SECOND ORDER PERTURBATION THEORY FOR EMBEDDED
EIGENVALUES

J. FAUPIN, J.S. MOLLER, AND E. SKIBSTED

ABSTRACT. We study second order perturbation theory for embedded eigenvalues of an
abstract class of self-adjoint operators. Using an extension of the Mourre theory, under
assumptions on the regularity of bound states with respect to a conjugate operator, we prove
upper semicontinuity of the point spectrum and establish the Fermi Golden Rule criterion.
Our results apply to massless Pauli-Fierz Hamiltonians for arbitrary coupling.
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1. INTRODUCTION

In this second of a series of papers, we study second order perturbation theory for embedded
eigenvalues of an abstract class of self-adjoint operators. Perturbation theory for isolated
eigenvalues of finite multiplicity is well-understood, at least if the family of operators under
consideration is analytic in the sense of Kato (see [Ka, RS]). The question is more subtle
when dealing with unperturbed eigenvalues embedded in the continuous spectrum. A method
to tackle this problem, which we shall not develop here, is based on analytic deformation
techniques and gives rise to a notion of resonances. It appeared in [AC, BC] and was further
extended by many authors in different contexts (let us mention [Si, RS, JP, BFS] among
many other contributions). As shown in [AHS], another way of studying the behaviour of
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embedded eigenvalues under perturbation is based on Mourre’s commutator method ([Mo]).
We shall develop this second approach from an abstract point of view in this paper.

We mainly require two conditions: The first one corresponds to a set of assumptions
needed in order to use the Mourre method (see Conditions 1.3 below). We shall work with
an extension of the Mourre theory which we call singular Mourre theory, and which is closely
related to the ones developed in [Sk, MS, GGM1]. Singular Mourre theory refers to the
situation where the commutator of the Hamiltonian with the chosen “conjugate operator”
is not controlled by the Hamiltonian itself. The reqular Mourre theory, studied for instance
in [Mo, ABG, HiiSp, HuSi, Ca, CGH], is a particular case of the theory considered here. A
feature of singular Mourre theory is to allow one to derive spectral properties of so-called
Pauli-Fierz Hamiltonians. This shall be discussed in Section 2.

Our second set of assumptions concerns the regularity of bound states with respect to a
conjugate operator (see Conditions 1.7, 1.9 and 1.10 below). Related questions are discussed
in details, in an abstract framework, in the companion paper [FMS] (see also [Ca, CGH]).

Our main concerns are to study upper semicontinuity of point spectrum (Theorem 1.14)
and to show that the Fermi Golden Rule criterion (Theorem 1.15) holds. If the Fermi Golden
Rule condition is not fulfilled we shall still obtain an expansion to second order of perturbed
eigenvalues. Before precisely stating our results and comparing them to the literature, we
introduce the abstract framework in which we shall work.

1.1. Assumptions. We introduce first our basic conditions, Conditions 1.3, which are related
to a set of conditions used in [GGM1]. For a comparison we refer the reader to Remark 1.4
6).
Let ‘H be a complex Hilbert space. Suppose that H and M are self-adjoint operators on
H, with M > 0, and suppose that a symmetric operator R is given such that D(R) D D(H).
Let

H' :=M+ R definedon D:=D(M)ND(H). (1.1)
Under Condition 1.3 (1), we shall see that D is dense in H (see Remark 1.4 2) below).
Operators are according to our convention always densely defined. Observe also that we do
not impose the condition that H’ is closed. To make contact to [GGM1], we note that the

operator closure of H' at some points in our exposition will coincide with the operator H’
used in Hypothesis (M1) in [GGM1] (see Remark 1.4 6) for a further comment). Let

G := D(M?) N D(H]?), (1.2)
equipped with the norm of the intersection topology defined by
9 L2 L2 2
lullg = [|M2ul[3, + | H|2ul5, + llul (1.3)
Let A be a closed, maximal symmetric operator on H. In particular, introducing deficiency
indices ny = dim Ker(A* £1), either ny = 0 or n_ = 0. For simplicity we shall assume that
n4 = 0 so that A generates a Cp-semigroup of isometries {W;};>¢ (if n— = 0 we may mimic

the theory explained below with A — —A). At this point we refer to e.g. [Da, Theorem
10.4.4]. We recall that the Cp-semigroup property means (see e.g. [GGMI1, Subsection 2.5]
for a short general discussion of Cjy-semigroups, and [HP, Chapter 10] for an extensive study)
that the map [0,00[> t — W, € B(H) obeys Wy = I, W;Wy = Wiy, for t,s > 0, and
w-lim;_ g+ W} = I. Here B(H) denotes the set of bounded operators on ‘H and w-lim stands
for weak limit. We also recall that any Cp-semigroup on a Hilbert space is automatically
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strongly continuous on [0, 0o, cf. [HP, Theorem 10.6.5]. The operator A is the generator of
the Cp-semigroup {W; }1>¢ meaning that
D(A) = {u € H, lim (it) L (Wyu — u) exists} and Au = lim (it) " (Wiu — u). (1.4)
t—0+ t—0+
We write W, = e't4.

For any Hilbert spaces H; and Ha, we denote by B(H1;Hsa) the set of bounded operators
from H; to Ho. We use the notation (B) := (1 4+ B*B)'/? for any closed operator B.
Throughout the paper, Cj, j = 1,2,..., will denote positive constants that may differ from
one proof to another. Let us recall the following general definition from [GGM1]:

Definition 1.1. Let {W;.}, {Wa2:} be two Cyp-semigroups on Hilbert spaces H;, Ha with
generators Ay, Ag respectively. A bounded operator B € B(H1; Ha) is said to be in C1(Ay; Ay)
if

[Wa B — BWi |l < O, 0<t <1, (1.5)

for some positive constant C'.
We have the following accompanying remarks and definitions.

Remarks 1.2. 1) By [GGMI, Proposition 2.29], B € B(H1;Hz) is of class Cl(Ay; Ag) if
and only if the sesquilinear form o[B,1A]; defined on D(A3) x D(A;) by

is bounded relatively to the topology of Hs x H;. The associated bounded operator in
B(H1;Hs) is denoted by [B,iA]° and we have

[B,iA]° = s- Jim t [BWy, — Wa, B, (1.7)

where s-lim stands for strong limit. We say that B is of class C?(Ay; Ag) if and only if
B e Cl(Al;AQ) and [B,IA]O € Cl(Al;Ag).

2) We recall (see [ABG]) that if A and B are self-adjoint operators on a Hilbert space H, B
is said to be in C1(A) if there exists z € C\ R such that (B —z)~! € C!(A4; A) (meaning
here that H; = H and A; = A, j = 1,2). In that case in fact (B — z)~! € C!(4; A) for
all z € p(B) (p(B) is the resolvent set of B).

3) The standard Mourre class, cf. [Mo], is a subset of C!(A) given as follows: Notice
that for any B € C!(A) the commutator form [B,iA] defined on D(B) N D(A) extends
uniquely (by continuity) to a bounded form [B,1A]° on D(B). We shall say that B is
Mourre-C1(A) if [B,iA]° is a B-bounded operator on H. The subclass of Mourre-C(A)
operators in C!(A) is in this paper denoted by Ci;,(A).

Let us now state our first set of conditions which is based on the setting introduced in the
beginning of this subsection, in particular the Cy-semigroup of isometries, W, = €4, ¢ > 0:
Conditions 1.3.

(1) H € Cly,(M).

(2) There is an interval I C R such that for all n € I, there exist ¢ > 0, C; € R,

fn € CF(R), 0 < f, <1and f, =1 in a neighbourhood of 7, and a compact operator
Ky on H such that, in the sense of quadratic forms on D,

H' > col = Cyfy (H)*(H) — Ko, (1.8)
where fnL(H) =1- f,(H).
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(3) G is “boundedly-stable” under {W;} and {W;} i.e. W;G C G, WG C G, t > 0, and for

all ¢ € G,
sup [[Wigllg < oo,  sup [[Wdllg < oo. (1.9)
0<t<1 0<t<1

Let Ag denote the generator of the Cy-semigroup Wi|g and let Ag« denote the gener-

ator of the Cpy-semigroup given as the extension of W; to G* (see Remark 1.4 1) for
justification).

(4) H € C?(Ag; Ag-) (see Remark 1.4 2) for justification of notation), and for all ¢ € D

H'¢p = [H,iA]%. (1.10)

We have several accompanying remarks. In Remarks 1.4 1)— 3) we introduce further nota-

tion,

give justification of notation and furthermore we state a version of the so-called virial

theorem.

Remarks 1.4. 1) Due to the boundedly-stability (1.9), the closed graph theorem and a

density argument it follows that W;|g belongs to B(G) and that W;|g is a Cy-semigroup,
cf. [GGM1, Lemma 2.33|. Arguing similarly we verify that each W} extends by continuity
to a bounded operator on G* and that the extensions form a Cy-semigroup in G*. This
justifies the notations Ag and Ag~ in Condition 1.3 (3).

It follows from Condition 1.3 (1) that D is a core for H as well as for M, see e.g.
[GG] or [GGM1]. This condition is transcribed from [Sk] and is stronger than [GGM1,
Hypothesis (M1)], cf. 6) given below. Another consequence of Condition 1.3 (1) is the
following alternative description of the space G: Let G be the Friedrichs extension of
the operator M + (H) on D. Then D(v/G) = G; this follows from [GGM1, Proposition

3.8]. In Appendix A we give an elementary proof. In particular
D is dense in G. (1.11)
Notice that due to (1.11) we can uniquely consider the operators H and H' as being

members of B(G;G*). Whence in particular writing H" € B(G;G*) we have the identity
(1.10) for all ¢ € G and we can legitimately introduce the notation

H" .= [H',iA]" € B(G;G"). (1.12)

Suppose Conditions 1.3. Then the following identity holds for all ¢; € D ND(A*) and
¢2 € DND(A):

(#1,(M + R)po) = i(He1, Ap2) — (A @1, Hoa). (1.13)

This is a consequence of (1.7). Another (related) consequence of (1.7) is the following
version of the virial theorem: For any eigenstate, (H — X)) = 0, with ¢» € D(M'/?)

(¥, (M + R)p) = ||[M"?9||* + (1, Ry)) =0, (1.14)

see [GGM1, Proposition 4.2]. Observe that due to (1.11), the assumptions of [GGM1,
Proposition 4.2] are indeed satisfied. Notice also that some regularity assumption of H
with respect to an operator A is needed for the virial theorem for the pair (H, A) to hold
(see [GG]). As a standard corollary of the virial theorem we have under Conditions 1.3
that the number of eigenvalues of H in any compact interval J C [ is finite and that
each such eigenvalue has a finite multiplicity (here we assume that the corresponding
eigenstates are in D(M'/?)). Besides, in Section 3, we will recall a version of the Limiting
Absorption Principle (LAP) established in [GGM1] (see Theorem 3.1 of the present
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paper) which implies that under Conditions 1.3, H has no singular continuous spectrum
in I. The fact that H' is a “commutator”, cf. (1.10) and (1.13), is also important in the
proof of LAP of [GGM1] (this is indeed an integral part of any known proof of LAP in
the spirit of Mourre).

4) The conditions of the regular Mourre theory considered for instance in [Mo, ABG, HiiSp,
HuSi, Ca, CGH] constitute a particular case of Conditions 1.3 assuming that M = 0.
In [Mo, ABG, HuSi, Ca, CGH], the conjugate operator A is supposed to be self-adjoint,
whereas in [HiiSp] the weaker assumption that A is the generator of a Cp-semigroup
of isometries is required. Notice that in the case where M = 0 and A is self-adjoint
Condition 1.3 (3) appears replaced by the stronger condition: supy,<; ||eitA<;5||D(H) < o0
for any ¢ € D(H). If H is separable it follows from [HP, Lemma 10.2.1] that the latter
condition is a consequence of the weaker condition that e*AD(H) C D(H) for all t € R.
This equivalence is also true without the separability condition, see [ABG, Proposition
3.2.5]. A similar equivalence for semigroups is not known to our knowledge. It should
also be noticed that for M = 0 the first part of Condition 1.3 (4) leads to the assumption
that (H)~'/2H"(H)~Y/? is bounded.

5) The idea of splitting the formal commutator i[H, A] into an H-unbounded piece, M,
and a H-bounded piece, R, appeared first in [Sk]. As it was shown in [Sk], and later
in [GGM2], this extension of the Mourre theory allows one to study spectral proper-
ties of N-body systems coupled to bosonic fields (see also [MS] for the use of related
assumptions in a different context). This will be discussed more precisely in the next
section.

6) We notice that Conditions 1.3 (with Ky = 0 in (2)) are stronger than Hypotheses (M1)—
(M5) used in [GGM1]. As mentioned at the beginning of this subsection, the operator
H’ in [GGM1] is supposed to be closed; it corresponds to the closure of the operator H’
considered in this paper (compare Hypothesis (M1) in [GGM1] with Condition 1.3 (1),
and see [GGM1, Lemma 2.26]). Therefore, in particular, the results proved in [GGM1]
hold under Conditions 1.3, see Remark 3.2 2) for a further discussion.

Throughout the discussion below we impose (mostly tacitly) Conditions 1.3. We introduce
the following classes of operators (to be considered as classes of “perturbations”):

Definition 1.5. We say that a symmetric operator V' with D(V') D D(H), e-bounded rela-
tively to H, isin V; if V € C}(Ag; Ag~) and V' := [V,iA4]" is given as an H-bounded operator.
For any V € V, we set

VIl = IV (H =)™+ IV (H =)~ (1.15)

It follows from the Kato-Rellich Theorem that for any V' € V; the operator H + V is
self-adjoint with D(H + V) = D(H).

Definition 1.6. We say that V € V; is in Vs, if V' € C(Ag; Ag+), and we set
Vllz = VIl + 1V"ll5g:6+)» (1.16)
where V" := [V’ iA]".

Our main assumptions on the unperturbed eigenstates are stated in Condition 1.7 and in
its stronger version Condition 1.9.

Condition 1.7. If A\ € [ is an eigenvalue of H, any eigenstate 1) associated to A, HY = A\,
satisfies ¢» € D(A) N D(M).
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Remark 1.8. Under Condition 1.7 and with ¢ given as there, one verifies using (1.7) and
the fact that D is dense in D(H) that ¢ € D(HA) := {¢ € D(A)| Ap € D(H)}, cf. Remark
1.4 3).

Condition 1.9. If A € [ is an eigenvalue of H, any eigenstate 1) associated to A, HY = A1),
satisfies ¢ € D(A?) N D(M).

The (possibly existing) perturbed eigenstates may fulfil the following condition:

Condition 1.10. For any compact interval J C I there exist v > 0 and a subset Bj  of the
ball centered at 0 with radius v in Vj,

By C{V eV, V1 <7}, (1.17)

such that {0} C By, Bi, is star-shaped and symmetric with respect to 0, and the following
holds: There exists C' > 0 such that, if V € By, and (H +V — X))y = 0 with X\ € J, then
Y € D(A)ND(M) and

[Ay]| < Cll]l. (1.18)

Observe that Conditions 1.9 and 1.10 are both stronger than Condition 1.7. Condition 1.7
is indeed insufficient for our main theorems to hold and we need to assume either Condition
1.9 or Condition 1.10. As for the application we give in Section 2, we shall verify Condition
1.10 rather than Condition 1.9, see more precisely Proposition 2.4 and Remark 2.5 2).

The following two conditions are needed for our version of the so-called Fermi Golden Rule
criterion. The first condition is a technical addition to Conditions 1.3:

Condition 1.11. D(M'/2)ND(H) ND(A*) is dense in D(A*).

Remarks 1.12. 1) Suppose the following modification of the part of Condition 1.3 (3)
concerning the adjoint semigroup: D is boundedly-stable under {W;} i.e. WD C D,
t > 0, and for all ¢ € D,

sup ||W/¢|lp < oco. (1.19)
0<t<1

Then D N D(A*) is dense in D(A*), cf. [GGM1, Remark 2.35]. This statement is of
course stronger than Condition 1.11.

2) In our applications Condition 1.11 can be avoided upon changing the definition of V.
Explicitly this modification is given by imposing in Definition 1.5 the following additional
condition (replacing e-boundedness with respect to H): V is (H)/?-bounded. (See
Remark 5.2 1).)

Our second condition is the so-called Fermi Golden Rule condition.

Condition 1.13. Suppose Conditions 1.7 and 1.11. Suppose A € opp(H) and let P denote
the eigenprojection P = Ey({\}) and P = I — P. For given V € V; there exists ¢ > 0 such
that

PVIm ((H —X—i0")"'P)VP > cP. (1.20)

We shall see in Section 3 that the left-hand-side of (1.20) defines a bounded operator for
any V € V) (see Theorem 3.3 and Remark 5.2 1) for details). This point might be surprising
for the reader due to the low degree of regularity imposed by Condition 1.7 (for example P
may not map into D(A?) under the stated conditions, see the end of the next subsection for
a further discussion).
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1.2. Main results. We have the following result on upper semicontinuity of the point spec-
trum of H, showing, in other words, that the total multiplicity of the perturbed eigenvalues
near an unperturbed one, A, cannot exceed the multiplicity of .

Theorem 1.14. Assume that Conditions 1.8 and Condition 1.10 hold. Let A€ I and J C I
be a compact interval including X such that opp(H) NJ = {A}. Fiz v > 0 and By, as in
Condition 1.10. There exists 0 < v < v such that if V. € Bi~ and |[V|1 < 4/, the total
multiplicity of the eigenvalues of H+V in J is at most dim Ker(H — \).

Notice that the appearing quantity dim Ker(H — A) is finite. This is in fact a consequence
of Conditions 1.3 and Condition 1.7, cf. Remark 1.4 3). We remark that Theorem 1.14 is an
abstract version of [AHS, Theorem 2.5] where upper semicontinuity of the point spectrum of
N-body Schrodinger operators is established. The proof, given in Section 4, is essentially the
same.

In the case where H does not have eigenvalues in J, we do not need Condition 1.10 to
establish upper semicontinuity of point spectrum. More precisely, we will prove that o, (H +
oV)NnJ =0 for |o| small enough under the condition that V' € Vs (see Corollary 4.1). If it
is only required that V' € Vj, the result still holds true provided we assume in addition that
any eigenstate of H + oV belongs to D(M'/?) (see Corollary 4.2).

One might suspect that there is a similar semistability result as the one stated in Theo-
rem 1.14 given upon replacing Condition 1.10 by Condition 1.9 (assuming now smallness of
IV]]2). Although there is a formal argument, Conditions 1.3 are insufficient for a rigorous
proof. Nevertheless the analogous assertion is true in the special case where H does not have
eigenvalues in the interval J, cf. Corollary 4.1. Notice also that another special case, although
treated under additional conditions, is part of Theorem 1.15 stated below.

For any V € V) and 0 € R we set H, := H + oV. A main result of this paper is the
following assertion on absence of eigenvalues of H, for small non-vanishing |o| and for a V'
fulfilling (1.20). It will be proven in Section 5.

Theorem 1.15. Assume that Conditions 1.3, Condition 1.7 and Condition 1.11 hold. As-
sume that Condition 1.13 holds for some V € V. Let J C I be any compact interval such
that opp(H) N J = {A}. Suppose one of the following two conditions:

i) Condition 1.9 and V € Vs.
ii) Condition 1.10 and V € By 5.

There exists o9 > 0 such that for all o €] — 09, 00[ \{0},
opp(Hy) N J = 0. (1.21)

This type of theorem is usually referred to as the Fermi Golden Rule criterion (or in short
just Fermi Golden Rule). In the framework of regular Mourre theory (that is in particular if
M = 0, see Remark 1.4 4) above), if A is self-adjoint, Fermi Golden Rule is well-known. It
was first proved in [AHS] for N-body Schrédinger operators, under an assumption of the type
V' € Vs and using exponential bounds for eigenstates (yielding in particular an analogue of
Condition 1.9). In [HuSi], Theorem 1.15 is proved in an abstract setting assuming Condition
1.9 and the H-boundedness of V”. In [Ca, CGH], still in the framework of regular Mourre
theory and with A self-adjoint, it is shown that an assumption of the type H € C*(A)
implies Condition 1.9. A similar result also appears in [GJ] under slightly weaker (“local”)
assumptions, still requiring, however, the boundedness of four commutators.
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Theorem 1.15 improves the previous results for the following two reasons: First, as men-
tioned above, Conditions 1.3 do not require that A be self-adjoint neither that the formal
commutator i[H, A] be H-bounded, which can be important in applications (see in particular
Section 2 on Pauli-Fierz Hamiltonians). Second, we prove that the Fermi Golden Rule crite-
rion also holds under Condition 1.10 and the hypothesis V' € By, (that is under condition ii)
of Theorem 1.15), which to our knowledge constitutes a new result even in the framework of
regular Mourre theory. Let us emphasize that Condition 1.10 does not contain the assump-
tion that the eigenstates are in the domain of A2, but only in the domain of A. The price we
have to pay lies in the fact that Condition 1.10 involves information on the possibly existing
perturbed eigenstates, which in concrete models might (at a first glance) seem rather difficult
to obtain.

Nevertheless in a separate paper, [FMS] we provide abstract hypotheses under which Con-
dition 1.10 is indeed satisfied. As a consequence, we obtain that Theorem 1.15 applies for a
class of Quantum Field Theory models provided that the Hamiltonian only has two bounded
commutators with A (defined in a suitable sense), see Section 2. We emphasize that from
an abstract point of view, working with C2(A) conditions, in fact verifying Condition 1.10 is
doable while Condition 1.9 might be false, see [FMS, Example 1.4] for a counterexample.

Recently Rasmussen together with one us ([MR]) studied the essential energy-momentum
spectrum of the translation invariant massive Nelson Hamiltonian H. In particular the au-
thors construct, for a given total momentum P and non-threshold energy FE, a conjugate
operator A with respect to which the fiber Hamiltonian H(P) satisfies a Mourre estimate,
locally uniformly in £ and P. From the point of view of the present paper this model is of
interest because H(P) is of class C2(A) but (presumably) not of class C3(A4). This means
that, even though the context of [MR] is regular Mourre theory, the improvements of this
paper and its companion [FMS] are both essential to conclude anything about the structure
of embedded non-threshold eigenvalue bands.

We shall use different methods to prove Theorem 1.15 depending on whether we assume i)
or ii). In the first case, we shall obtain an expansion to second order of any possibly existing
perturbed eigenvalue near the unperturbed one A. In the second case, ii), this will also be
done under the further hypothesis dim Ran(P) = 1, but we shall proceed differently if the
unperturbed eigenvalue is degenerate. In both cases, a key ingredient of the proof consists in
obtaining a “reduced Limiting Absorption Principle” at an eigenvalue (see Theorems 3.3 and
3.4 below).

The paper is organized as follows: In the next section, we consider Pauli-Fierz Hamiltonians
which constitute our main example of a model satisfying the abstract conditions stated above.
Section 3 concerns reduced Limiting Absorption Principles at an eigenvalue A\ of H. In
Section 4, we study upper semicontinuity of point spectrum and prove Theorem 1.14. Finally
in Section 5, we study second order perturbation theory assuming either Condition 1.9 or
Condition 1.10, and we prove Theorem 1.15. In Appendix A we present a simple proof of the
technically important statement (1.11).

2. APPLICATION TO THE SPECTRAL THEORY OF PAULI-FIERZ MODELS

2.1. Massless Pauli-Fierz Hamiltonians. The main example we have in mind fitting into
the framework of Section 1 consists of an abstract class of Quantum Field Theory models,
sometimes called massless Pauli-Fierz models (see for instance [DG, DJ, GGM2, FMS]). The
latter describe a “small” quantum system linearly coupled to a massless quantized radiation
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field. The corresponding Hamiltonians HE'Y acts on the Hilbert space Hpr := K®TI'(h), where
K is the Hilbert space for the small quantum system, and I'(h) is the symmetric Fock space
over b := L2(R%, dk). The latter describes a field of massless scalar bosons and is defined by

+o0
I(h) :=Ca P, (2.1)
n=1

where ®” denotes the symmetric nth tensor product of h. The operator HEY depends on the
form factor v and is written as
HYF = K @ 1p) + Le @ dT(|k]) + ¢(v), (2.2)

where K is a bounded below operator on K describing the dynamics of the small system,
dI'(|k|) is the second quantization of the operator of multiplication by |k| and ¢(v) := (a*(v)+
a(v))/v/2. We recall that the second quantization of an operator w on b is given by its
restriction to the n-bosons Hilbert space as

n
dT(W)le =0, dT(W)lgpy =Y L@ L @wely®- - ® 1, (2.3)
j=1

where in the sum above, w acts on the jth component of the tensor product. The form factor
v is a linear operator from K to K ® b, and a*(v), a(v) are the usual creation and annihilation
operators associated with v (see [BD, GGM2]). For convenience, we assume that

K >0. (2.4)

The hypotheses we make are slightly stronger than the ones considered in [GGM2]. The first

one, Hypothesis (HO), is related to the fact that the small system is assumed to be confined:

(HO) (K +1)~! is compact on K.

For any v > 0, let O, C B(D(K"); K ® b) be the set of operators which extend by continuity

from D(K7) to an element of B(K; D(K”)* ® b), that is
O, = {v € B(D(K");K®b),
3C > 0,4 € D(K), [[[(K +1)77 @ LJotd|| oy < Cllllic}- (2.5)

Let 0 <7 < 1/2 be fixed. Our first assumption on the form factor is the following:

(I1) v and [1x ® |k|~?]v belong to O;.
It follows from [GGM2, Proposition 4.6] that, if [ ® |k|~Y/?]v € O,, then H'Y is self-adjoint
with domain

D(H,") =D(H") = D(K) @ T(h) N K @ D(AT(|k])). (2.6)
We consider the unitary operator
T:LARY) — L2 (RY) @ L2(S9 1) =: b (2.7)

defined by (Tw)(w,f) = w@D/2u(wh). Lifting it to the full Hilbert space Hpp by setting
T :=1x @ T'(T) (recall that I'(T') is defined by its restriction to the n-bosons Hilbert space
as I'(T)|gsy =T ®---®@T for n > 1, and I'(T)|c = L¢ for n = 0), we get a unitary map
T : Hpr — Hpp =K ® F(i)) (2.8)
This allows us to write the Hamiltonian in polar coordinates in the following way:
HT =TH,"T ' = K® Ly + Lg @ dT(w) + 6(0), (2.9)
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on 7—~lpp, where
0=l ® T (2.10)
is a linear operator from K to K ® b, and dI'(w) denotes the second quantization of the
operator of multiplication by w € R*.
Let us consider a function d € C*((0,00)) satisfying d'(w) < 0, |d'(w)| < Cw™ld(w) for
some positive constant C, d(w) =1 if w > 1, and lim,,_,¢ d(w) = +00 (see Figure 1).

d(w)

FIGURE 1. The map w — d(w)

Let
O, = [1x @ T]O;. (2.11)

The following further assumptions on the interaction are made:
(I2) The following holds:

[1e @ (1 + 0w d(w) ® Lp2(ga-1y] 0 € O,
[ﬂ]c ®(1+ w71/2)d(w)8w ® ﬂLQ(Sd—l)]YNJ € @T,

(13) [Lc ® 82 @ Lyp(ga )]0 € B(D(K?);K @ ).
Let us recall the definition of the conjugate operator used in [GGM2]. Let x € C5°([0,0))

be such that y(w) =0 if w > 1 and y(w) =1 if w < 1/2. For 0 < ¢ < 1/2, the function
ms € C*([0,00)) is defined by

w w
ma(w) = x(5) d6) + (1 =0(5) d(w), (2.12)
(see Figure 2). )
Consider the following operator as acting on bh:
0 i dmg
oo 2w )
where H}(R™T) denotes the closure of C3°(RT) in HY(RT) and C3°(R™) is the set of smooth
compactly supported functions on R™. Then the operator As on Hpr is defined by As :=

as := imgs(w) D(as) = Hy(RT) @ L?(8471), (2.13)
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m, ()

dy)

FIGURE 2. The map w — ms(w)

T ®dI(as). It is proved in [GGM2, Section 6] that Aj is closed, densely defined and maximal
symmetric.

Let My := 1 ® dI'(mg) and Rs(0) := —¢(iag0). Then My is self-adjoint, My > 0, and if v
satisfies Hypotheses (I1) and (I2), then, by [GGM2, Lemma 6.4 )], Rs(?) is symmetric and
HPF-bounded.

2.2. Checking the abstract assumptions. In this subsection, we verify that, on the
Hilbert space H = Hpp, the operators H = ]:IEF, M = Ms, R = Rs(0), A = Ay tulfil
Conditions 1.3, 1.10 and 1.11 stated in Section 1 (provided that v satisfies, in particular, the
hypotheses stated above). The following lemma shows that Condition 1.3 (1) is satisfied.

Lemma 2.1. Assume that v satisfies Hypothesis (I1). Then for all § > 0,
HEY € ¢y, (Ms). (2.14)

Proof. The fact that HFF € C'(Mjs) follows from [GGM2, Lemma 6.4 i)]. Moreover, since
mg is bounded and [w,ms] = 0, we have that [HXF iM;3]0 = —p(ims0) by [GGM2, Corollary
4.13]. Using again that ms is bounded, we then conclude from Hypothesis (I1) and [GGM2,
Proposition 4.6] that [HET iM;]0 is Hy¥-bounded, and hence HE¥-bounded (with relative
bound 0). O

Lemma 2.1 together with [GGM2, Propositions 6.6, 6.7 and Theorem 7.12] imply:

Proposition 2.2. Assume Hypothesis (HO) and that v satisfies Hypotheses (I1), (I2) and
(I3). Then for all Ey € R, there exists 6o > 0 such that for all 0 < 6 < 0o, the operators
H = HY, M = M;, R = Rs(v), A= As fulfil Conditions 1.3 with I = (—oc, Ep).

Remark 2.3. We remark that the formulation of the Mourre estimate stated in [GGM2,
Theorem 7.12] is not the same as the one considered in Condition 1.3 (2). However, one can
verify that the latter is indeed a consequence of [GGM2, Theorem 7.12].

In order to verify Condition 1.10, we need to impose a further condition on v:
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(I4) The form (K ®1;)0—0K extends by continuity from D(K ®1) x D(K) to an element
of (5;.
2

Here O, is defined as O; (see (2.5) and (2.11)). Notice that, assuming (I1), the statement

above i52 meaningful.
We have to identify the set B;, used in Condition 1.10. To this end, let us first introduce
some definitions. Let Zpp(d) be defined by:

Zpr(d) == {v € LIK;K @ b), v satisfies (I1), (I2), (I3), (I4) }. (2.15)
Observe that Zpp(d) can be equipped with a norm, || - ||pr, matching the four conditions (I1),

(I2) , (I3), (I4) (see [FMS, Subsection 5.1]). )
Let v € Ipp(d). Let W5, denote the Cy-semigroup generated by As. We set

. 1
GE¥ .= D(HEF|2) N D(M). (2.16)
By Proposition 2.2, we have that H = ]:IEF, M = Mg, A = A; fulfil Condition 1.3 (3), and

hence W&t‘g(};F is a Cpy-semigroup (see Remark 1.4 1)). Its generator is denoted by Ag(};’F.
Iiikewise, the extension of W, to (Q};F )* is a Cy-semigroup whose generator is denoted by
Agpey- )

Let V1P~F den9te the set of symmetric operators V, e-bounded relatively to HY'Y, such that
Ve Cl(Ag(I;’F; A(g};p)*) and [V,i4;]° is HE¥-bounded. It is equipped with the norm

VIR = IV = D7H -+ 1V iAs) (Hy T =7 (2.17)

By LGGMQ, Proposition 4.6], if w satisfies Hypothesis (I1), then ¢(w) is e-bounded relatively
to HYY and, by [GGM2, Lemma 6.4 7)], if in addition w satisfies Hypothesis (12), then, for
any & > 0, [¢(),145]° = —¢(iasw) is HXF-bounded. Moreover, one can verify that the map

Tpr(d) 3 w — ¢(w) € VF (2.18)

is continuous (see [FMS, Lemma 5.8]).
In a separate paper, [FMS], we prove (see [FMS, Theorem 5.2]):

Proposition 2.4. Assume Hypothesis (HO) and let v € Zpp(d). For all Ey € R, there exists
8o > 0 such that for all 0 < § < &, the operators H = HPY, M = Mj, R = Rs(?), A = A;s
fulfil Condition 1.10. Here I = (—o0, Ey) and B 5 is given by

Biy = {6(),w € Tox(d), Jullpr <}, (2.19)
where ¥ > 0 is fized sufficiently small.

Remarks 2.5. 1) Since the map (2.18) is continuous, for any v > 0, the set B;  is included
in {V e V¥ |VITF < 4} provided that ¥ is chosen small enough. Moreover, Bj
is clearly star-shaped and symmetric with respect to 0. Hence the requirements of
Condition 1.10 are satisfied.

2) Under the conditions of Proposition 2.4, we do not expect Condition 1.9 to be satisfied
in general. Indeed, the assumption that v € Zpp(d) in the statement of Proposition 2.4
allows us to control two commutators of H>¥ with As. In order to be able to conclude
that Condition 1.9 is satisfied using the method of [FMS], one would need to control three
commutators of H'F with As (see [FMS]). This would require a stronger restriction on
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the infrared behavior of the form factor v than the one imposed by Hypotheses (I1)—
(I2)—(13).

In order to apply Theorems 1.14 and 1.15, it remains to verify Condition 1.11. Let
S = D(K) © T (CF(RT) @ LA(ST1)), (2.20)
where for £ C L2(R") @ L2(S971),
T (€) = {® = (8@, 0W 0@ ) € 1(E),Tng, @™ =0 for n > ng}. (2.21)

For any § > 0, S is included in D(HYF) N D(M;) N D(As). Moreover, S is a core for A%
Therefore we get:

Proposition 2.6. Assume that v satisfies Hypothesis (I1). Then, for all 6 > 0, the operators
H =HY, M = M;, A= Ajs fulfil Condition 1.11.

Let us finally mention the particular case for which the unperturbed Hamiltonian under
consideration is the non-interacting one, Hg ¥ given by

A" = K @15 + 1g © dT(w). (2.22)

In this case, one can choose M = 1 ® N, where N := dI‘(IlG ) is the number operator, and
A =1k ®dI'(i0,). Then one can easily check the following proposition:

Proposition 2.7. Assume Hypothesis (HO). Then the operators H = fIgF, M =1x®N,R =
0,A =1x ®dI'(i0,) fulfil Conditions 1.3 (with I =R) and Condition 1.9.

Remark 2.8. The fact that Condition 1.9 is fulfilled under the conditions of Proposition 2.7
is obvious, since the unperturbed eigenstates are of the form ¢ ® €2, where ¢ is an eigenstate

of K, and 2 denotes the vacuum in I'(h).

2.3. Results. As a consequence of Propositions 2.2, 2.4 and 2.6, applying Theorems 1.14 and
1.15, we obtain:

Theorem 2.9. Assume Hypothesis (HO). Let vo,v € Zpp(d). Let J be a compact interval
such that opp(HLT) N J = {A}. Let P,, denote the eigenprojection Py, = Eyer({\}) and
v0

P,, =1 — P,,. Then the following holds:
i) There exists o9 > 0 such that for all 0 < |o| < op, the total multiplicity of the
eigenvalues of HQE)F +o¢(v) in J is at most dim Ran(P,,).
ii) Suppose in addition that
Pyyd(o)Im ((HLE — X —1i07) " Py ) ¢(v) Py > Py, (2.23)
for some ¢ > 0. Then there exists og > 0 such that for all 0 < |o| < oy,
Opp (HLT + op(v)) N J = 0. (2.24)
Remarks 2.10. 1) In view of Propositions 2.2, 2.4 and 2.6, Theorems 1.14 and 1.15 imply
Theorem 2.9 with HE;F replacing HE;F and ¢(0) replacing ¢(v). However, using the

unitary transformation mapping Hpr to Hpr, the statement of Theorem 2.9 clearly
follows.
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2) In the case where the unperturbed Hamiltonian is the non-interacting one, that is HE)F =
Hi¥ with HEY = K @ Ty 4 Lx @ dI(Jk]), one can use Proposition 2.7 instead of
Proposition 2.4 in order to conclude Theorem 2.9 ii). Indeed, it follows from [GGM2,
Proposition 4.11, Lemma 6.2 and proof of Proposition 6.6] that if v satisfies (I1)—(I2)—
(I3), then ¢(v) € Vo (in the sense of Definition 1.6). Hence, since Condition 1.9 is
satisfied by Proposition 2.7, we can apply Theorem 1.15 with Condition ) instead of
Condition 7). For a general vy € Zpp(d), however, we have to apply Theorem 1.15 with
Condition 7) (see Remark 2.5 2) above).

The latter result (the absence of eigenvalues of HYY + o¢(v) for sufficiently small o # 0
according to Fermi Golden Rule) already appears in [DJ] assuming in particular that (9,,)"v €
B(K; K ® b) for some v > 1. More recently the same result was also proven in [Go], still for
sufficiently small values of the coupling constant, under the assumptions that 9,9, w129,
and w0 (for some v > 1) belong to B(K;K ® b). Besides, in [DJ], upper semicontinuity
of the point spectrum of HEY + o¢(v) (in the sense stated in Theorem 2.9 i)) is obtained
for sufficiently small o, assuming that (8,)"% € B(K;K ® b) for some v > 2. The main
achievement of our paper, as far as massless Pauli-Fierz models are concerned, is to provide
a method which allows us to consider H&F as the unperturbed Hamiltonian, for any vg
belonging to Zpp(d).

A model sharing several properties with the one considered in this subsection is the so-
called “standard model of non-relativistic QED”. For results on spectral theory in this context
involving the Mourre method, we refer to [Sk, BFS, BFSS, DJ, FGS].

2.4. Example: The massless Nelson model. An example of a model satisfying the hy-
potheses of Subsection 2.1 is the Nelson model of confined non-relativistic quantum particles
interacting with massless scalar bosons. The Hilbert space is given by

Hy = L2R3F) @ F, (2.25)

where F := I'(L2(R?)) is the symmetric Fock space over L?(R?®) (see (2.1)). The Nelson
Hamiltonian acts on Hy and is defined by

H)Y = K @15 + Ly2gsry ® dU(Jk]) + I,(2). (2.26)

Here z = (z1,...,2p), and K is a Schrédinger operator on L2(R3”) describing the dynamics
of P non-relativistic particles. We suppose that K is given by

P

1

K::ZQm,Ai—FZVz‘j(%—xj)—l—W(wl,...,xp), (2.27)
=1 7 i<j

where the masses m; are positive, the confining potential W satisfies

(WO0) W € L2 (R3P) and there exist positive constants cp,c¢; > 0 and a > 2 such that
W(x) > colz|** —c1,

and the pair potentials V;; satisfy
(VO) The Vjj’s are A-bounded with relative bound 0.

Without loss of generality, we can assume that K > 0. Note that (WO0) implies that Hypoth-
esis (HO) of Subsection 2.1 is satisfied.
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The coupling I,(x) in (2.26) is of the form

P
r) =Y Dy(wi), (2.28)
i=1
where, for y € R3, ®,(y) is the field operator defined by
1 —ik-y % —~ ik-x
D,(y) =— [ (p(k)e *va*(k)+ p(k)e*a(k))dk. (2.29)
V2 Jrs

In particular, I,(x) can be written under the form I,(z) = ¢(¥n(p)), where
Un(p) € BL*(R*"); L*(R*") ® L2(R?)) = BL*(R*"); L*(R*; L*(R*")))
is defined by

P
(ON(p)) (k) (@1, wp) =D e Fp(kyp(ay, ... ap). (2.30)
7j=1
Hence H})\I is a Pauli-Fierz Hamiltonian in the sense of Subsection 2.1, with K = L2(R3F) and

b = L2(R?).
For simplicity, we assume that p only depends on k through its norm, |k|, and, going to
polar coordinates, we introduce

p(w) = wp(w,0,0), weR™. (2.31)

Our set of conditions on p is the following:

(1) [0+ e <,

) [ °°<1 +w*1>d<w>2 ) + | )| aw < o
(03) / <o,

(1) [ w4lﬁ(w)| dw < oo,

where d denotes the function considered in Subsection 2.1. Note that (p1)—(p2)—(p3) are the
assumptions made in [GGM2]. The further assumption (p4) is made in order that Hypothesis
(I4) of Subsection 2.2 is satisfied. We observe that (p2) and (p4) imply (p1).

The set of functions p satisfying (p1)—(p2)—(p3)—(p4) is denoted by Zn(d). The following
proposition is proven in [FMS, Subsection 5.2]:

Proposition 2.11. Let p € In(d). Then Ux(p) defined as in (2.30) belongs to Zpr(d).

An example of p, and hence p, satisfying (p1)—(p2)—(p3)—(p4) is

k|2 w?
p(k) = e 2% k|72, plw) = e 3aTwi e, (2.32)

with 0 < A < 0o and € > 1.
From Proposition 2.11 and Theorem 2.9, we obtain:

Theorem 2.12. Assume that Hypotheses (WO0) and (VO) hold. Let pg,p € In(d). Let J
be a compact interval such that app(H})\;) NJ = {A}. Let P,, denote the eigenprojection
P, = EH%({)\}) and P,y =1 — P,,. Then the following holds:
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i) There exists o9 > 0 such that for all 0 < |o| < og, the total multiplicity of the
eigenvalues of Hg) +ol,(x) in J is at most dim Ran(P,,).
ii) Suppose in addition that

PooIy(x)Im (Hy — A —i107) " By ) I, (2) Ppy > Py, (2.33)
for some ¢ > 0. Then there exists oo > 0 such that for all 0 < |o| < oy,
opp(Hp, + 0lp(x)) NJ = 0. (2.34)

In fact, the confinement assumption (WO0) allows one to make use of a unitary dressing
transformation (see e.g. [GGM2, FMS]) in order to “improve” the infrared behavior of the
form factor in the Hamiltonian H S(I)- More precisely, let (p1’) denote the following condition:

(1) [T +w )P < .
Assulrningr that pg satisfies this condition, the unitary operator
Uy i= e PPino/1 (2.35)
is well-defined and we can consider the Hamiltonian
HY =1 ® Upy) HY (Lx @ U
=Kp, @ Lr + 1 @ dT(|E|) + 1,y (z) — 1,,(0), (2.36)

where

P? |po
K, =K+ — dk: P (k- zj)dk. 2.
PO + 9 /]R3 |k‘| Z/ |k‘| COS x]) ( 37)

In the same way as in (2.30), we observe that I,,(z) — I,,(0) = ¢(¥y(po)), where Ui (po) is
defined by

e kT Dpo(k)(xy,...,xp). (2.38)

M“u

(UN (o)) (E) (21, .. s

J=1

In particular, H})\(I), is a Pauli-Fierz Hamiltonian in the sense of Subsection 2.1.
We consider the following further conditions:

(2’)/ ‘d dw<oo
‘2

d2
(p3’)/0 (1+w?)! 2d§( w)| dw < oo,

and we denote by Z{(d) the set of functions p satisfying (p1’)—(p2’)—(p3’)—(p4). In [FMS,
Subsection 5.2], we verify that if py € Z(d), then Wy (po) defined as in (2.38) belongs to
Tpr(d). Notice that for any 0 < A < oo and e > 0, the function given in (2.32) belongs to
4 (d).

As in the statement of Theorem 2.12, we consider a perturbation of the Hamiltonian Hg)
of the form ol,(x). After the dressing transformation, the perturbation becomes

1 pg,p() =0 (Lic @ Upg ) Lp(7)(Lx @ Up,)

P
(k) e—ik-xj
Zl /R T dk. (2.39)
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Notice that o1, ,(x) is not a field operator in the sense of Subsection 2.1. Hence it does not
belong to the class of perturbations considered in Theorem 2.9. Nevertheless, proceeding in
the same way as what we did in Subsection 2.2 to deduce Theorem 2.9 (see in particular [FMS,
Theorem 1.2 2)] for the verification of Condition 1.10 in the present context), we obtain:

Theorem 2.13. Assume that Hypotheses (WO0) and (VO) are satisfied and let py € I (d)
and p € In(d). Let J be a compact interval such that Upp(Hg)) NJ = {\}. Let P,, denote
the eigenprojection P,, = EH%({)\}) and P,y = I — P,,. Then the conclusions i) and ii) of
Theorem 2.12 hold.

Observe that, thanks to the unitary dressing transformation U,,, the Fermi Golden Rule
condition (2.33) is equivalent to the following one:

Pl Ly p(@)Im (HY — X —i0T) " P VI o(2) Pl > Py, (2.40)
where
P/;O = H%({)\}) (2.41)
Hence the conclusions of Theorem 2.13 for H})\(I) follow from the corresponding statements for
HY.

In Theorem 2.13, py and p do not belong to the same class of form factors (as far as the
infrared singularity is concerned, pg is allowed to have a more singular infrared behavior than
p). This is due to the fact that the unitary transformation U, is po-dependent, so that the

Hamiltonian obtained after the transformation, Hg;, does not depend linearly on pg. Thus,

a perturbation of the form HY  _ — H S(I)l does not belong to the class of linear perturbations

potop
considered in this paper (at least as far as the Fermi Golden Rule criterion is concerned).
. . . . . / !/
Nevertheless, since the non-linear terms in ¢ in the expression of H})\; top — H})\; act only on

the particle Hilbert space L?(R3") (and hence, in particular, commute with the conjugate
operator As of Subsection 2.1), we expect that the method of this paper can be extended to
cover the case where both py and p belong to Z{(d).

3. REDUCED LIMITING ABSORPTION PRINCIPLE AT AN EIGENVALUE

In this section we prove two different “reduced Limiting Absorption Principles”. Assuming
Conditions 1.3 and 1.7, we shall prove a Limiting Absorption Principle for the reduced un-
perturbed Hamiltonian H P (where P = Ey({\}) and P = I — P). If the stronger Condition
1.9 is satisfied, we shall obtain a Limiting Absorption Principle for the reduced perturbed
Hamiltonian H 4+ P + oV (for some « > 0), provided that V' € Vs and that o is sufficiently
small.

Various versions of the Limiting Absorption Principle appear in [GGM1]. We only give
here the following theorem which is a particular case of the results established in [GGM1],
stated in a form useful for our context. Recall the notation (A) = (14+A*A)Y/2 = (1+]A|*)Y/2.

Theorem 3.1. Assume that Conditions 1.8 hold. Suppose J C I is a compact interval such
that opp(H) N J =0. Let S ={z € C,Rez € J,0 < [Imz| < 1}. For any 1/2 < s <1,

ilelgWAYs(H —2)7HA) || < oo (3.1)
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Moreover the function S 3 z — (A)(H — 2)"Y(A)~* € B(H) is uniformly Hélder continuous
of order s — 1/2. In particular, the limit

(A)™5(H — X —i0T)"1(A) =% .= lirg(A)*s(H — X —ie) A7, (3.2)
exists in the norm topology of B(H) uniformly in X € J, and the map J > X — (A)"*(H —
A —i0H)"HA) =5 € B(H) is uniformly Hélder continuous of order s — 1/2.

Remarks 3.2. 1) Strictly speaking, the Mourre estimate formulated in Condition 1.3 (2)
together with [GGM1] yield that, for any n € J, there is a neighbourhood I,, such that,
for any compact interval J,, C I, the Limiting Absorption Principle (3.1) holds with .J,,
replacing J. The statement of Theorem 3.1 then follows from the compactness of J and
a covering argument (see Step II in the proof of Theorem 3.4 below for the use of the
same argument).

2) For s = 1, the result [GGM1, Theorem 3.3] is stronger in that the bound (3.1) holds in
a stronger operator topology (given in terms of the Hilbert spaces G and G*). For our
purposes (3.1) suffices. A similar remark is due for the bounds (3.3) and (3.25) given
below. Besides, [GGM1, Theorem 3.3] does not require that A is maximal symmetric,
only the generator of a Cy-semigroup.

We shall now obtain a result similar to Theorem 3.1 for a reduced resolvent.

Theorem 3.3. Assume that Conditions 1.8 and Condition 1.7 hold. Suppose J C I is a
compact interval such that opp(H)NJ = {A\}. Let P denote the eigenprojection P = Ep({\})
and let P=1—P. Let S={z € C,Rez € J,0 < [Imz| <1}. Forany 1/2 <s <1,

sug [(A)™5(H — 2) " P(A)~*|| < oc. (3.3)
ze
Moreover there exists C' > 0 such that for all z,2' € S,
1AY== ((H = 271 = (H = )™1) Py < Cle — 24, (3.4)
In particular, the limit
(A)™5(H — X —i0T) "1 P(A) = = 1i£<A>—S(H — X —ie)HA)7S, (3.5)

exists in the norm topology of B(H) uniformly in X\ € J, and the map J > X\ — (A)~*(H —
A —i0T)"LP(A)=* € B(H) is uniformly Hélder continuous of order s — 1/2.

Proof. 1t follows from Conditions 1.3 and Condition 1.7 that o, (H) is finite in a neighbour-
hood of A. Hence, possibly by considering a bigger compact interval, we can assume without
loss of generality that A is included in the interior of J.

Consider Condition 1.3 (2) with n = A. Let Jy C J be a compact neighbourhood of A such
that fy =1 on a neighbourhood of Jy. Applying Theorem 3.1 on [inf J,inf J)| and using that
P + P = I, we obtain that

sup I(A)™(H — 2)7' P(4) 7] < 0, (3.6)
z€C,Re z€[inf J,inf J,],0<|Im z|<1
and that z +— (A)75(H — 2) "' P{A)~% is Hélder continuous of order s —1/2 on {z € C,Rez €
[inf J,inf J5],0 < [Imz| < 1}. The same holds with [sup Jy,sup J] replacing [inf J,inf Jy].
Therefore, to conclude the proof, one can verify that it is sufficient to establish the statement
of Theorem 3.3 with J replaced by Jy. We can follow the proof of [GGM1, Theorem 3.3]. We
emphasize the differences with [GGM1] and refer the reader to that paper for more details.
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We obtain from (1.8) with 7 = A that

M + R > 27 ol — Cofy (H)*(H) — fA(H)K fx(H). (3.7)
Since f)(H) goes strongly to P as A — 0, we obtain
M + R >37Yeol — Cofst(H)?(H) — C3P, (3.8)

which is valid if the support of fy is sufficiently close to A\. Applying P from the left and from
the right in (3.8) yields

P(M + R)P >3 YeoP — CoPfi-(H)*(H)P. (3.9)

Next, we can mimic the proof of [GGM1, Theorem 3.3] using (3.9) and the following slightly
different constructions: In Subsection 3.4 of [GGM1] the operator H,. (related to the one from
the seminal paper [Mo]) is taken as H. = H — ieH'. Notice that here and henceforth we can
assume without loss that H' is closed (possibly by taking the closure).

We propose to take

H.:= H —iePH'P, (3.10)
with domain D(H,) := D(H) N D(M) N Ran(P) on the Hilbert space H := PH. It fol-
lows from the assumption Ran(P) C D(M) that H, is well-defined and commutes with
P. Similarly, denoting Hp := Hlp(mynran(p)y and Mp = (pMP)"D(M)ﬁRan(P)7 the as-
sumption that Ran(P) C D(M) implies that Hp and Mp are self-adjoint. Moreover, since
H € C}; (M) by Condition 1.3 (1), one verifies that Hp € Cl; (Mp), and hence in particular
that D(Hp)ND(Mp) is a core for Mp. One also verifies that PH’ P coincides with the closure
of Mp + Rp defined on D(Mp) N D(Hp), where Rp = (PRP)|D(H)ﬁRan(15)' Therefore the
assumptions of [GGM1, Theorem 2.25] are satisfied (see [GGM1, Lemma 2.26]), which implies
that H., is closed, densely defined, and H* = H_..

Let G :== GNRan(P). By Conditions 1.3 and the fact that Ran(P) C D(M), H, extends to
a bounded operator: H, € B(G;G*). Mimicking [GGM1, Subsection 3.4] (replacing u € D(H,)
in Lemmata 3.9 and 3.10 by u € D(H,), and using (3.9)), one can show that there exists €y
such that for all 0 < |e| < ¢, for all z = n+iy with n € J\ and e > 0, H. — z is invertible with
bounded inverse R.(z) € B(H;D(H,.)). Furthermore R.(z) extends to a bounded operator in
B(G*; G) which coincides with the inverse of (H, — z) € B(G;G*), and which satisfies

_ C

IR Msgiom < 1 (311a)
_ C _ 1 _

IRe(2)vlg < o <|(U,RE(Z)U)‘2 + Hng) for all v € H, (3.11b)

€l2

s- lim R.(2) = (Hp — 2)~' € B(H), (3.11¢)

e—0%
(see [GGM1, Proposition 3.11 and Lemma 3.12]).
Let
‘ s—1/ p\—s 2| 412y 2\—%
pe = (eA)”(A)7" = (1 + A7 (1 + |A]) >, (3.12)

with 1/2 < s < 1. Instead of looking at the expectation of the resolvent R.(z) := (H, —z)~1,
e # 0, we propose to show a differential inequality for the quantity

F.(2) := (peu, PR(2)Ppeu) ; (3.13)

here u € H, so that p.u € D(A) € D(A*). Note that the assumption Ran(P) C D(A) implies
that P leaves D(A) invariant.
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In the same way as in the proof of Theorem 3.3 in [GGM1], one can verify that

%Fe(z) = < <%p€> u,Re(z)P,oeu> + <p€u, R.(z)P <%pe> u>
+ (R:(2) Ppeu, Apeu) — (Apeu, Re(2) Ppeu)
e (R (z)Ppeu, (H'PA— APH' — H") Re(2)Ppeu), (3.14)
where
Cpei= (s = D AP(A? 3 (A) " = (s~ DlAP(+ @A) T 1 +]AP) 5. (3.15)
In particular it follows from the Spectral Theorem that
ldpe/dell < Clel*™" and  [|Ape|l < Clel*". (3.16)

Next it follows from Conditions 1.3 and Condition 1.7 that PA € B(G*), AP € B(G), and
hence that

H'PA— APH' — H" € B(G;G").
This implies

)| <Culel* Hlullyg (1Re(2) Ppeullyy + | RE (2) Ppeullz)

+ Oale| (|| Re(2) Ppeullg|| RE (2) Ppeullg)- (3.17)
By (3.11b) and since || - ||z < || - [|g, we obtain

d

_ _1 1 =
o le(2)] = Cslel Hulllel ™2 (1Fe(2)]2 + [[Ppeull )

it 1 _ 2
+ Calel (I "2 (| F(2)]% + |1 Ppeull))
< Cslel* 2 (|Fel2)] + [lull?,), (3.18)
for 0 < |e| < €p. Applying Gronwall’s lemma, this yields
|Fe(2)| < Collull3, (3.19)

which combined with (3.11c) gives

sup [(AY*(H — 2) "1 P(A)~*|| < . (3.20)
z€C,Rez€Jy,0<|Im z|<1

In order to prove the Holder continuity in z, we use that, for 0 < €; < €,

Ri() = Ro) == [ S (Ro) = R)ae

a /60 %(Fg(z) — F(2))de + (Feo (2) — Fio (7)) (3.21)

1

It follows from (3.18) and (3.19) that

€1 d s—4
(/ — F.(2)de| < Cred 2 Ju (3.22)
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Moreover, using the first resolvent equation together with (3.14), (3.11a), (3.11b), (3.16) and
(3.19), we obtain

d _5

= (Fu(z) = Fu()] < Cslel 5|z = /| - Jul%,

which implies
0 q s—3
‘ / T (Fe(2) = F(2)de| < Coey *|z = 2] - |ul®. (3.23)
€1

Finally, the first resolvent equation and (3.11a) give

|(Feo (2) = Feo ()] < Cleo)lz = 2] - Jul, (3.24)
for some positive constant C'(¢y) depending on €. Taking €; = |z — 2’|, Equation (3.4) follows
from (3.21)—(3.24). O

We have the following stronger result if Condition 1.9 is further assumed.

Theorem 3.4. Assume that Conditions 1.3 and Condition 1.9 hold. Suppose J C I is a
compact interval such that opp(H) N J C {A}. Let P = Eg({A\}) and V € V. For o € R,
define Hy, := H+0oV and H, := H,+a P, where ajy € R is fived such that oy > sup J—inf J.
Let S={2€ C,Rez € J,0 <|Imz| <1}. For all 1/2 < s <1, there exists o9 > 0 such that
for all |o| < oy,
sup [|[(A) " (Hy, — 2) " H{A)~*|| < co. (3.25)
z€S
Moreover there exists C' > 0 such that for all 0,0’ € [—09,00], for all z,2’ € S,

)™ (o =)™ = (Hy =) A < C(Jo o+ 12 =217F) . (3:20)

Remarks 3.5. 1) In the case opp(H) N J = 0, we have P = 0 and hence H, = H,. Of
course, Condition 1.9 is not required in this case.
2) The assumption that ay > sup J —inf J implies that H 4+ oy P does not have eigenvalues

in J.
3) Equations (3.25)—(3.26) with 0 = ¢/ = 0 yield that
sup [[(A) 5 (H — 2) "' P(A) || < oo, (3.27)
z€S

and that z +— (A)~%(H — z) "' P(A)~* is Holder continuous of order s —1/2 on S. Hence
we recover the Limiting Absorption Principles of Theorems 3.1 and 3.3.

Proof of Theorem 3.4 Considering the Mourre estimate, Condition 1.3 (2), for any n € J,
we denote by J;, C I a compact neighbourhood of 7 such that f,, = 1 on a neighbourhood of
-
Step 1 Let us prove that, for any n € J, there exists o, > 0 such that for all |o| < oy,
sup [(A) ™ (Hy — 2)"H{A) ™| < o0, (3.28)
z€C,Rez€J,,0<|Im z|<1

and that the function (o, z) — (A)~%(H, — 2)~1{A)~% is Hélder continuous of order s — 1/2
in o and 2 on [~oy, 0y x {z € C,Rez € J;,0 < [Im 2| < 1}.

Let H := H + ayP. Condition 1.7 implies that [P, iA]® extends to a compact operator.
Since HP = AP and HP = HP, we have

For ()X (H) =for (H)*(H) + [y A NP = fr (A + ag)* (A + ag) P. (3.29)
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Using that the second and third terms in the right-hand-side of (3.29) are compact, the
Mourre estimate (1.8) yields

M + (R+ ay[PiA]°) > col — Cof, (H)*(H) — K, (3.30)

where K, is compact. Since n ¢ opp(H) (see Remark 3.5 2)), we can put K} = 0 provided
we choose the function f,, supported in a sufficiently small interval containing 1. We get

M+ (R + ay[P,iA]%) > 27 eI — C1f; (H)*(H). (3.31)

The estimate (3.31) is stable under perturbation from the class V;. In particular (and more
precisely) there exists o, > 0 such that if |o| < oy, then

M+ (R+ 0oV’ + ay[PiA]") > 37 eI — Cofy (Ho)*(Hy). (3.32)
Indeed, since V' € V;, we have that
V' < C3(H) + Cy < Cs + Cof; (H)(H) £, (H), (3.33)

and

[y (HCH) i (H) < Cr fyf (H)(Hy) f (H)

< Orfy (Ho){Hy) fiy (Hy) + Cslo. (3.34)

The first inequality in (3.34) follows from elementary interpolation while the second inequality
follows, for instance, from the Helffer-Sjostrand functional calculus.

We set for shortness H. := H' +oV', H” := H" + oV", P’ := [P,iA]° and P" := [P’,iA]".
Remark that Conditions 1.3, Condition 1.9 and the assumption V' € V5 imply that

HY, P" H! +a;P" € B(G;G").
Note that equation (3.32) can be written
H} +oyP' >3 ol — Cof, (Hy)*(Ho). (3.35)

We emphasize that the constant Cs is independent of z and o.
To prove (3.28), we can proceed as in the proof of Theorem 3.3, using (3.35) instead of
(3.9), and replacing H, and F¢(z) in (3.10) and (3.13) respectively by

H,:= H, —ie(H, + a,P'), (3.36)
and
Fye(2) == (peu, Ro,e(z)p€u>. (3.37)
Here we have set
Ro,e('z) = (Flo,e - 2)71 (338)

and, as before, p. = (eA)*"1(A)~%. Notice that, by [GGM1, Theorem 2.25 and Lemma

2.26], Hy . is closed, densely defined and satisfies I:I:;,6 = H, _.. Moreover, following [GGMI,
Subsection 3.4], one can indeed verify that there exists ¢y such that for all 0 < |¢| < ¢y and



SECOND ORDER PERTURBATION THEORY 23

z =n'+ip with o € J, and e > 0, Hy — 2 is invertible with bounded inverse R, (2)
satisfying properties similar to (3.11a)—(3.11c). We can compute:

TR AR

+ <R z)peu, Apeu) — (Apeu, Ro,e(z)p€u>

— e (R} (2)peu, (H) + ayP") Ry c(2)peus) . (3.39)

We obtain as in (3.18) that

d

_3
EFM(Z) < Cole|*™2 ||ul|?. (3.40)

Estimate (3.25) (with Jy in place of J) and the Holder continuity in z then follow as in the
proof of Theorem 3.3.

It remains to prove the Holder continuity in o. We follow again the proof of Theorem 3.3.
For 0 < €1 < ¢y, we have

Fro(2) = Fra(e) = = [ 4o (Frce) = Forcl2)de

_/60%(}7@6@) — Fpr o(2))de + (Freg (2) — Fyr 0 (2)) (3.41)

1

The first term in the right-hand-side of (3.41) is estimated thanks to (3.40), which gives
€1 d 1
| / — Fy (2))de| < Croes? [lu]l® (3.42)

As for the second and third terms on the right-hand-side of (3.41), we use that, by the second
resolvent equation,

Rpe(2) = Ryt (2) = —(0 — 0")Rpe (2)(V — ieV') Ryr o (2).

Since V and V' are H-bounded by assumption, this implies in the same way as in the proof
of (3.23) and (3.24) that

| / "L (Fyi(2) - Fyo(2))de

|(Foeo (2) = Fir e (2))] < Cleo)lo — 0’| - [lul®. (3.44)
The Holder continuity in o follows from (3.41)—(3.44) by choosing €; = |0 — o’|.
Step 2 Since J is compact, it follows from Step 1 and a covering argument that there exist
M, ..., (with [ < oo) such that J C J,, U---UJ,,. Taking o9 = min(oy,,...,o0,,), Equation
(3.25) and the Holder continuity in o follow. The Holder continuity in z is a straightforward
consequence of the fact that

_3
< Chiey 2o —o| - [lul?, (3.43)

and

Z(an) -3 < l%*s(Zan)sfﬁ, (3.45)

n=1 n=1

for any sequence of positive numbers (ay,),=1,..;, and 1/2 < s <1. O
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4. UPPER SEMICONTINUITY OF POINT SPECTRUM

In this section we study upper semicontinuity of the point spectrum of H. The main result
is Theorem 1.14 proven below.

Let us begin with stating a consequence of Theorem 3.4, which shows that if the unper-
turbed Hamiltonian does not have eigenvalues in a compact interval, the same holds for the
perturbed Hamiltonian (provided that the perturbation V' belongs to Vs).

Corollary 4.1. Assume that Conditions 1.3 hold. Let J C I be a compact interval such that
opp(H)NJ =10. Let V € Vy. There exists oo > 0 such that for any |o| < oy,

op(H + V)N J =0, (4.1)

The statement of Corollary 4.1 remains true under the weaker assumption that V € V),
provided that a priori eigenstates of H 4+ oV belong to D(M 1/ 2). This is a consequence of the
Mourre estimate established in the proof of Theorem 3.4 (see (3.32)), together with the virial
property that (¢, (H' + oV')1)) = 0 which holds for any eigenstate ¢ of H + oV satisfying
Y € D(M'/?) (see Remark 1.4 3)). Hence we have the following:

Corollary 4.2. Assume that Conditions 1.8 hold. Let J C I be a compact interval such that
opp(H)NJ = 0. Let V€ V1. There exists oo > 0 such that for any |o| < oo, the following

holds: Suppose that any eigenstate i of H 4+ oV associated to an eigenvalue N € J satisfies
Y € D(M'?), then

opp(H+0oV)NJ =0. (4.2)

We now turn to the proof of Theorem 1.14. Here we need Condition 1.10 and that V' € By,
in addition to Conditions 1.3.

Proof of Theorem 1.14 Let A € I and J C I as in the statement of the theorem.

Step 1 Let us prove that, for any n € J, there exist 3, > 0 and v, > 0 such that, for
IV]l1 < 7y, the total multiplicity of the eigenvalues of H + V' in (n — 3,,n + (3,) is at most
dim Ker(H — 7).

If n is an eigenvalue, we proceed as in [AHS, Section 2| introducing the (finite rank)
eigenprojection, say P, corresponding to this eigenvalue and the auxiliary operator H =
H + ayP. Here ay > sup J —inf J as in Theorem 3.4. Then in the same way as in (3.32), for
V|1 <~y with v, > 0 small enough, we have that

M + (R + oy [PiA]° + [V,iA]%) > 37 ol — C1f, (H + V)*(H + V), (4.3)

where f, € Cj°(R) is such that 0 < f,, <1 and f,, = 1 in a neighbourhood of . Let us in the
following agree on the convention that P = 0 and H = H if n ¢ opp(H). Then (4.3) holds
no matter whether 7 is an eigenvalue or not (provided ||V'||; is sufficiently small and that the
support of f, is chosen sufficiently close to 7).

Now, it suffices to follow the proof of [AHS, Theorem 2.5], combining Condition 1.10 and
(4.3). More precisely, let m be the multiplicity of 7 and let us assume that H + V has
eigenvalues (n;), j = 1,...,my, of total multiplicity m; > m, located in (n — 8,,n+ ;) C I.
Let (¢;), j = 1,...,mq, be an orthonormal set of eigenvectors, 1; being associated with ;.
Consider a linear combination 1 =}, a;¢; such that ||| =1 and Pt = 0. Since V € By 4,
it follows from Condition 1.10 that ¢» € DN D(A), whence (4.3) together with Remark 1.4 3)
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yields
_ _ 2
3*%§<mm4+R+qmmmmummm¢p4wMﬂH+VMH+WU%H

=i{(H+V —n), Ap) —i(Ap,(H +V —n)Y) + c&Hf,f(H + V)(H + VW%HZ

< By | AY|| + Cay) - (4.4)
In the second inequality, we used that
ICH +V =] = 1Y aj(n; —mwsll < By, (4.5)
J

and hence also that that anl(fl + V)(H + V>1/2¢H < C3f3, by the Spectral Theorem, where
the constant Cs depends on supp(f,). By Condition 1.10, we obtain a contradiction provided
that 3, is chosen sufficiently small.

Step 2 Let us prove that the total multiplicity of the eigenvalues of H + V in J is at most
dim Ker(H — \).

It follows from Step 1 that, for any n € [inf J, A — 8] U [A + B, sup J], there exist 3, > 0
and v, > 0 such that, for [|[V|; < ~,, H +V does not have eigenvalues in (n — £,,n7 + 3,).
Since [inf J, A — By]U[A+ By, sup J] is compact, it follows from a covering argument that there
exist n1,...,n such that

l
[inf J, A = B U [N+ Bx,sup ) C | J(mj — Buymj + Byy)- (4.6)
j=1
Hence, for ||V||1 < min(vyy,,...,v,), H+V does not have eigenvalues in [inf J, A — 85| U [A +
B, sup J]. Applying Step 1 again with n = A, this concludes the proof. O

The next proposition is a consequence of Theorem 1.14. It will be used in Section 5.

Proposition 4.3. Assume that Conditions 1.3 and Condition 1.10 hold. Suppose X € opp(H)
and that J C I is a compact interval such that opp(H) NJ = {A}. Let P = Eg({\}),
P=1-P and Py = Et4v),, (J) for any V € Vi (with sufficiently small norm). Then for
any sequence V") € By ., such that |[V™|; — 0,

||va(n>,JH — 0. (4.7)

One of the following two alternatives i) or ii) holds:

i) There exists 0 < ' < v such that if V€ By, and 0 # ||V|1 < 9/, then the operator
H +V does not have eigenvalues in J.

ii) There exists a sequence of operators V, € By with 0 # ||V,][1 — 0 and a sequence of
normalized eigenstates, (H + V,, — A\p)y, = 0, with eigenvalues N, — A, such that for
some oo € Ran(P) we have ||1h, — 1oo|| — 0.

Proof. Tf (4.7) fails there exist an e > 0, a sequence of elements V(" € By with 0 #
[V]||; — 0, a linear combination of eigenstates of H + V) viz. 4™ = 2 j<m(n) a§n)¢](.n),
such that

1™ < 1 and [[Py®™]| > e. (4.8)

Here m(n) < dim Ran(P) specifies the dimension of the range of Py ) ;.
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)

Due to Theorem 1.14 the corresponding eigenvalues, say Agn , concentrate at . More

precisely
‘max |)\§.n) — Al = 0 for n — oo. (4.9)
j<m(n)
In particular we have
max | (H - AP = 0, and max I H) | o, (4.10)
and therefore also
I(H = X)9 ™| = 0, and || f5 (H)$™ || — 0. (4.11)

Next by the Banach-Alaoglu Theorem [Yo, Theorem 1 on p. 126] we can assume that there
exists the weak limit ¥o 1= w — lim ¢ (™) (by passing to a subsequence and change notation).
From the first identity of (4.11) we learn that 1o, € Ran(P). Consequently

w — lim Py = Py, = 0. (4.12)

Now we apply a similar argument as the one for proving Theorem 1.14 now based on (1.8)
rather than (4.3): Looking at the expectation of both sides of (1.8) in the states ¢y, := Py,
using Remark 1.4 3), we obtain

collénll* <2/(H = Nullll Adnll + CICH) 2 f5 (H) b I* + (b0, Kodn)- (4.13)

Since Ky is compact we obtain from (4.12) that (¢, Ko¢,) — 0. By (1.18), ||A¢,|| is
uniformly bounded, and therefore we conclude in combination with (4.11) that ||¢,|| — 0.
This contradicts (4.8).

Let us now prove that either i) of ii) holds. If i) fails indeed there exists a sequence of
normalized eigenstates, (H + V;, — A,)1, = 0, with eigenvalues A\, — X and with V, € By 5,
0 # |Valli — 0. Due to (4.7) ||Pty,|| — 0. By compactness there exists ¢ € Ran(P) such
that along some subsequence P, — 1. Whence

19, = VIl < (1Pl + [P, — [l = 0 for & — oo, (4.14)

and we conclude ii). O

There is a different version of the second part of Proposition 4.3 given by first fixing V' € By 5
(but otherwise given under the same conditions). Now we look at the eigenvalue problem in
I of the family of perturbed Hamiltonians H, = H + oV with ¢ € R and |o| > 0 sufficiently
small. In this framework there is a similar dichotomy (it can be shown by applying Proposition
4.3 under the same conditions, replacing B -, by the subset {cV,|o| < 00} C Bi ).

Corollary 4.4. Assume that Conditions 1.3 and Condition 1.10 hold. Suppose X € opp(H)
and that J C I is a compact interval such that opp(H) NJ = {A}. Let P = Ex({\}) and let
V € Bi,. One of the following two alternatives i) or ii) holds:

i) For some sufficiently small og > 0 there are no eigenvalues of H, :== H + oV in J for
all 0 €] — 09, 00[ \{0}.

ii) For some sequence of coupling constants , 0 # o, — 0, and some sequence of normalized
eigenstates Vy,, (H + 0,V — \p)b, = 0 with A, — A, there exists Vs € Ran(P) such that
”wn - wooH — 0.
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5. SECOND ORDER PERTURBATION THEORY

In this section we shall study second order perturbation theory. Our main interest is the
Fermi Golden Rule, which indeed we shall show is a consequence of having an expansion to
second order of any possible existing perturbed eigenvalue near an unperturbed one. This
is done in Subsection 5.1 under Conditions 1.3 and Condition 1.10, in the case where the
unperturbed eigenvalue is simple. In the degenerate case, this is done in Subsection 5.2
assuming Condition 1.9 rather than Condition 1.10. We do not obtain an expansion to
second order of the perturbed eigenvalues assuming Condition 1.10 only. Nevertheless we
shall show a similar version of the Fermi Golden Rule in this case also (done in Subsection
5.2).

5.1. Second order perturbation theory — simple case.

Theorem 5.1. Assume that Conditions 1.3, Condition 1.10 and Condition 1.11 hold. Sup-
pose A € opp(H) and that J C I is a compact interval such that opp(H) NJ = {A}. Let
P=FEg({\}), P=1—-P. Let V € By,. Suppose
dimRan(P) =1, viz. P = |y)(¢|. (5.1)

For all 1/2 < s <1 and € > 0, there exists o9 > 0 such that if |o] < o9 and Ay € J is an
etgenvalue of H,, then

Ao = A=, V) + 0> (Vip, (H — X —i0H) T PVY)| < eo?, (5.2)
and there exists a normalized eigenstate V,, Hothe = Aoy, such that

e — ¢+ o(H — X — 10+)—1PV¢HD(<A>S)* < €lo]. (5.3)

Remarks 5.2. 1) It is a consequence of Conditions 1.3, Condition 1.7, Remark 1.8 and
Condition 1.11 that
Ran(VP) C D(A) for all V € V. (5.4)
Notice that we can compute the commutator form [V,iA] on (D(Ml/z)ﬂD(H)ﬂD(A*)) X
(D(MY2)ND(H) ND(A)) by a formula similar to (1.7). Whence this form is given by
V', cf. (1.13), which by assumption is an H-bounded operator. In combination with
Theorem 3.3 (5.4) implies that indeed the operator

PV(H — X\ —i0")"'PVP € B(H). (5.5)

2) Due to Theorem 1.14 there is at most one eigenvalue A, of H, near A, and if it exists it
is simple.

Corollary 5.3. Under the conditions of Theorem 5.1 and the condition

Im (Vp, (H — X —i0T) "1 PV) > 0, (5.6)
there exists oo > 0 such that for all o €] — o¢, 00 \{0}
opp(Hy) N J = 0. (5.7)

Proof of Theorem 5.1 Assume by contradiction that (5.2) does not hold. Then there exist
e > 0 and a sequence o, — 0 such that H,, has an eigenvalue ), in J satisfying, for all n

and for some 1) € Ran(P), ||¢| =1,
An = A= 0 (0, V) + 02(Vp, (H — A —10T) "' PV)| > eop. (5.8)
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Since dimRan(P) = 1, (5.8) actually holds for any ¢ € Ran(P) such that [[¢/]] = 1. Let
¥, be a normalized eigenstate of H, := H, associated to \,, Hp¥, = Ap,. Arguing
as in the proof of Proposition 4.3 we can assume that there exists ¢ € Ran(P) such that
l|¢bn — 9|| = 0. Henceforth we set 1) = 1. Let P, := Eg, ({\,}). It follows from the fact that
dim Ran(P) = 1 together with Theorem 1.14 that dimRan(P,) = 1. Hence P, = [1,)(¢n].
The equation (H,, — \,)P, = 0 is equivalent to the following system of equations:

{ (0aV + A=Ay Py =0,

_ (5.9)
0PV Py + (A — A\)PP, + (H — \)PP, = 0.

Since ||, — || — 0, we have |PP,|| — 0 and ||PP,| — 1. Hence the first equation of
(5.9) yields

A=A = O(|ow)). (5.10)

Now, using the second equation of (5.9), we can write, for any ¢ € H such that ||¢|| = 1, and
any 1/2 <s <1,

|PPug||* = [(PPug, PPno)|

= [(PPy¢, (H — X —i0") " (0, PV P, + (A = A\, +107)PP,) )|

Cloa| ||(A)5(H — X —i07) " P(A)~*|| x

H<A>SPPnH (I{AY PP + [(A) PV B, ) - (5.11)

| /\

Using Condition 1.10 and the assumption that V € Bj -, one can prove that ||(4)PP,| and
|(A) PV P,|| are uniformly bounded in n. In addition we claim that for s < 1, [[{A)* PP,|| — 0
as n — 0o. To prove this, it suffices to use that ||[(A)*((A) +ik)~|| — 0 as k — oo, together
with [|(A)PP,|| being uniformly bounded in n and |PP,|| — 0 as n — oo. Therefore by
Theorem 3.3,

1P P = o(|owl)- (5.12)
Since dim Ran(P) = dim Ran(F,) = 1, Equation (5.12) implies
1Pl = [[1Patbl* = o(|owml), (5.13)
and in particular also
1P, P = o(lowl), (5.14)

where we have set P, = I — P,. Taking the expectation of the first equation of (5.9) in the
state ¢ gives

A=Ap = _O'n<1/}= V1/1> ( )(1 - HPMN\ ) - Un<¢7V(Pn - P)¢>

= —0u(, Vi) + 0 (), VPy¥) + 0(07), (5.15)
where we used (5.10) and (5.13) in the second equality. Let us write
Pp = PPy — PPi). (5.16)

Estimate (5.14) yields ||[PP,%| = o(Joy|). Inserting (5.16) and the second equation of (5.9)
into (5.15), we obtain

A=y =— 0, (1, V) + 02 (Vep, (H A —i0H) "L PV Py
+ 00N =NV, (H — X —i07) "L PP,ap) + o(c?). (5.17)
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As above we can use A — A\, = O(|o,|) together with the fact that ||[(A)*PP,| — 0 for s < 1
and Theorem 3.3 to obtain
On(A = A\ )(Vip, (H — X —i07) "' PP,y) = o(0?). (5.18)
Finally, it follows from Condition 1.10 and the assumption V' € By , that ||(A)*V (P, —P)y|| —
0 for s < 1. This leads to
A=A = =0 (1, V) + o (Vip, (H — X = i0F) " PVY) + o(07), (5.19)

which contradicts (5.8), and hence proves (5.2).

It remains to prove (5.3). Assume, again by contradiction, that (5.3) does not hold. Then
there exist € > 0 and a sequence o, — 0 such that H, = H,, has an eigenvalue A\, € J
associated to a normalized eigenstate v, satisfying, for any ¢ € Ran(P), ||¢| = 1,

[ =+ oa(H = A =107) PV 1 g0y = €lonl. (5.20)

As above we can assume that there exists ¢ € Ran(P) such that |1, —t| — 0. Let ¢ := ¢4,
where 6, € R is defined by the equation (1, 1),) = €7|(1),1),)|. Using the second equation
of (5.9), we can write

Y = Pihn + Py,
= (U, V)t — (A= Ap)(H = A= i07) 7' Popy, — 0 (H = X —107) "' PV e,
= — 0, (H — A—i0") "' PV + Ry, (5.21)
where
Ry =(|Pon]l = 1)t — (A= Ap)(H = A —i0%) " Py,
—op(H = X —i0") T PV (¢, — 9). (5.22)

By arguments similar to the ones used to prove (5.2), one can see that ||R,||p((a)s)- = o(|on|)
for any fixed 1/2 < s < 1, which contradicts (5.20), and hence proves (5.3). O

5.2. Fermi Golden Rule criterion — general case. We begin this section with a result
similar to Theorem 5.1 that we shall obtain without requiring an hypothesis of simplicity.
Here we need Condition 1.9 rather than Condition 1.10.

Theorem 5.4. Suppose Conditions 1.3, Condition 1.9 and Condition 1.11. Let V € V.
Suppose X\ € opp(H) and that J C I is a compact interval such that opp(H) N J = {A}. Let
P=FEg({\}), P=1-P.

There exist C > 0 and o9 > 0 such that if |o| < o9 and N\, € J is an eigenvalue of
H, = H + dV, then there exists 1 € Ran(P), ||¢| =1, such that

Ao = A= o, V) + o2(Vip, (H — A —i0T) L PVY)| < Clo*/2. (5.23)

Remarks 5.5. 1) In the simple case, P = [¢)(¢|, (5.23) is stronger than (5.2).
2) We do not have an analogue of (5.3) under the conditions of Theorem 5.4, even if we
assume in addition dim Ran(P) = 1. Similarly, cf. Remark 5.2 2), we do not have upper
semicontinuity of point spectrum at A even if dim Ran(P) = 1.

Proof of Theorem 5.4 We can argue in a way similar to the proofs of Proposition 5.2 and
Lemma 5.3 in [AHS]. For o = 0, there is nothing to prove. Let o # 0.
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~ As in the proof of Theorem 3.4, we set H = H + ayP with oy > supJ — inf J, and
H, = H + oV. Assume that A\, € op,(H,) and let ¢, be such that (H, — \;)¢s = 0,
llpo|| = 1. Hence

(FIO - )‘U)(ba = OCJP¢0- (5.24)

By Theorem 3.4, A\, ¢ opp(Hy), and hence in particular P¢, # 0. Moreover, it follows from
(5.24) that, for any € > 0,

Poy = ayP(Hy — Ay —i€) ' P, —ieasP(Hy — Ay —i€) ' 6. (5.25)

Letting € — 0, since A\, ¢ opp(Hy), we obtain
Poy = ayP(H, — Ay —i0%) ' Pg,. (5.26)

Note that the right-hand-side of (5.26) is well-defined by Theorem 3.4 since, by Condition
1.9, Ran(P) C D(A).

Let B8 := aj+A—A,. Hence P(FI —)\U)P = B P. Using twice the second resolvent equation,
one easily verifies that, for any € > 0,

P(Hy = Ay —i€) P
— (B—ie)'P — (B—i€) 20 PVP + (B —ie) 202 PV (H, — Ay —i€) 'V P, (5.27)
Letting € — 0 and using Theorem 3.4 with s = 1, this yields
P(Hy — Ay —i0%)'P
— 8P - 20PVP + 5 20°PV(H — A, —i0%) 'VP + Ry, (5.28)
where R; is a bounded operator on Ran(P) satisfying | R1|| < C1|o|?/2. Note that the right-
hand-side of (5.28) is well-defined by Theorem 3.4 and Remark 5.2 2).

Now let 9 := ||P¢y|| "' Pp,. Multiplying (5.28) by a3 and taking the expectation in 1,
we obtain thanks to (5.26):

A=Ao=—asf o, V)
+ a8V, (H = Ay —i0") T'VY) + (v, Ri). (5.29)
Using again Theorem 3.4 with s = 1, this implies

A — )‘o - - O‘Jﬁila@p’ V¢>
+asB o (Vi (H — A —i07) " V) + (4, Ry), (5.30)

where Ry is a bounded operator on Ran(P) satisfying |Ry| < Ca|o|?/2. In particular, |\ —

As| < Cslo|. We then obtain from (5.26) and (5.28) that
A=Ay

g

Y =—a;B ' PVPY+a,;8 'oPV(H -\ - io+)*1VP¢ + 0 'Ry
= (=PVP +oR3), (5.31)

where Rj3 is an operator on the finite dimensional space Ran(P) uniformly bounded in o. It
follows from the usual perturbation theory (see [Ka]) that 1) can be written as 1) = 11 + o)
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where 1y is an eigenstate of —PVP and ¢, € Ran(P). Now, multiplying (5.30) by a;'f
gives
(A= Ao)ag' B =—o(, Vi) + o>V, (H = A =i07)"1Ve) + a3 By, Rov)
= —o(, Vi) + o o (Vip, PVp) + o*(Vap, (H — A —i0T) "' PVy)
+ a3 B, Raw). (5.32)
By (5.30), we can write

A=As = _U<1/}7 V,l/}> + <1/}7 R41/}>7 (533)
with ||Ry|| < Cy40?, and hence

A= Ao)a; B = (A= Xp) +a; (A= Ay)?

= (A=) +a; 0% (b, V)2 + O(lo]?). (5.34)
Since 1 = 11 + o1po where 11 is an eigenstate of —PV P, we have
(W, V)2 = | PVY||* = O(lo]). (5.35)
Therefore,
a o (Vip, PV) — a ' o (1, Vip)? = O(|o ). (5.36)
Combining Equations (5.32), (5.34) and (5.36), the statement of the theorem follows. O

We come now to the proof of Theorem 1.15 on the absence of eigenvalues of the perturbed
Hamiltonian H, = H + oV, generalizing Corollary 5.3:

Proof of Theorem 1.15 Suppose first that Condition 1.9 holds and that V € V5. By
Theorem 5.4, there exists g > 0 such that if A, is an eigenvalue of H, with |o| < op, then
(5.23) is satisfied. Taking the imaginary part of (5.23) contradicts (1.20).

Suppose now Condition 1.10 and that V' € By ,. Assume by contradiction that (1.21) is
false. Then the second alternative ii) of Corollary 4.4 holds. Hence we consider a sequence of
normalized eigenstates 1, — 1o, € Ran(P) of a sequence of Hamiltonians H,, := H,, given
in terms of a certain sequence of coupling constants o, — 0, o, # 0. Let P, = |[¢,)(¢]. As
in the proof of Theorem 5.1, the equation (H,, — \,,) P, = 0 is equivalent to (5.9). We notice
that

Im (P,VPP,) = —Im (P,VPP,) = 222Im (P,PP,) =0, (5.37)

On

due to the first equation of (5.9). Next we apply P,V (H — X —i0")~1 P from the left in the
second equation of (5.9), take the imaginary part and use (5.37) yielding

0, P, VIm (H — A —10T)'P)V P,
=\ —NIm (P, V(H — A —i07)7'PPR,). (5.38)
Now we take the expectation of (5.38) in the state 1, use the first equation of (5.9) and
divide by o, yielding
Im ((H = A —i07) "' Py p,p.,
=TIm (P, V(H — A —i0") "' PP, V). (5.39)
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Again, using Condition 1.10, we have that ||(A)* PP,|| — 0 for 1/2 < s < 1. We then conclude
by letting n — oo in the above identity, using Theorem 3.3, which yields

Im ((H — XA —i0") "' P)yy = 0. (5.40)
Clearly (5.40) contradicts (1.20). O

APPENDIX A. DOMAIN QUESTION

We give an independent proof of (1.11) under Condition 1.3 (1), in fact we shall give an
alternative proof of the fact that

D(VG) =, (A1)

cf. Remark 1.4 2). Obviously D(v/G) C G and the graph norm of v/G is equivalent to the

norm on G (defined by (1.3)). In particular D(v/G) is closed in G. Whence (A.1) is in turn a

consequence of (1.11). The proof of (1.11) is in two steps.
Step I We shall show that

D(M)ND(|H|"/?) is dense in G. (A.2)
We will essentially use [FMS, (3.15)]. Whence, introducing the notation
I,(M) = —in(M —in)~! for n € N,

we have

s- lim (H)Y2L,(M)(H)"'/? = I. (A.3)

n—o0
For completeness let us here give the proof of (A.3) following [FMS]: Due to [Mo, Proposition
IL.3)

s- lim (H)I,(M)(H)™' =T (A.4)

n—oo
Introducing

B = (H)" (I,(M) — I) {H)™%; Res € [0, 1],

n

we observe that the families {Bl} and {BY} are bounded. Whence also {Brl/ 2} is bounded

(by interpolation). Using this fact and the fact that ||B}L/2¢H — 0 for ¢ € D((H)'/?) (due to
(A.4)) we obtain (A.3).

Now, to show (A.2), we let ¢ € G be given and define ¢,, = I,,(M)¢. By (A.3) we have
¢n € D(M)ND(|H|Y?) and in fact that ||[(H)/2(¢—,)|| — 0. Obviously |MY2(¢—¢,)|| —
0. We conclude that ||¢ — ¢n|lg — 0.

Step IT We shall show that

D is dense in D(M) N D(|H|'/?) C G. (A.5)
Whence let ¢ € D(M) N D(|H|'/?) be given. Define similarly ¢,, = I,,(H)¢. Since H €
Cio (M) we can compute
[M,1,,(H)] = n'I,(H)[H,iM]I,(H) € B(H),
are therefore deduce that

s lim [M, I, (H)] = 0. (A.6)

It follows from (A.6) that ¢, € D and that ||M (¢ — ¢y, )| — 0. Clearly | (H)'/? (¢—n)|| — 0.
In particular ||¢ — ¢y|lg — 0.
Clearly (1.11) follows by combining (A.2) and (A.5). O
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