be
treated with the same methods as before and shown to obey the estimate

oo
/|R1(z)\dz < Const - |y/|1%.
1

Performing the Heisenberg derivative of AC(E )/t, we obtain several terms (see (6.31)):
Du[Ac(E)/1] = Ra(t) + F-(r/1) fe (H){ Du[Ac(E)/t]} f (H)F-(r/1).

Using Proposition 4.1 we can write

~ 1 - ~ ~ | Qg
Du[Ac(E)/t] > Rs(1) + §F—(V/t)fE(H)2F—(’"/l) - ?[AC(E)/I]-

The remainder R3(#) will also be integrable in the sense that

(0.¢]
/| R3(1)) N (| dt < Const - w12
1
Due to Lemmas 6.1 and 6.2 we may write

(F- /0 Je(HYPF- /) sy = IV i (Ae B/ yn O + 0 () 111



62 H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94

Putting everything back into (6.35) we obtain

1 ~
@0}y ) > Ra@) + | Fy (Ac B/ @]+ (173 - d).

We then integrate and (6.33) follows. The proof of (6.34) uses the same strategy as the one
employed in Lemma 3.2 or Corollary 6.6. 0O

Define (here d is the one given by Lemma 6.9)

FINAc(E) /1) = F{P (A ®) /1), o) = FRNAc(E)/ )1 (1), (637)

Clearly, (6.34) implies that yrp(z) ~ Y1 (z) ~ ¥ (¢t) when t — co. We now are ready to prove a
minimal velocity bound.

Proposition 6.10. For d > 0 define F_(r/t) := FV/*% (+/1). Then there exists di small enough
such that

|F- /D)y = O(=) Iyl (6.38)
Proof. The strategy is proving that for d; small enough we have
|F-(r/t) - F{N(Ac(E) /)] = O(t=). (6.39)

Since sup; > |Ac(E)/t|l = M < oo, we can replace F3 with some compactly supported func-

tion FY/SUSMMEIL quch that FOI(Ac(E)/1) = Fy_(Ac(E)/1). Using the Helffer-Sjostrand

formula we get

1 (- Ac(E) \
=_;/3F+(z){F(r/t)-( p —z) }dxdy. (6.40)
C

Define A:C(E) = ph2d (r/t)/ic(E)Fil"Zd1 (r/t) and notice that for sufficiently small d; and
some T large enough we have

sup|| Ac(E)/t] <d/9
I>T

4/8.d/4.M.M+1 (AC(E)/t) =0forallr > T. Reasoning as in Lemma 6.1 we

which implies that £, "
may write that for N > 1

Const(N)( (2) )NtN
| .

dy /2.d, 3 _) (4 —)7!
||F7 (r/t)[(Ac(E)/t Z) (AC(E)/t Z) j|||< |3(Z)|2 J(2)|

Put this back into (6.40) and the proof is finished. O
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Define with the d; provided by the previous proposition:

FPYP (/)= P20 0, s = FPY /0y (@). (641)

Then we have shown 3(¢) ~ Y2 (2) ~ Y1 () ~ ¥ (t).
6.5. p is localized above pg — €

We now formulate Proposition 2.11 in terms of quantum mechanics.
Proposition 6.11. Fix & > 0. Consider F— = F~ >~ Then we have
| F— (P — pE + BEPE)/ C) Y3 ()] = O(™) Iy |I. (6.42)

Proof. If we look at Fj:ﬂ we introduced in (6.37) we can write (we drop the energy dependence)

o~ d d g~
FIY(Ac/t) = FIC % (Ac/(tC) FI (A /).
Define

Ap:=p—pg+ @epe)/C. (6.43)

The proposition would then be implied by the estimate

d

d
| F—(Ap) F5C 5 (Ac )t O)) ERY0 (/) FMY> (/1) f1 e (HD | = O(17°).  (6.44)

The interpretation of the above estimate is that as in the classical situation, p — pg + (dgpg)/C)
and Ac tend to have the same sign. The strategy of the proof is somewhat similar to the one
we have used for (6.39). As a general remark, we will often write O(r~°°) instead of terms
containing commutators of the type we encountered in Lemma 6.2.

If F;_ is supported on R4 and equals 1 on the support of F f“"b'F M-V-b- then define Ac as

—€2/2,—€/4 —&/2,—& /4

fi.E(H)Fy—(r/t)F_ (Ap)-Ac - F (Ap)F4—(r/t) f1,£(H)

and let us prove that the spectrum of Ac /(Ct) tends to be negative. Indeed, using the expressions
in (6.31), (4.1) and (2.33), we first get that for ¢ > 1

Ac/(Cty=F_(r/t) fe(H) - (p — pE + aEpE/C>§ - fE(HYF_(r/t) + O(1/1).

Because of the presence of fi g(H) in the definition of Ac we can use an argumentNIike in
Lemma 6.2 by enlarging a bit the support of fi g and put it near fg(H), transforming fr(H) -
(0 —pE —3epE/C) - fE(H) into Ap + O(t™).
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Then we do the same thing with the cut-off in Ap thus making the “leading term” negative in
form sense; we finally get

Ac/Ccn<o(™)., t>1.

It follows that there exists 7' large enough such that for every t > T =T (C):

Ac/(ChH < %, Fﬁ% (Ac/(Cn) =0. (6.45)

d d =
Then reasoning as in Proposition 6.10, we can insert F/°“"* (A¢/(Ct)) in (6.44) and up to

the use of Helffer—Sjostrand formula and of various commutator estimates as in Lemma 6.2 we
obtain the result. O

A consequence of the above proposition is

Corollary 6.12. Fix é; > 0 as given by the previous proposition. Then choosing C(E) large
enough we have

| P22 752 — pp)s )] = O . (6.46)
Proof. The interpretation is again simple: if C is large then p — pg cannot be too small, due to
the previous proposition. If p had commuted with dg pg then this would have been automatic.
But even if they do not commute, their commutator becomes small in time on the particular
cut-offs which build the state yr3(¢).
Choose a function F._ supported on R4 which satisfies

Fi(r/OFY /)y FMY (r /1) = FPVP-(r /) FMYP (1),

Since we have already proven (6.42), the corollary would follow if we can prove (remember
the notation Ap = p — pg + dgpe/C)

| F222 7525 — pp) FLO2 22 (Ap) Py (/) fLe ()| = O(7™). (647
Denote by G the function F;5€2’74€2 and observe that
—3&,,—2¢ —3&,,-2¢
Gl F+ 2 2 — F+ 2 2'
For every ¢ € L?(R?) define

W (t) = F"% 7% — pp) FL 2 22 (Ap) Foe(r/1) fr £ (H)9.

Then we have
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=(=7é — (p — pe + 0£pE/C) + 8E,0E/C>q,(,)

= (=78 = (Ap) - G1(Ap))y , + (BEPE/Chuy + O™ )17, (6.48)

In the above second line we put G| near Ap at the expense of a usual O(r ~°°) error coming from
the commutations. Then on the support of G; we have —7¢; — (Ap) - G1(Ap) < 0 in the form
sense. Finally, if C is large enough we get (0 pr/C)w (1) < (€2/2)|1¥ (¢) |? and we are done. [J

Inspired by the last two results, we define

10é;,

FA(Ap) = F 722 (p),  FP(p—pp)i=F; "2 (5—pp)  (649)

and

Va(0) = FL2(5 — pp) F (Ap) ¥ (0). (6.50)
Then we have shown 4 (¢) ~ ¥3(¢) ~--- ~ P (2).
6.6. & is not localized on the negative axis

We now give the quantum equivalent of Lemma 3.3. Remember that one important ingredient
of the proof was (3.13) which said that the radial velocity stayed away from —«/2E. That is why
we start with a preliminary result:

Lemma 6.13. Assume that €, entering the definition of V4(t) is very small. Moreover, assume
that pg + ~2E > 20€,. We then have

| F2242 (b + V2E) L2 (p — pe) Fi(r/0) f1 6 (H) | = O(17), 6.51)

Proof. The interpretation of this lemma is easy. Since ¥4(¢) is localized on the region, where
{0 is essentially larger than pg, and since the periodic solution pg is strictly larger than —/2E,
then the same must be true for p.

The strategy we follow is similar to the one we used before. Fix ¢ € L2(R?) and define

W (1) = F22%(p+ V2E)F2 (b — pp) P (r/0) f1.£(H).
118, -108 .
Define G := F and notice that

F22(5 = pE) - Go(p — pE) = FL2(5 — pE).-

Then we have

alvo|’ <(5& -3+ V2E)),

=(5& — (b — pr) = (V2E + pp))y

<(5& — (b — pr) - Ga(p — pr) — 208, + O )G, (652)
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where we put a G near p — pg at the usual expense and replaced —(+v/2E + pg) by —20é,. It
follows that the first term in the second line is negative and the proof follows. O

Define a new “evolved” state
s (t) = F222(p + V2E )y (). (6.53)

Then we have shown 5(¢) ~ Y4(¢) ~ --- ~ ¥ (2).
We finally give the equivalent of Lemma 3.3 in quantum mechanics.

Lemma 6.14. There exists dp > 0 small enough so that for F:iz’_dZ/ 2.d2/2.dy

o0

1 .
/ -l Fi @) ys)|dt < Const - 1y, (6.54)
1

Moreover; if 0 < d3 < da/2 is also sufficiently small then for any F_ with support in [—d3, d3]
we have

Jim Fy (§)ys(0) =0. (6.55)

Proof. Using all the cut-offs entering in ¥5(¢) we define a bounded and symmetric propagation
observable @ (¢) in such a way that when taking the expectation on a state like in (6.1) we get

<®(t)>‘ﬁ(f) = <F++(§))1//5(t)

When we differentiate such an expectation with respect to r we are led to the Heisenberg deriva-
tive of each cut-off function; in the process we obtain a number of terms which can be regrouped
as

(@ ®), ) =(Du®®),, ) = (DHE) sy ys T RIO). (6.56)

As usual, Ry(¢) is just a remainder which can be shown (based on the previously obtained prop-
agation estimates) to behave like

o0
/|R1(t)\dt < Const - |yr||%.
1

Equation (6.56) is the quantum equivalent of (3.12). When we perform the Heisenberg derivative
of &, we obtain two leading terms (i.e. behaving like 1/¢ due to the various cut-offs). Because
of the same cut-offs which build 1/5() we can essentially repeat the proof of Lemma 3.3; the
non-commutativity is bypassed by putting other cut-offs with larger (or smaller) support near the
relevant operators. Let us only mention that here is the place, where Lemma 6.3 comes into play
and forces /5 to stay near ~/2E and hence to be positive. Further details are omitted. O
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The next step is proving a quantum equivalent of Lemma 3.4. One can see that the classical
computations we did there can easily be translated into the quantum language, as it was the case
with the previous lemma. That is why we only formulate the result in terms of adding a new
cut-off on our state: if d; > 0 is the one obtained in Lemma 3.3 then

dy/2,d,

Y1) = FL/ 7 E) s @), (6.57)
We have shown (1) ~ ¥5(t) ~ - ~ ().
6.7. p is localized below pg + €

Remember that y4(f) (and already ¥4(¢) in (6.50)) contains a localization of p above
PE — 9€2. We now want to prove the analog of Proposition 3.5 in quantum mechanics, which
would provide us with an upper bound for p of the form pg + €.

We first start with a propagation estimate of the same type as the one in (3.21); we employ the
notations introduced in Lemma 3.6.

Lemma 6.15. Let € := 9¢; and define €y as in Lemma 3.6. For every €; > 0 denote by
Fi_ = F;lOez,—9ez,9€2,1062 and by F. . precisely that function as in (3.4) for which we have
F\, = F._. For every E' € [E + €y, M] define Bg/(t) := p — pgr. Then there exists €3 > 0

small enough such that uniformly in E' we have

o
1
[ S B @) - ws | dr < const- 1P (6.58)
1
and
lim PRI T08 (B (1) g (1) = 0. (6.59)

Proof. We only prove (6.58). Remember that €y is fixed and proportional to €; we obtained in
the previous subsection. Using all the cut-offs entering ¥/¢(¢) we define a bounded and symmetric
propagation observable @ (¢) in such a way that when taking the expectation on a state like in
(6.1) we get

(‘p(t)>¢/(z) = —(Fi+ (B m))%(z)'

Differentiate with respect to ¢ as in the classical case (see (3.23)) and notice that the “interesting”
term is going to be

(§ (e — é))r—l/z [Fi(Bgr (1)) Y6(t)"

We then perform the same manipulations as we did in order to get (3.24); before that we have
to give a proper sense to the inverse of & 4+ &x/. This can be done because Vg contains the
localization of § on the positive semi-axis (see (6.57)). Indeed, since &g is strictly positive, it is
enough to use

(F_?_’dl/“(sg) CE+ .s;:E,)f1 > Const > 0.
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More precisely, we consider the product

0d1/4

Ep—&) - (Fy ") & +Ep)=2(E' — H)+ (5 + pp) - Ber(t) + small(t), (6.60)

where small(t) means that after taking the expectation it will converge to zero. Remember that
H is localized in a very narrow interval around E (of width €, see (6.1)) Hence reasoning as in
the classical case we eventually obtain the desired positivity by making e, sufficiently small and
we can integrate in the usual way. O

We now give the quantum version of Proposition 3.5.

Proposition 6.16. Let € = 9¢;. Then
. 10e,11€ , ~
lim F (0 = pE)Y6(t) =0. (6.61)
11— 00

Proof. What we need first is to restate (3.26) and (3.27) in terms of operators. Look first at the
right-hand side of (3.26). We want to get rid of the 6 dependence by introducing a partition of
unity in the angular variable. So we can write that there exists J large enough such that

J
F20m @@ (x = pp (0)) < ) 227292959 (x — o 2/ D)) - 25(60), (6.62)
j=1

where yx; are functions of the F _ type, Z{: 1 xj(0) =1 and the support of each y; is sharply

localized around 27 j/J. Notice that by fixing the angle to 6; = 2rj/J we had to enlarge the
region, where F_ equals 1. Using (3.26), there exists a large enough N (depending on J) such
that for any 1 < j < J and x € R we can write

F_?_E’k( — pE(6; ) Z F—3ez —263,2¢2,3€2 (x - Pg (9],)). (6.63)

Let us state a technical result.

Lemma 6.17. Define ¥ (t) := Fioe’lle(ﬁ — pE)Y6(t). Denote by 0; :=2mj/J. Then for J large
enough, there exists N and T such that ift > T we have

N J
D DR (5— 0gy 0) i > 5 1P O = O IWIE. - 669

k=1 j=1

Proof. Using the spectral theorem, we can replace x by p in (6.63) and obtain a form inequality.
This leads to

J
VTG O) - FET(5 — pe ) VX7 ©O)
j=1

N U
< Z Z«/X_(G) —362 263,26, 352( — pp; (6 ) - V% (0). (6.65)

k=1 j=I
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Then the left-hand side of (6.64) will be bounded from below by

J

e (W@ TG FET(B = pE©)) - X (0).

j=1

Remember that ¥ (¢) lives in the range of FJLOE’I 1€(5 — pr) hence we can rewrite the above
sum as

(W), /X7 - F3%B — pE) - FS7(6 — pE6) - X7 (1))
1

+O(E )y I, (6.66)

J
j=

since the error introduced by the commutation with x; and the other F, is of order 1~ due to

the cut-offs which build ¥. The next step is proving that we can get rid of Ff’k (0 — pe@))) if
the angular partition is fine enough. In fact, we show that

| FE% (6 — pE) - F*7 (5 — pE(9)) - X7% ()] = O(t =) 1. (6.67)

Indeed, denote by

V(1) 1= F39 (5 — pi) - FET (5 — pe(@))) - /3G ¥ ().

‘We then have

8e|vi (0] < (5 - pE)wrn

= (6= pE®))y, ) + o) - [T O]+ O() Iy 12, (6.68)

where we used that pg(6) — pg(6;) can be made as small as we want if x; has a sharp support;
simply put x;(6) near it, where x; has a slightly larger support than x;. We then put near p —
pE(0)) a factor of pRe/431e/a

- (6 — pe(8})); the price we pay is again of order O~ ||y
Hence

sellwa ] < ([ — pe®@p]- F21 (5= pp©)))y,
+o(l)- o> + 0 ®)|w o) |

< (Ble/d+o) - | @) | + O(E®) 1y (6.69)

which ends the proof of (6.67). Now go back to (6.66) and replace F_ﬁf’k (o — pe(0))) by 1.

Finally, replace F3*%(5 — pg) by 1 because ¥ is in the range of F} ¢!

lemma is proven. 0O

(0 — pg) and the
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We now continue the proof of (6.61). Consider separately each term in the left-hand side of
(6.64). Denote by (at k and j fixed)

(1) 1=\ F22 222932 (5 — pp (67)) /G W ().

Notice that if we prove that

|2 )]|” < (7570202725 — )y, ) + OGN (6.70)

then we can apply (6.59) (up to another small enlargement of the support). The proof of (6.70) is
very similar to what we did in (6.67). Namely, we show that

| FS272(5 = pgy) - wn ()| = O(=) 1y | (6.71)
and
| FT7 725 — p) - 0a ()| = O (=) 11, (6.72)
which is true provided the angular partition is fine enough. Hence Proposition 6.16 is proven. O
The above result says that we can put another cut-off on ¥ (¢) (remember that € = 9¢é5):
FPEB (G — pp)rs () ~ 9 (0). (6.73)

For further purposes, we are forced to replace it with another cut-off involving pg: with E' =
E + 2¢p; remember that € in Lemmas 3.6 and 6.15 was small and proportional to €. We see that

p—pe<13¢ and p— pp >30¢ +2€0<sup 85,05) = (6.74)
0

are classically incompatible, thus we can rewrite (6.73) as

FIYT2 (5 — pps(t) ~ (o), (6.75)
up to a Ot~ )| || error. The reason for doing this replacement will appear clear in the proof
of Proposition 8.1.

Since we would still like to have an explicit upper bound for o — pg, we again notice that
p—pE=2m+e and p—pp <nite (6.76)
are classically incompatible, thus we can put FZ1T2212€ (5 _ 5 on the left-hand side of

(6.75) at the expense of a O(t~*°)||y|| error.
Now define

Y7(1) i= F2IFOINT22 (5 oy FIOIER (5 e e (0). (6.77)

We have shown yr7(¢) ~ Ye(t) ~ -~ (t).



H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94 71

Then the new state has the property that o is effectively localized in a very narrow band
around pg (0) (see also (6.50)). We are now prepared to show a similar strong localization for &
around &g.

Corollary 6.18. Let 0y := 211 + 2€3. Then there exists a constant M > 0 large enough so that
—(M+1)/m2,—M > _
| FZ VRV G e g ()] = O() - Iy,
M Ji.(M+1) 73 = _
| PR E gy yn (] = O() - 1. (6.78)

Proof. We only consider the first norm in (6.78), the other one being analogous. The idea is to
use energy conservation together with the already known localization for p. Define as usual

()= F- "V TIVRE gy gm0,
Then
M2 o @) < (E - 0)?),,,
=(-&8-& G -5H— G- -E+Ei)y, (6.79)
Since we know that on the support of the cut-offs in ¥ (¢) we have
E—tr=2H-E)—p +pp~é+m
we can rewrite up to the usual errors introduced by commutations (6.79) as

M2 |® ()| < Const - ma| @ (0)|* + O - 1912
(- e =5+ EE—5) §)y, (6.80)

Now remember (see (6.57)) that 17 has a localization for £ above zero; so we can write & =
F?(&), where F is a smooth version of the square root on the positive semi-axis. Hence

(- GE=O+CEE =9y, =2AFE) - E=5p) - F®)y,
+O( e +0@E>®) - Iwl?,  (6.81)
where the term O(t~1)||¥ (1) || comes from commuting F (€) with £. But now the expectation
on the right-hand side of (6.81) is essentially negative because of the extra cut-off on W (t).
Therefore (6.80) becomes
M2 | e )| < (Const-ma+O() - [w @) | +0() - 1y, (6.82)

hence choosing M large enough the corollary is proven. O

With the M provided by the above corollary define
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M (MDY= (MAD 2, (M) 2. (M42) 72
+- =14 ’

Y (1) := FYL (€ —&p) - Y7 (D). (6.83)
We have shown g(¢) ~ 7 () ~--- ~ ().
6.8. —0,S(t,r,0)iscloseto H

The last quantity which we would like to know that is a priori small on our state is H +
9;S(t, r,0). We first give a quantum version for Proposition 3.10.

Proposition 6.19. Tuke F " to be of the type (3.3) with support on R, and equal to 1 on the
support of the minimal and maximal velocity cut-offs. Abbreviate —0;S(t,r,0) by E; and define

D() =1 — “oppp®) - F* (/) =1— SEPE  pvb.p )
t Ep

E;
Denote by c := 1+ sup,> ID(#)|| < oo. For 0 < €3 < 1/3 denote by F_ either the function

2 1 —e—1,2¢,~3e3,-2
F+6_3’3€3’C’C+ or F_,_f 6733726 Thop

oo

1
/ AIVF— (D) - ys) |? dr < Const - |y]|%. (6.84)

1

Proof. The proof is similar in spirit to the one we gave in the classical case. Assume first that we
work with Fy _ = Ffﬁ’SQ’C’CH. Define a bounded and symmetric propagation observable @ (¢)
in such a way that when taking the expectation on a state like in (6.1) we get

(‘p(t)>w(z) = _<F++ (D(t)))lflg(l)'

Differentiate with respect to ¢ as in the classical case (see (3.46)) and notice that the “interesting”
term is going to be

2
)

G [D@) + O(e)]>

2¢3 — O(e)
> ——— ||/ Fiy (D@)) - ¥3(1)
VF (D0)-¥s(0) t V7 (0)

where we employed the positivity of D on the support of F’, | together with the smallness of

o — pg and € — £¢. Then we integrate and get the result in (6.84). The case where F,_ is
supported on the negative axis is similar, only the propagation observable has to be taken with
an opposite sign. The proposition is proven. 0O

We are now ready to add a new cut-off to our state. If €3 is as given by the above proposition,
define

Fpi=F ' 7393999 0 yg() i= Fp(D()) ys(0). (6.85)

We have shown yrg(¢) ~ ¥g(t) ~ -~ (t).
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Finally, we can show that on our state H can be well approximated by —9,S(¢, r,9). We
formulate this as a proposition.
Proposition 6.20. If M > 0 consider F,_ = F;2M€3’_M€3’MG3’2ME3. Denote again —9,S(t, r, 0)
by E; and define (F"* is as in the previous proposition)

V3i=H - fp(H)+8,S(t,r,0)F*®(r/1). (6.86)
Then there exists M large enough such that
[(1 = Fee )o@ | = O =) - 9. (6.87)

Proof. The argument relies on the classical analog that can be traced back to (3.48), (3.50) and
(3.45). Define

W (r) == FYMS )y ()

and compute

Mes ||‘1/(t)||2 <P w) SAE — Er +E)way +O(t™) - Iy )12

But then |E — E;| can be bounded by | D| times a (big) constant so it can be made smaller than
a constant times €3. Hence if we take M large enough we obtain |¥ (¢)|| = O(t~°) - |[¢||. We
then follow the same argument “on the other side” and the proposition is proven. 0O

Now let us introduce another cut-off on our state. If €3 and M are as given above, define
Fpi= BN T2MOAMSNE 0y 00) = Fr ()Y (o). (6.88)
We have shown ¥r1o(t) ~ Yo(t) ~--- ~ Y (t).
7. Asymptotic completeness: y12 + 722 is integrable

If we look back at (4.19) we see that it would be good to know that when applied on a state
like the one we have in (6.1), the “perturbation” y12 + y22 decays at least like ~'~%. This would
mean that a Cook-type argument for the existence of £2 could be possible.

We first introduce a regularized version of our gammas. Define (see Propositions 6.19 and 6.20
for various notations)

P1i=p—pE 0) - F¥>(@r/1), (7.1)
Pri=E — &g, 0) - F¥(r/1). (7.2)

The main result of this section will be a quantum equivalent of Lemma 3.14. We will try to
follow the same steps as we did in the classical case since there is a close analogy with that
situation. Of course, here the technique is more involved since we now have to deal with non-
commutativity. But still, the main idea is the same: find a Liapunov-type function of the y’s
whose Heisenberg derivative obeys a certain inequality (see (3.128) for the classical counterpart).
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In classical mechanics it was very easy to go from (3.128) to (3.129) because everything
commutes. In quantum mechanics we have to be more careful with remainders.

7.1. A quantum version for (3.128)

As we have said before, we closely follow the steps we took in the proof of Lemma 3.14.
Remember the “third” gamma we defined in (6.86) which should replace (3.105).

We now introduce the triplet of quantum y’s (see (3.106)). In order to simplify the writing we
adopt the same notation for them as in the classical case. Define

N - ~ .1 - N .
Y=y — E[(aE,OE,) -3 +he.], V= — 5[(3555,) -3 +he.], v3:=y3, (1.3)

where as usual, h.c. means Hermitian conjugate. Notice that the a priori smallness we established
for the 7’s in the previous section can be easily transferred to s at the expense of introducing
some other cut-offs. That is, we can prove the existence of M large enough so that for small
€ > 0 we have

|[1 = F2MeMEMEMEGA] Yo | = O(=°) - Iwll,  je{l.2,3). (74

Let us define the state which also takes into account the smallness on p; and y, (remember
that }73 =7):

Fo= ppMem3MEIMetMe oy (1) := FODF (92 ¥10(0). (1.5)

We have shown 11 (t) ~ Y¥r10(t) ~ -+~ ¥ (2).

We now are interested in writing down the Heisenberg derivatives for the p’s (see (6.36)). As a
general rule, performing the Heisenberg derivative generates (up to some commutators) the same
result as if the computation was done in classical mechanics by performing the time derivative
on a given classical orbit.

Remark. Since at the end we will apply everything on states containing all (eleven by now, at
least) cut-offs, we make the convention of denoting by O(¢~") any term which contains a decay
of order 1/r", n > 1. Typically such terms will arise from various commutators or conservation
laws. This means that we can often neglect the non-commutativity.

Ia. We start with the constraints we have on the y’s coming from energy conservation. The first
one is

2Hfe(H)=p*+E2+O(t72) = (1 +pe)> + (2 +E)> + O(t72)
=2E; + (Ji - pg, + 72 €, +hc) + O(F. 73.172). (7.6)

Let us comment a bit these equalities which might look strange at first sight. First, as we men-
tioned in the above remark, the cut-offs entering the p’s were neglected because they only
contribute with O(r~*°) when faced with the “thinner” cut-offs building our state. Second, the
first equality contains O(r~?) which takes into account (see (1.19)) that “2H — p% —£2 ~ 1 /F2>



H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94 75

If A and B are bounded operators, by O(A, B) we denote any finite linear combination of prod-
ucts of bounded operators containing either A or B as factors. The operators entering these
products will have “good” commutation properties.

An equivalent expression is

273 = (1 - pE, + 72 - €6, +hc) + O(FE, 7. 172). (7.7)

Rewriting (7.7) with 7’s we again get an “almost” linear dependence between y; and y»; one
of the ingredients is the identity 1 — pgdg pg = EE0EEE:

201 pE, +202-E, =017, jefl,2,3), (7.8)
where we chose to drop the symmetric form at the expense of an extra O(t~') error.

Ib. Before starting to compute various Heisenberg derivatives we have to spend some time study-
ing the commutation properties of our y’s. Technically the following formal identity will be

important:
[ 9 S 1 i 9 S
i[—iar — 9,8, — 9—} - ——(—iag - 9—)
r r r\ r r
It implies
i, = —r I+ 072 = 0(7/1,172). (7.9)
As a consequence of (7.9), by commuting | or y, with y3 expressed as in (7.7) we either gain
an extra 1/¢ and keep the number of 7;’s as before or we gain a 1/¢> and lower the number of
7;’s by one. Hence we can write
R ~ ~2 -3 .
iy, B31=0(p/t,7%/t,17°),  jell,2}. (7.10)
And thus
kT ~ ) A A ~ ) .
iy, ml=0(7/t,17%),  ilp;. ml=0(p/t.177), jke{l,2,3}.  (7.11)
II. We continue with the Heisenberg derivative of p3. Write the equation which defines E;:
t/r =93gpE,(0) (7.12)
and compute the Heisenberg derivative on both sides (notice that Dyyys = —DyE; + O(r~°)):
r—=(t/r?)p+0(t7%) = —(9gpE,) - (Dups) + @pse,/r) -+ O(72).  (7.13)

Employing 1 — pgdgpg = Egdp&E again we are led to

Dups = Dujs = {@epE) - 71 + BpEE) -7} +O(t7?), (7.14)

ra%pEt
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and finally, using (7.12) in order to get rid of r on the right-hand side:

R OEPE N N 0EPE, R
Dups = ——{@epr,) - )1 + OcéE,) - Do} + ———[@rpr)* + Brée)?] - 13
19 PE, 19 PE,
+0(t72). (7.15)

III. Next comes the Heisenberg derivative of 7;:

Dupy = Dujr — 3g&g, /1) - & - 93 — BepE,) - Dupz + O(P?/1,172)
= (g, /r) -+ O(P?/1,172)
= —[pr, - Gepe)/t]- 1 + O /1,173), (7.16)

where the last equality came from (7.8) and (7.12). As in the classical case, define

1

IEPE,

fi(t,r,0) = > 0. (7.17)

We see that its Heisenberg derivative gives (use (7.12) and (7.14)):
Dufi = (93p5,)/ (0£pE)* - (Duys) = (fi/1) - (g, -§ +O(17?)
=—fi- (1= pE,depe)/t +O(P/t,172). (7.18)
Combining this with (7.16) we obtain
Du(fip1) = —(1/D(fiv) + O(?/1.172). (7.19)
IV. Now we compute the Heisenberg derivative of p:

b+&g . bpg . . _
B+ rs—ijO(yz/t,t 2). (7.20)

Duy, = —
We remark that the right-hand side of the above equation contains 3 only in the quadratic re-
mainder. Then

b
Dylég,] = — 256

o, +O(p/1, t_z)
and with the integrating factor

fa(t,1,0) :=&E, /(O£ PE,) (7.21)
we obtain

b+ &g,
t

Du(fa72) =— OepE)EE, - (17) — (1/D)(fap) + O(P*/1,172).  (7.22)
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Now we are ready to rewrite (7.15) in a more convenient form. Define
f(,1,0) == (03 pE, /3£ PE,)- (7.23)

Using the identity (9g&g,)? + (9ppE,)? = —pE,02pE, — £, 0%&E, together with the “linear”
dependence (7.8) we obtain

Du(f373) = [as1(0)/t] - (fi71) = (1/D(f373) + O(P?/1,177), (7.24)
where a3 is an operator uniformly bounded in time.

V. Let us now give a differential inequality involving all three p’s. First, rewrite (7.19), (7.22)
and (7.24) as:

3
Du(fip) =Yy lap®/t]- (ite) +O(P?/1,172),  jef1,2,3}, (7.25)
k=1
where aj; = —1 for all j, and aj2 = a13 = ax3 = az; = 0. As in the classical case, the matrix

{a} is lower triangular. Notice again that when the energy is localized around E > E;, we have
upper and lower bounds for f;’s uniform in #; there exist uniform in time upper bounds for a’s,
too.

Define the Liapunov-type function of 7’s

Le:=C- (M fEn) + 7o fin+ 1313705, (7.26)

where C > 0 is a very large positive constant only depending on the energy localization. Now let
us see how we choose C. Compute

DuLc =—Q2/t)Lc + 2/1) - [az1 - (272) (/i) ]
+@2/0) - [as1 - (PP + O3 /1,9 /12). (7.27)

We see that the cross terms can be bounded in the form sense by (j € {2, 3}):

1

1 1
JC

VC
Moreover, the a priori smallness of the s stated in (7.5) enables us to bound in form sense any

product of three gammas with (up to a constant) € L. We conclude that for every § > 0, we can
choose C(6) sufficiently large such that in the form sense we have Lc;:

2{(fipp o), | < == [P0 (fi7) + CLAP*(fivn),] € —=(Lc)y.

2-5/2

DyLc, < — Lc, +O(p/12). (7.28)

As in the classical case, we abuse notation and write Ls instead of Lc;.
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7.2. A propagation estimate for the y’s

The next step is proving that when restricted to states like vr11(¢) (see (7.5)), our gammas
decay better than r~!/2 as is the case in the classical situation.

Proposition 7.1. Fix a small 0 < § < 2 in (7.28). Then there exists (a sufficiently small) €4 > 0
so that the following estimate holds:

Jim (1100 (1144 Ls) Y11 ()| = 0.
The proof is long and complicated, so we split it into several parts.
7.2.1. Starting the proof of Proposition 7.1
Let I" be a cut-off function of the type Fy with a = 1/2 and b = 1. Then Proposition 7.1
follows if we can show that
lim | VT (£ Ly)yni ()| = 0. (7.29)
—>0o0

Equivalently, introducing

F(t) = (yr11(0), T (£ Ls) Y1 (1)),
we need to prove that F () — 0 when ¢t — oco. We define for 7, u > 1

Ft,0) =@, F(p™ ' P9Ly)yn@); B, =p't'"P4Ls. (7.30)
Assume for the moment two properties (for a similar procedure see [4, Section 6.13]):
(A) For every a > 0, there exists #, independent of ;> 1 such that forall r > ¢,
F(t,pn) < F(tg, ) +a/2; and
(B) There exists , > 1 so that whenever u > g
F(t,,n) <a/2.

Given (A) and (B), Proposition 7.1 readily follows by observing that F(¢t) = F (¢, t“). Indeed

for any given a > 0 we have for all r > max{z,, ,u,}/ “)

0<F(@) < F(ta,té“) +a/2 <a.

Hence what remains to be proved is (A) and (B). Notice that (B) immediately follows from
(A) and the fact that I" is supported away from zero, yielding

s-lim I (1 P24 Lg) = 0.

U—>00



H.D. Cornean et al. / Journal of Functional Analysis 247 (2007) 1-94 79

As for (A) we write

t

F(t,p) = F(to,u)+/3rF(f, mdr.

]
The idea is to find a function n € L'((1, 00)) such that

sup 9 F(7, ) < n(7). (7.31)
n>1

By taking the partial derivative with respect to t in F(t, i), we obtain various terms con-
taining the Heisenberg derivative of the cut-off factors in yr;1(7) (their total sum is denoted by
R(7, 1)) and one term with the Heisenberg derivative of I"(B(z, 1)) (see (7.30)). Remember that
the Heisenberg derivative of a time dependent family of operators A(¢) is denoted by DgA(¢)
and it means d;A(¢) +i[H, A(?)].

7.2.2. Estimating R(t, )

Let us first deal with R(t, ), i.e. the terms coming up by performing the H-derivative of the
various cut-offs building 11 (¢). Take first the term generated by the maximal velocity cut-off
F_(r/t)= FM.vb. (r/7); it may be written as

%m(wn(r), I'(B:,,,) - (other cut-offs)

142¢4

X \J=FL(r/)(r/t = p)\/=F_ (r/0)¥(z)); By :=B(t,pn)= Ls. (7.32)

In order to be able to use Lemma 6.4, we need to put the left factor ,/— F’ next to the v (¢) in the

first entry through repeated commutations. When commuting with the “old” cut-offs one gains a
decay of 1/7, so the remainders are integrable.

Hence the only problematic terms could arise from the commutation with I". Since we use
the first equality in (6.5), we are motivated to study various commutators of B(z, ().

Lemma 7.2. For every G € Cj°(Ry) we have

(Z>1/2 t_(1_2€4)/2
R@P 2

I[G /1), (Bi.w —2)~']|| < Const

Proof. We rely on the identity

[Gr/t), By =2 ]=Brpy— ) [Brp. G/ (B — 271,

where
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t1+264 R " R 9
[Bi.u. Gl = Csvi[ /171, G| + Cslpr. Gl fi
3
+ Y (12 G179+ 2i [ £7 7 G])}. (7.33)
j=2

Since the y;’s are essentially first-order derivatives, when we commute them with G(r/t) we
gain a factor of 1/¢. Hence the lemma would follow from the estimate

1+2¢4

(z)1/2
|3(2)]

t 2 R 4
e 175 (Br.u — | < Const -

;o j=1,2. (7.34)
Clearly (7.34) follows from the quadratic estimate (notice that )7]2 < Const - L in form sense)

|7 (Bip — Z)_l¢||2 < Const - ,1+L264<(Bw —2)7'¢. Biu(Biy—2) ')

" 1 |z] 2
< Const - . 7.35
ot e { ECEGE }"¢" - (7:33)

Corollary 7.3. Under the conditions of Lemma 7.2

(V2 ~(1-2e))2
172

|[Btus G(r/D](Bre =)~ < Const - R@I &

39 A

Proof. We commute the “free” p’s in (7.33) to the right. These commutations introduce an

extra decay of #~!, hence the corresponding terms are bounded by C - In addition we

u\ s(z)\
use (7.34). O

Lemma 7.4. Suppose F, G € C°(Ry) and F = 1 on a neighborhood of the support of G. Then
for every integer N > 1, there exists a constant C > 0 independent of (> 1 such that

B R C (z) )N —N(1=2¢4)/2
|(1 = F@/0)(Bryu —2) G(r/t)H<|Ts(z)|<|TS(z)| t :

Proof. One can find a function G| such that G{G = G and FG| = G. Then for any N € N we
may write (abbreviating below F' = F(r/t), G =G(r/t), Gi =G(r/t) and B = B; ;)

(1-F)B-2"'6=(1-F)B-27'GVG
Due to the support conditions we have
(1-F)B-27"'G=(1-Fdg (B-2")G, (7.36)

where ady; (B) = B and adg; (B) = [adf (B) G1] fork >
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As before, one may argue that by each commutation with G1(-/¢) we gain an extra decay
of t~!. We may bound

t—k+1+264 <Z>1/2 t—k+l+2€4

—— < Ck . . ,
w3 (2)] IX@)  wl/?

|adg;, (BY(B —2)7'| < G k=2 (1.37)

We now investigate the Nth order commutator in (7.36). We simplify notation by abbreviating
ad]é;1 (B) as ad®. Then

adjc\;ll ((B - Z)_l)

= > ChudyBrp—2ad" (B — ) tad" (B — )7 (7.38)
ki+--+k,=N

When we estimate the norm of each term in the above sum, we make a distinction between the
factors with k = 1 and those with k > 1. Choose a term with the total number of factors to be
n < N and assume that we have n factors of ad' and ny factors with k > 2; clearly n; +np =n
and ny < (N —n1)/2. We use Corollary 7.3 for the n; factors and the second inequality in (7.37)
for the remaining factors obtaining a bound of the form (uniformly in © > 1):

2
NC (ﬂ%)"/ ] t_l1+l+264 . t—ln2+1+264 . t—n1(1—264)/2’ (739)
IS@I 3@

where [y +---+1,, = N —nj and each [ > 2.
Since there at most (N — ny)/2 factors of the form ¢ ~/+1+2€ we may bound the time depen-
dence in (7.39) by

thJrnl . t(anl)(1+2€4)/2 . t7n1(17264)/2 — th(172€4)/2'

As for the z dependence of the bound we notice that

n/2 N
(2) <<|(Z>>’ R <N

Nl 3(2)]

and the lemma follows. 0O

Now let us go back to (7.32) and see what happens when we commute ,/ —F’ with I" (B¢, ;).

We use the formula (6.5): by introducing the estimate from Lemma 7.2 with G = ,/—F’ in that

formula we get that the commutator brings an extra decay (to the already existing 1/t in front of
the scalar product) of order r~1/2%€4 uniformly in i > 1; notice that the integral with respect to
z is also absolutely convergent (put k = 2 in (6.4)). Finally, apply Lemma 6.4 and we are done
with all the contributions coming from the Heisenberg derivative of the maximal velocity cut-off.

But there are some other cut-offs which have to be differentiated. Take for instance the con-
tribution coming from the Heisenberg derivative of Ffz (p — pE) (see (6.43) and (6.50)). Denote

for simplicity Ffz with Fy. Then Dy F, will have only one “dangerous” term with a decay of
just 1/r but this one will also contain F| which is supported on the classical forbidden region
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(see (6.46)) hence integrable. The good thing here is that we do not have to commute anything
with I"(Bz ).

There is a third type of terms in R(z, i), coming for instance from the H-derivative of F, (£)
in (6.57). In this case we again have to commute ./ F. jr(é) with I'(B; ) in order to apply

Lemma 6.14. If FY" is like in Proposition 6.19, then it suffices to show the bound

H/éf(z)[ F} (é),(B,,M—z)‘]FV-b~(r/r)dxdyH < Cr /e (7.40)
C

uniformly in u > 1. To prove (7.40) we expand the commutator

[VFiL &), Beyp—2"" | ==Bep—2 ' [(Fy €). By ](Bryp— 27",

and substitute into the integral in (7.40). As before we verify the absolute integrability of the
integral by providing a bound for the integrand that exhibits appropriate z- and t-decay.
The argument closely follows the one we used in the proof Lemma 7.2, with just one notable

difference: when commuting ,/F/, (£) with B, we do not automatically get a 1/ but rather a

1/r decay; however the presence of FV in the integrand will transform 1/7 into 1/7.
Now let us give details. We pick a smooth function G 4 _ of the type F.y_ supported on R and
equal to 1 on the support of the function FV*-. Using Lemmas 7.4 and 6.1 we may put a factor

G_(r/t) next to the commutator [,/ F_;_(g), B: 4] since the commutators with (B, — )7L
induced by this operation produce integrable terms in agreement with (7.40).
Computing [,/ F’+(§), B, ] asin (7.33), we have to deal with

T 1+2¢4

(Beyw — 2 '[9, FL®)]Goe(r/0)(Bryp — )7, je(l,2,3). (741)

(and a similar expression with y; to the right). By coupling one resolvent with y; and estimating
the norm as in (7.34), we see that (7.40) follows from

I[7;. Fi-®]r]| < Const, (7.42)

(this is just a consequence of the fact that i[y;, £] brings an extra 1/r factor). Finally, 1/r is
transformed into 1/t by the factor G4 _(r/7) and we are done.
We therefore conclude that |R(z, p)| is integrable in t uniformly in p > 1, cf. (7.31).

7.2.3. The Heisenberg derivative of I" (B¢ ;)

We continue the verification of (7.31) (for some € L') by considering the remaining contri-
bution from the Heisenberg derivative of I"(B; ). Formally using (6.7) with A given by 9, +i H,
we get

(DUl (Be ), = u~' e 24UC)w, + (Ridyy, + (Radyyys

Cr=(1+2e)t 'Ls+ DuLs, W, =/T"(B; ). (7.43)
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We now concentrate on the term involving the “first commutator” C-. If we could use (7.28) then
by choosing €4 small enough, the dangerous term which only decays like 1/7 becomes negative
so we can discard it. Remember that (7.28) was derived having in mind that by slightly enlarging
the supports of the various cut-offs building 11; we may put them anywhere we want at the
expense of O(t~*°)||y || errors. Hence if we prove that we can commute the old cut-offs over
VI''(Bg,,) in the same way, then we are done. But this is essentially contained in Lemmas 7.2
and 7.4 and then in the proof following (7.40). We give no other details.

Now let us go back to the investigation of C; in (7.43). Namely, we treat “the quantum er-
rors” introduced by O(p/7?) in the right-hand side of (7.28). In this case we can use the bound
17;%. (DI < Const u'/?t=1/2=¢ which put back into (7.43) leads to a contribution of order

—lpl2es 1/20-1/2—e =2 ¢ =1/20 2324

w w
which clearly implies uniform integrability.

We now treat the last two terms on the right-hand side of (7.43). Since they involve a commu-
tator between Ls and Dy Lg, we are motivated to write it as

3 3 3
[Ls, DuLsl~ Y Au7imdi+ Y ApPie+ Y Aj¥ + A
jei=1 jk=1 j=1
Ajk =(9(‘L’72), Ajk 20(173), Aj =O(‘L’74), A ZO(Tis), (7.44)

which is obtained by repeatedly applying (7.11). With this formula we can now prove
Lemma 7.5. The remainder Ry in (7.43) obeys

sup|{R1)y, | < ConstT=3/>3¢%, (7.45)
u>1

Proof. Looking at (6.6), we see that the relevant quantity to bound is

T 2+4eq

" 071(2)||(Be.y — )7 [Ls, DuLs1(Br o — ) >Y11(0)| dxdy;  (7.46)
C

and a similar expression with the powers of resolvents interchanged (which may be treated sim-
ilarly).
We now insert each term from (7.44) into (7.46) and check the decay in 7. Let us start with

.L,2+464 | )
7||<Bw =) Aju PP (B — 2) Y (7))

’

we claim there is a uniform upper bound of the form

( Z)1/2—§-m

£—3/2436
13(2)|2+m

w2 m>1, (7.47)
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which together with (6.4) yields absolutely integrability in z and agreement with (7.45). The
other terms from (7.44) will obey the same bound.

First, notice that we may rewrite the middle term as y; A ikl Pk 71 since the commutator between
A and 7; behaves like 73 and therefore may be treated along with the terms A jx7; P from
(7.44). Bounding the factor p; by use of (7.34) yields the upper bounds

T4 312 ()1
C7||(Bw 7' - [ ()| < Const - ]

3G )|HVle

¥ (1) = (Br,y — 2) 211 (1)
Next, write
AW (1) = P (B — ) Pi(Bryw — )7 Y11 (1) + Pe(Beoy — 2) [ Brow, 119 (2).
Substituting we have to estimate

364 1/2( )

R |()|||Vk(3fu D77 Bey =7 (7:48)
and

364 l/2<> 1 o

o |O(Z)|Um e =D [[Beyw, 21 (0] (7.49)

Introducing (7.34) in (7.48) we get the bound

3/2
—3/2+e ()Y
2 3@)P

which clearly is of the form (7.47).
Let us focus on (7.49). Introducing again (7.34) we get

QT—1+264

. B |[Bz . 2119 ()]

Computing the commutator as in (7.33) yields

T 1+2¢4

(Br,us 711 = o +o(r?)), i#L
We substitute and use the minimal velocity cut-off from ; to transform 1/r into 1/7,
cf. Lemma 7.4. For the first term we then use (7.34) again. In conclusion, both terms contribute
with a bound of the form (7.47) and we may deduce that the contribution coming from the first
term on the right-hand side of (7.44) to (R1)y, behaves as in (7.45).

As for the contribution to (R1)y, coming from the second term on the right-hand side of (7.44)
the situation is now better since we trade one p; with an extra 1/t decay in A j; similarly for
the remaining terms. Details are omitted. O
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There is a completely similar bound for R, as for Ry in (7.45). We skip the proof which is
similar. We conclude that (7.31) holds for an integrable n. Proposition 7.1 is proven.

7.2.4. A propagation estimate for L
Lemma 7.6. Consider a function of the type F_ with a = 1 and b = 2 and denote it by I'1. There
exists €4 > 0 small enough so that with By := 14 Ls and Yr11(t) given by (7.5) we have

oo

1
/;||,/—F{(B,>wu(r>||2dt < Const - |y/]1*.

1

Proof. We proceed as in the previous section by constructing a bounded propagation observable.
To simplify notation, we only give its expectation on 1 (¢) which equals:

V() := (Y @), [ (B)Y1(1)). (7.50)
Differentiating V () we get
3V (1) =—(\/ =T (B)Y11(1), (DuBy),/ =T (B)Y11(1)) + R(1), (7.51)

where R contains remainders of the type R; and R» as in (7.43) together with Heisenberg deriv-
atives of the other cut-off functions which build 11 (¢). Using various previous estimates, cf. the
proof of Proposition 7.1, we may prove that

o
/|R(r)|dr < Const - |y,
1
hence we only have to deal with the first term. Firstly, rewrite it as
I+eq Ls /
—t 1+ €4)7 +DuLs) , ¥:=,/—I7(B)yu). (7.52)

'4

Up to an integrable remainder this term is “positive,” in fact (see the proof of Proposition 7.1):

L
—tl+€4<(1 + e4)7‘S + DHL5>
'4

1—-6—
> 2By + Oy |
1-6—¢ ; a
> 2y =1 B + 02w, (7.53)

where the last inequality comes from the fact that I'| is supported in [1,2]. O
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8. Asymptotic completeness: existence of 2

We will now prove statement II of Theorem 4.2. By a covering argument it suffices to show
the following.

Proposition 8.1. Assume we have E > E4, E ¢ opp(H). Suppose that 1 (t) is as in (6.1) with
€ > 0 very small. Then there exists a vector ¢ € L*>((Eq4, 00) x T) such that

Jim [[Uo(t)ep — v ()| =0.

Proof. The proposition is an easy consequence of the unitarity of Ug(#) (since this operator is
essentially a change of variables) and of the existence of the following limit:

¢ = lim Us )y (). 8.1

The proof of (8.1) is complicated and uses the propagation estimates we have obtained so far.
Because of the various localization properties we have already proven, we can replace ¥ () by

Yio(0) i= Ty (177 Ls) i (1) (82)

since the difference between them tends to zero in time. There are fifteen cut-offs which build
Y12(¢) and we would like to keep track of their Heisenberg derivatives in a more efficient way.
Moreover, they split into two categories: the first one contains those cut-offs introduced through
a weak propagation estimate (proven by constructing a bounded propagation observable whose
Heisenberg derivative has a sign) and the second one contains the cut-offs whose complementary
localizations are in classically forbidden regions.

Let us look back for the cut-offs belonging to the first category. In order to keep track of
them more easily, we introduce unified notations for them as follows: Fj := Fp, A1 = D(¢t)
(see (6.85)), Fy:= FUl Ay := Ac(E)/t (see (637)), F3 := FM>U A3 :=F (see (6.57)),
Fy:=F"M 2 A= 5 — ppr (see (6.77)), Fs := FMV-P As:=r/t (see (6.30)), and Fg:=I7,
Ag =11 Ls (see (8.2)).

We do the same thing with the second category: F7 := F_‘;""'b', A7 :=r/t (see (6.41)),
Fg = FAZ, Ag = p — pg (see (6.50)), Fy := Ffl, Ag:=p — pg + dgpEe/C (see again (6.50)),
Fio:= F2%2 Ay 1= 5+~/2E (see (6.53)), Fyj := FZN M2 0 — 5 pp Fipi= FM
A =& — &g (see (6.83)), Fi3:= Fg, A13:=y3 =73 (see (6.88)), Fi4 :=F, A4 1=
(see (7.5)) and finally Fy5:=F, A5 := ¥ (see again (7.5)).

We remark that the order of the above cut-offs is not important when applied on ¥ (¢) in (6.1),
since every commutation will at least be of order O(t~1/2+€4/2) ' We rewrite then

Yr(t) = Fi(A1(1)) - F2(A2) -+ Fis(A1s(0)) ¥ (1). (8.3)

Define Q(t, ¢) = (Uo(t)p, ¥ ¢ (1)), where ¢ € C3°((Eq, 00) x T). Since ¥ ¢ (t) — ¥ (t) — 0,
the existence of the limit in (8.1) is equivalent to the existence of the limit lim;_, oo Ug (£)¥ £ ().
Moreover, combining the Cauchy criterion for the existence of a limit with the Cook argument
and the Riesz representation theorem for linear functionals on L2, we see that this limit exists if
for every € > 0, there exists 7, > 1 such thatforall #, > #; > T, and all ¢ € Cgo((Ed, 00) x T),
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we have
9]
/|31Q(l‘, <P)| dr < ellell 2,000 xT)- (8.4)
n

Proving (8.4) will be the task in the remaining of this subsection. We start by expanding the
derivative of Q with respect to ¢. Performing the derivative with respect to ¢ and using (4.19) we
get (by duy ¢ we denote the Heisenberg derivative acting on the cut-offs in v )

i

| .
%0, ¢) = §<U0(l)<p, r—zlﬁf(t)> - %(VZUO(I)% Yr)+{Uo(e, dayrs (). (8.5)

The first term on the right-hand side of (8.5) is clearly bounded up to a constant by ||¢||/ 12,
because F| implies in particular that /¢ is bounded and away from zero at the same time. Hence
after integration we get an estimate as in (8.4). The second term is technically more complicated:
by various commutations involving the cut-offs in v ¢ (¢) (we skip the details) one can prove that

VA (6) =72 p(t) + O(7). (8.6)

Invoking (8.6), the second term in (8.5) becomes —i /2(Uy(t)p, )721pf (#)). Because of the pres-
ence of Fg(Ag) in ¢ (1), we choose two functions I and I3 with a slightly wider support than
I'1 and decompose

PRU(0) = 71 3 ( T4 L) 7y D (e Lo )y 4 (0) + O(6%°).

Using (7.3) we can easily show that there is a constant independent of time so that in the form
sense 72 < Const - Ls which means that |71 I3(t' T L) || < Const - t=1/27€/2 and similarly
for 1 (1114 Ls); we conclude that the first term on the right-hand side is O(r~17). After
integration we get a bound in agreement with (8.4).

We now look at the third term on the right-hand side of (8.5), the one containing the Heisen-
berg derivatives of all cut-off functions. Acting with dyj on (8.3) we get

15

day(t) = ZFl (A1) - {DuF;(Aj(0)} - Fis(A15(0)) ¥ (0). 3.7

j=1

Here Dy denotes as usual the Heisenberg derivative. We keep in mind that all of the F ; ’s of the
type F, or F’ have definite signs. The functions of type F _ do not have this property but can
be rewritten as F} _ = g — g_, where the terms are non-negative and have non-overlapping
supports. To fix a uniform notation let us write in general F ]’ =gj+ — &j—- Then writing

Sj (1) = /84 (4;0) {DuA; O}/ 8+ (4;1)
+/8i-(A;®) {—DuA;()}/gj- (A1) (8.8)

one obtains (we can put fi g on the right-hand side since f1 g fr = fr and fl’EfE = f1,E; see
also (6.1))
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15
dayr () = fr.e(H) Y Fi(Al0) - S;@) - Fis(AisO)y(0) + O™ 7%).  (8.9)

j=l
Also notice that for every j we have
| fr.e(H)F1(A1(0)) -~ S;(@) - Fi5(A15(1))|| < Const/1. (8.10)

We then have
(Vo). durs (1))
= i(\/ﬁ(m) (A DVFjr1(Ajn) -V Fis(Ais) fi e () Uo (D,
i
SiOVFI(AD - VFi (A DV Fi1(Ajn) -V Fis(Ais)y (1)

+O0(™' ") lell, 8.11)

where we used the fact that by commuting any two cut-off functions we get an integrable contri-
bution.

The next step is to see that from Sg up to S;5 we have a O(r~°°) - ||¢|| contribution because
the supports of g;+ entering them are localized in the classically forbidden regions. Hence we
can rewrite (8.11) as

(Uo() . dutpr s (1))
6
= Z(\/E(Al) oV Fi (A DV Fii(Ajpn) -+ -/ Fi5(Ass) fi,e (H)Up(H)e,
j=1
SiOVFIAD -+ VFj1(Aj-D)VFir1 (A1) -V Fis(Ais)¥ (1)
+O(™ ) gl (8.12)
where now the sum only runs over the first six cut-offs.

The next lemma plays a crucial role in what follows. For ¢ € L*(Ry x T) (as above) and
jef{l,..., 15} we define

Vi =NV (Aj_DVEgj+ + 8-V Fir1(Ajr1D) -/ Fis (A1s) fr.e(H) Y. (8.13)

Lemma 8.2. There exist two constants 0 < ¢ < C < 0o such that for all ¥, ¢ € L>(Ry x T) and
jef{l,...,6}one has (for es > 0 small)

¢ —l—e
;nvft,,»nz—O(r )y )2

<SWVFL(AD - V21 (AjmDVFj+1 (Aj1) -/ Fis (Ais) fi g (D,
Sj(t)m(Al) o JFi (A i (Ajp) - Fis (As) fr.e(H)Y) - (8.14)
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and
(VF1 (A Fi—1 (Aj—)y/Fix1 (Aj11) -/ Fis (Ars) fr(H)®,
SivF1(AD) - Fj—1 (Aj—D)VFjr1 (Ajp1) -/ Fis (Als)fé(H)l/fH
C -
S 71l +O )l (8.15)
Proof. The first estimate says that each S;, j € {1, ..., 6} is “positive.” That is, upon restricting

the Heisenberg derivatives of every observable to states containing all other cut-offs we always
get the plus sign. We used this sort of “definite sign” property whenever we had to obtain a weak
propagation estimate; the only truly important fact here is that all five S;’s are simultaneously
positive. Before verifying the property for each term, we would like to give a simple explanation
to this apparently striking coincidence. Consider the function x : (1, 00) — R, x(r) = 107!,
We see that (dx/dt) = —x/t thus both F;z’_l (x(t)) and Fi’z(x (t)) are increasing with ¢. This
is the phenomenon behind the “positivity” in the case when j = 1 (see below). As a final remark,
let us notice that these six cut-offs are chosen in such a way that the growth of their approxi-
mate characteristic functions indicates the tendency of a trajectory to be drawn to the spiraling
attractor.

In fact if we interpret the product of cut-off functions as an approximate characteristic function
of the attractor, the approximate positivity of its Heisenberg derivative indicates the increasing
probability that ¥ (¢) is “in the attractor.”

j = 1. Since Fy is a Fy_ function, we write the derivative F| = g+ — g_. We look at the op-
erators ./g+(r/t) - DuD(t) - . /g+(r/t) and — /g_(r/t) - DuD(t) - \/g—(r/t). From the proof
of Proposition 6.19 it follows that these are essentially positive when the other cut-offs are taken

into account.
j =2. Fisof Fj type and

52 = FL (Ac(E) /1) - DuAc(B)/1 - \[F{ (Ac(E)/1).
For its “positivity” go back to Lemma 6.9.
Jj = 3. F3 is again of F type and

$3(1) = \[FL @) - Dy - \[FL B).

See for details Lemma 6.14.
j=4. Fyisof F_ type and

S4(t) =—\/—FL_(p— pg) - Du(p — pp')/ —F_ (6 — pEr).

We treated such terms in Lemma 6.15; we see that Dy (6 — pg) is “almost” E — E' = —2¢5 <0
if €5 is small enough.
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Jj =35. Fs is of F_ type (the maximal velocity cut-off), so

Ss(t) =—/—F_ (r/t)i[H,r/t]y/—F (r/1).
Its “positivity” comes from the considerations we made in the proof of Lemma 6.4.

Jj = 6. Fg is again of F_ type and

Se(t) :=—\/—F_ (1"t Ls) - Du(t'TLs) - \/—F (t'*%Ls).

See for details Lemma 7.6.

About (8.15): these estimates are boundedness properties which easily may be deduced from
the above considerations (see also (8.10)). O

Completion of the proof of Proposition 8.1. Introducing (8.15) in (8.12) and applying the
Cauchy-Schwarz inequality we obtain

1/2 1S5 172
(Uo)e. dur s ()| ( Z” Uo(t)g t,“ > <?Z ~itH y, 2)

+Ct gl (8.16)

Recall that we had to look at an integral as in (8.4). The proposition would be concluded if we
could prove that

2 1S5 1/2 L6 172
/ (; >_(Uoe), ,-H2> (; Dol y), j||2> dr <ellgll. (8.17)
j=1 j=1

|

This will be achieved as soon as we obtain the next two estimates

/ ~ 1 (Woe), ;| dr < Const - g (8.18)
1 J=1

and
/?Z” —ty | dt < Const - ||y||*. (8.19)
1 =l

Since (8.19) follows from the propagation estimates we have obtained so far, we are only left
with proving (8.18). This is the place, where the simultaneous “positivity” of S;, j € {1, ..., 6}
from (8.14) plays a central role.
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Now let us prove (8.18). We introduce the function (remember that the order of cut-offs does
not count)

Vt,9) = | fi.e (V15 (Ais(0) - Fe (As() - V1 (A1) Up(De |-

Differentiate V (¢, @) with respect to t. When the derivative acts on Up(t)¢ we get
2
N FI(AL() - (H + 8% - %)Uo(t)go; see (4.19). Using that

f1LE(EWF (r/D{7* =y} =0(7)

and
72V Fs (A1) = O(:7' =),
we get
15
AV (t.9) =2 N {DuyF; (A;(0)} - fr.e(H)Uo(1)e.
j=1
F (Aj0) - fLE(E)Us(De)+ O™~ [l (8.20)

Rearranging the above scalar products, employing (8.14) and noticing that the terms with
j =7 give O(t~>)|¢||?> contributions, we get

6
V0> = )| (o), ;|7 - 0ol (8:21)
j=1

We can now integrate and obtain (8.18); hence the proof of the proposition is complete. O

We have therefore proven both I and II of Theorem 4.2, or equivalently, that the limits defined
in (1.23) exist and define unitary operators which are mutually inverse. As for III we refer to the
discussion at the end of Section 5. O

9. Approximate dynamics for negative times

The first issue we want to explain in this section is the behavior of our system in the distant
past. The approximate dynamics Uy(¢) in (4.11) and (4.12) only makes sense for positive times
and shows that in the distant future every scattering state will spiral away from the origin.

For negative times, the picture is reversed. Our task is to find an approximate dynamics with
the usual spiraling feature in the distant past, and which shows how the particle is drawn to the
origin. In other words, instead of looking for attracting periodic solutions at positive times, we
now search for attracting periodic solutions at negative times.

We are therefore interested in obtaining C! and periodic solutions to the system of equations
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dpp=>b+§,

b
dp€ = —%ép, 0>0, p(0) € (—V2E,~2E) and £(0) € (0, vV2E), 9.1)
g2+ p? =2E,

with the supplementary condition

2

f g(e)de <0. 9.2)

0

Let us explain the meaning of (9.2). Assume that we have such solutions and denote them by p,
and &,. Consider the initial value problem (r > —1):

) df _ £0) PNy

":.’
dt
It is easy to check that at least for 7 close to —1 the above system admits a solution (7, §) which

also solves the Hamilton equations, thus it corresponds to a real orbit at energy E. We notice that
the above system gives

0()
(1) =f(5(t)) =eXP{ f(pe/ée)(sv) d</’}7 9.4

0

thus Ran(f) = [0, 0o) and 7(r) decreases “in mean” after each complete revolution around the
origin and collapses to it in a finite amount of time. Nevertheless, going backwards in ¢ we see
the spiraling behavior again.

Now let us investigate the existence of such solutions. Define b1(0) := b(—6). Then by is
negative, periodic and if E > E;(b1) then (see Corollary 2.7) we have a unique periodic solution
to

dgp =b1 +§,

b
89§=—1;Ep, 0>0, p(0) e (—vV2E,v2E) and £(0) € (0,~2E),  (9.5)
£2+p* =2E,

with the supplementary condition

2

/ g(e)de > 0. (9.6)

0

The intimate connection between attractive solutions at positive times and attractive solutions
at negative times is given by the following proposition.
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Proposition 9.1. Assume that (pg, E) is a periodic solution which solves (9.5) and obeys (9.6).
Denote by p.(0) := —pg(—0) and £,(0) = Eg(—0). Then (p., &.) solves (9.1) and obeys (9.2).
Reciprocally, assume that (p., &.) is a periodic solution which solves (9.1) and obeys (9.2). De-
note by pg(0) := —p.(—0) and Eg(0) = &,(—0). Then (pg, EE) solves (9.5) and obeys (9.6).

Proof. Simple computation. O

The next important thing is knowing the energy range for which we can construct attracting
solutions for negative times. Denote by E 1/1 (b) the infimum of all energies for which (9.1) has a
solution obeying (9.2). It is obvious (using the above proposition) that E/;(b) = E4(b1). But is it
true that E/,(b) = E4(b)? In other words, can we prove that “E,;” corresponding to b(6) equals
the “E;” associated to b(—60)? The answer is affirmative.

Proposition 9.2. The critical energies are equal: Eq(b1) = E él (b) = E4 (D).

Proof. Assume E;(b) < E4(b1). Then consider the critical solution (p1, £1) to (9.5) correspond-
ing to E;(by) and satisfying f02” % (0)d® = 0. Then define p(8) := —p1(—0) and £(0) =
&1(—0), and notice that they solve (9.1) but with a zero integral condition. If we look at its associ-

ated “real orbit” (r(t), 8(t)) we see that it exists for all # > 0 since r(t) = exp{fg(t)(,o/é)(w) do}
is bounded from below and above. Then consider

A0 =[p(0®) = pa(6®)] - r®)

and see that A’(t) > E4(b1) — E4(b) > 0 for t > 0, which contradicts its boundedness. Then
E;(b1) < E4(b) is contradicted by a similar argument and we are done. O

Remark. For every E > E there are exactly two branches of C! periodic orbits which solve
(9.1), both having £ > 0 but their integral condition is with opposite signs. While the “propa-
gating” pg is increasing and concave in energy, the “collapsing” p, is decreasing and convex in
energy. Then notice that r - p.(E, ) solves the eikonal equation and provides a Hamilton—Jacobi
function for negative times ¢ < 0. We then can define a direct and inverse flow and finally con-
struct the approximate dynamics for negative times using the same ideas as in the case of Up. We
give no further details.

10. Open problems

‘We mention two related problems concerning dynamics and spectral theory for magnetic fields
considered in this paper.

(a) Dynamics below E;: we write p = wcos(p), & = wsin(¢) with w = +/2E, and introduce
a new time v with dt/df = 1/r(t). The variables (¢, 0) move on a torus T according to the
differential equation

d
T (9.0) = (~b(0) ~ wsin(p). wsin(p)).
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For 0 < E < Ej it turns out that ¢(t) — 0o and 6(t) — 0o as t — 0o. We can write
r(t) = r(O)err wcos(p(r)dr’

Are there any orbits with energy E < E; for which r(t) — 0o as t — o0o0? There are none if
b(#) is constant and nonzero.

(b) We know that the spectrum of H is [0, co). What is the nature of the spectrum in [0, E;]?
For the constant b case, reasoning as in the Miller—Simon model (see [2, Theorem 6.2]) we can
show it is pure point.
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