ON PAIRS OF PRIME GEODESICS WITH FIXED HOMOLOGY
DIFFERENCE.

MORTEN S. RISAGER

ABSTRACT. We exhibit the analogy between prime geodesics on hyperbolic
Riemann surfaces and ordinary primes. We present new asymptotic counting
results concerning pairs of prime geodesics with fixed homology difference.

1. INTRODUCTION

Let M be a compact Riemann surface M of genus g > 1. It is a fascinating fact
that the norms of the prime closed geodesics on M in many respects are analogous
to ordinary primes p € N. One may think of them as being ‘pseudo-primes’. A
striking instance of this analogy is the prime geodesic theorem which was proved
by Huber [3] and Selberg (see [2]):

(1.1) m(x) = #{y € Z(M)|N(7) <z} ~ li(x).

Here Z2(M) is the set of prime closed geodesics (a geodesic is prime if it is not
an iterate of another geodesic), li(z) = [;"1/log(t)dt, and N(y) is the norm of
defined by N(v) = ') where I(7) is the geodesic length of .

Consider now @ : (M) — Hy(M,Z), i.e. the projection to the first homology
group with integer coefficients. Fix 8 € Hi(M,Z) and let mg(x) be the number
of prime geodesics 7 of norm at most z and with ®(y) = £. Phillips and Sarnak
[8] (and immediately following them Adachi and Sunada [1]) found an asymptotic
expansion for mg(z):

@) | o) +>

T
1.2 wg(x) ~ (g —1)9 1+
(12) o) ~ g =17 g (1 2 1 200

The way in which ¢;(8) depends on the specific homology class 3 remained unex-
amined in [8]. We notice that the main term does not depend on .

In certain applications we would like to understand the dependence of the homol-
ogy class in this asymptotic expansions. One result in this direction is the following
due to Sharp [12]: Fix an isomorphism 1 : Hy(M,Z) = Z29 There exist a 2g x 2g
positive definite symmetric matrix N of determinant 1 such that

o (W(B), N~ (B)) /20% log x -
i(x) 4o ( > ,

(1.3) ms(x) = W

(2mo2log x)9
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2 MORTEN S. RISAGER

where 072 = 27(g — 1) and the implied constant is independent of 3. The main
point is of course the independence of 3 in the error term, since without this (1.3)
reduces to a statement about the main term in a asymptotic expansion a la (1.2).

On average we can get better error terms. Petridis and Risager [6] proved that

o (¥(8).N"1e(p))/20° log &
14 _
- B;g (W’B v (2mo?log x)9

||w(/6)”m§\/@log log
From (1.4) follows an equidistribution result concerning geodesics in (large) sets

of homology classes: Let |7 be a norm on R?9. We say that a subset B C Hy(M,Z)
has asymptotic density dj.;(B) with respect to ||-|| if the limit

L #{BeBlIYE) <o)
e—oo #{B € H\(M,Z)| | (B)|| < =}
exists and equals dj.|(B), i.e. if the image in 729 under 1) has asymptotic density

in Z?9 with respect to ||-||. In [6] it was shown that there exist a norm |-||,, such
that for all sets B C H;(M,Z) with asymptotic density with respect to ||-||,

lz(x)) = o(li(x)).

m5(7)

()
Here mp(x) is the number of prime closed geodesics with norm N () at most 2 and
homology class ®(v) € B.

One may investigate what happens if we consider pairs — or more generally k-
tuples — of prime closed geodesics. Pollicott and Sharp [10] recently did so in the
following way: Let a,...,aq,b1,...bs be a fundamental set of generators for the
fundamental group 1 (M) (see section 3) The conjugacy classes of 1 (M) are in one
to one correspondence with closed geodesics on M. For a closed geodesic we let |y| =
min{wl (g) g € {v}} where {7} is the conjugacy class associated with the closed
geodesic v and wl () is the word length of ¢ in the fundamental set of generators.
Pollicott and Sharp used sub-shifts of finite type and the thermodynamic formalism
to prove the following pair correlation result: there exist a constant ¢ such that for
any a < b

(1.5) — d”.”M(B) as r — OQ.

(1.6) #{(r, A  YT< 0y a < U(y) = 1(7) < b} ~ e(b— “)ST;’

in the limit n — co. We notice that in terms of the ‘pseudo-primes’ N () Pollicott
and Sharp are looking at quotients of norms in finite intervals. For a somewhat
different type of results concerning pairs see [9].

In this paper we study a new - more geometric - counting functions for pairs
of geodesics. More precisely we consider the counting function for pairs of prime
closed geodesics with norm at most x and fixed homology difference:

(17 m(@) =#{n,12 € PM)IN(%) <o, 2(32) — () = B}
This counting function is geometric in the sense that the ordering of elements is
according to the geodesic length. We will prove the following result:

Theorem 1.1. Let € H{(M,Z).
(-1 a2
29 log"*?(x)

5 (x) ~

in the limit x — oo.
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In particular there are infinitely many pairs of prime geodesics with fixed homol-
ogy difference. One may think of this as a hyperbolic Riemann surface version of
the twin prime conjecture. For further explanation as to this analogy we refer to
section 2. We can now ask how the error term depends on the specific homology
class 3. We prove the following result:

Theorem 1.2. Let § € Hi(M,Z).
1 e (W .N"19(B))/20% log(x) .2 72
— 0
29 (2mo?log(x))9 log?(z) <logg+2(9:))

when & > 3, where, when ||¢(8)|,, = o(v/1ogz/loglogx), the implied constant is
independent of (3.

7y () =

As with Sharps result (1.3) the main point in Theorem 1.2 is the existence
of an error term which is independent of 8. Theorem 1.1 follows trivially from
Theorem 1.2. The assumption [[¢(3)],, = o(v/logx/loglogxz) may be relaxed to

1B, = o(v10g ).

Remark 1.3. The geometry of the surface M is intimately linked with the spectrum
of the Laplacian of the surface considered as a Riemannian manifold. This link is
evident from the Selberg trace formulae which relates the lengths of closed geodesics
with the eigenvalues of the Laplacian in a summation formulae. (See (3.7) below).
This ‘duality’ between the length spectrum and the Laplace spectrum has proven
itself extremely useful both in the study of eigenvalues (e.g. Weyl’s law (see e.g.
[13, §4.4])) as well as in the study of the lengths of geodesics which is what we
investigate in the present work. We use the Selberg trace formulae to count primes
in a homology class (a technique developed by Phillips and Sarnak [8]), and we
keep track of the dependence on the specific homology class in the error terms. We
then analyze how these error terms contribute to the relevant sum.

Remark 1.4. The fact that we are considering surfaces of fixed negative sectional
curvature —1, is not essential. If M has variable negative curvature we can combine
the ideas of this paper with the ideas developed by Sharp [12], to get results similar
to theorems 1.1 and 1.2. In this case the proof uses the thermodynamic formalism
instead of the Selberg trace formulae. It is also possible to obtain similar results
for free groups using ideas by Petridis and Risager [6, 7].

Remark 1.5. The techniques used in this paper may be used to study counting
results of a more general type than the ones we consider. Consider any A C
Hi(M,Z)*. We may then consider the counting function

(1.8) #{(i) € Z(M)*|IN(i) <z, (6(7)) € A}

This may be rewritten as

k
Z H Ta, (2)

(ai)k_ eAi=1
By using good expansions for 7, (x) it is now possible to study (1.8). To prove
Theorem 1.2 we develop and analyze this in full for

A= {(a1,a2) € Hi(M,Z)*|az — ay = S}

The techniques certainly apply to much more general sets. We hope this paper will
be facilitating for anyone interested in such questions.
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The paper is organized as follows: In section 2 we describe how the results
in this introduction may be seen as analogues of statements in analytic number
theory. Section 3 briefly describe the technique developed by Phillips and Sarnak
(combined by an idea of Sharp [12]) to count primes in a specific homology class. In
the following section we describe how this may be transformed into counting prime
pairs with fixed homology difference. In Section 5 we find the main and error term
of a counting function with certain weights, and in Section 6 we explain how to use
multi-variable summation by parts to remove these weights.

2. ORDINARY PRIMES IN ARITHMETIC PROGRESSIONS

There is nothing new in this section. Its purpose is to emphasize how (almost)
all the results mentioned in the introduction are analogues of classical results or
conjectures in analytic number theory. Readers not interested in such connections
should feel free to move to the next section, as the rest of the paper does not depend
directly on this section. We quote from [4] but most of the results can be found in
any solid textbooks on analytic number theory.

Let II(z) = #{p < x} be the number of primes less than or equal to z. The
prime number theorem [4, Section 2.1] proved by Hadamard and de la Vallée Poussin
asserts that

(2.1) I(x) ~ li(z).

The theorem of Huber and Selberg (1.1) is analogous to (2.1).

Given a primitive conjugacy class a mod ¢ i.e. (a,q) =1 we let II(z; a, q) be the
number of primes less than x with p = @ mod ¢. The main result about primes in
arithmetic progressions is ([4, (17.2)])

li(x)
P(q)’

where ®(q) = #{1 < a < ¢|(a,q) = 1} is the Euler totient. The result of Phillips
and Sarnak (1.2) my be considered analogous to (2.2).

In applications to other problems involving primes it is of great interest to know
how the error term in (2.2) depends on ¢ and x. A first result in this direction is the
Siegel-Walfisz theorem [4, Corollary 5.29] which states that for all A > 0 a,q € N,

(a,q) =1

(2.3) (z; q,a) = g({g 10 (logf(x)> :

when = > 2 where the implied constant depends only on A. We like to think of
Sharps theorem (1.3) as analogous to this result.

The extremely potent idea of taking averages over g and a to get better bounds
on the error term on average has been used very successfully in the famous theorem
of Bombieri and Vinogradov [4, Theorem 17.1]:

(2.2) I(z; q,a) ~

Theorem 2.1 (Bombieri-Vinogradov). For any A > 0 there exist B > 0 such that

li@)| _ (=
2 B (q) ‘O(logA<x>>

where ) = x1/2log’3(x). The implied constant depends only on A.

(x;q,a) —
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Conjecturally (Elliot-Halberstram) we can take @Q = x'~¢. In many applications
Theorem 2.1 is an excellent substitute for the Generalized Riemann hypothesis
which says that TI(x, g, a) = li(x)/¥(q) + O(x/?*€) The large range ¢ < '€ can
be handled on average if we allow averages in a also (See [4, Theorem 17.2]):

Theorem 2.2 (Barbon, Davenport, Halberstram). For any A > 0 there exist
B > 0 such that

zz) q(mx;q,a)_ {;g;)lo(bg%)
(a,q9)=1

where Q = xlog=B(x). The implied constant depends only on A.

The theorem of Petridis and Risager may be considered analogous to Theorems
2.1 and 2.2.

A folklore conjecture says that there are infinitely many twin primes i.e. primes p
such that p+4 2 is a prime. This conjecture was quantified by Hardy and Littlewood
who conjectured that

1
(2.4) #{p1,p2 < zlp2a —p1 =2} ~ 202/ ——dt
1 log™(t)

where c2 = [, (1—(p— 1)=2). We could prove it if we where able to handle certain
linear combinations of II(x;q,a) — li(x)/P(q) See ([4, Section 13.1]). Certainly
the Montgomery conjecture — Il(z;q,a) = li(x)/¥(q) + O(x*/?*/q*/?) — would
give it immediately. Unfortunately we are not able to handle the relevant linear
combinations and the twin prime conjecture remains completely open.

Theorem 1.1 is analogous to the Conjecture (2.4), and its proof goes along the
same lines as what one would like to do for primes. But for prime geodesics the
B dependence of mg(x) can be understood well enough that we can prove which
contributions give error terms and which contribution gives the main term in the
relevant linear combination.

3. COUNTING PRIME CLOSED GEODESICS IN HOMOLOGY CLASSES

In this section we set up some notation and explain how the Selberg trace formula
can be used to count geodesics in a homology class. We then quote an equality from
Petridis and Risager [6] which is proved using this technique. This equality is the
starting point of our current investigation.

Any compact Riemann surface of genus g > 1 without boundary may be real-
ized as M = I'\H, where H is the upper half-plane and I' C PSLy(R) is a strictly
hyperbolic discrete subgroup of PSLy(R) acting on H by linear fractional transfor-
mations. The surface M has fundamental group 71 (M) = I'. The closed oriented
geodesics are in one to one correspondence with the conjugacy classes of I" by the
following recipe: Pick a base point zg € H above m. From a conjugacy class {v}
we project (mod I') the geodesic in H from zy to yzo to M which is homologous to
a closed geodesic on M.

The group I' has a fundamental set of generators i.e. a set of generators

al,...,a97b1,...,ngI‘

with one defining relation
[a1,b1] -+~ [ap, bg] =1
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where [a, b] is the commutator of a and b.

We let C;, i = 1,...g, be the geodesic induced by a; and Cyi4, i = 1,...g, be
the geodesic induced by b; (The fundamental generators lie in different conjugacy
classes so i # j implies C; # Cj;). The first homology group H; (M, Z) is isomorphic
to the free group over Z of C1,...,Cyy, i.e.

Hy(M,Z) = {Zmicim € Z} = 720

The exist a basis for the space of harmonic 1-forms which is dual to Cy,...Cyq
in the sense that

(3.1) / w; = 8.
C;

These lift to harmonic differentials a; = R(f;(2)dz) on H where f;(z) is a holo-
morphic form of weight 2 with respect to I'. Then v € I induces a geodesic with
homology > m;C; if and only if

(3.2) $() = </7 al/’y azg> — (s may).

We notice that ¢(v) does not depend on the choice of path or of the choice of zg.
Consider the unitary characters on I' defined by

Xe ¢ I' — St
v 2mileme

where € € R?9 and (-, -) is the usual inner product on R™.
Consider now the set of the set of square-integrable x.-automorphic functions,
i.e. the set of f: H — C such that

(3.4) f(vz) = xc(f(z)

and
(3.5) /F F(2) dp(z) < oo,

where F' is a fundamental domain for T'\H. Let L. denote the Laplacian defined as
the closure of

o [ 0% 0?

(3.6) Y <8x2 + 8y2>

defined on smooth compactly supported functions satisfying (3.4) and (3.5). The
Laplacian is self-adjoint and its spectrum consists of a countable set of eigenvalues
0 < Aoe) < Aife) < ... We write \j(e) = 1/4+7’?(e) = 5;(€)(1 — s;j(e)). All our
geodesic counting results has their origin in the Selberg trace formula for L. which
relates the Laplace spectrum with the length spectrum in a very precise way. (See
[11, 2]):

(3.3)

oo

Z h(r;(e)) =2(g — 1) / 7 tanh(7r)h(r)dr

(3.7) Xe()U(7) h(i(y))

= ksinh(i(v)/2)

where h is a smooth even function on R of compact support, h is its Fourier trans-
form and I(7) is the length of the geodesic induced by v € I'. When ¢ = 0 the
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contribution from r4(0) should be counted twice. One of the main ideas in [8] is
that by multiplying (3.7) with exp(—2mi ((83),¢€)) and then integrating over the
whole character variety (i.e. over e € R%9\Z29) we pick out exactly those v on the
right hand side of (3.7) with homology class 3.

By combining ideas of Sharp [12] and Phillips and Sarnak [8] it is possible to get
precise information from (3.7) about

S
(3.8) Ry(x) = 3. smh((lzi)/%

N(y)<z
@(v)=p

(the ’ on the sum means that we only sum over prime geodesics). Petridis and
Risager noticed [6, (2.11)] that up to an error term of decay (independent of 3) z—°

Rp(z) e~ (PBLNT10(8))/20% log(a)

3.9 _
(3.9) 4/x (2mo2log(z))9
equals
so(e)—1)log(x _
(310) / (M _ 67(6,]\76)471-202 log(z)/Q) Xeﬁde
B(p) 280(6) -1

for every sufficiently small p. This will be the starting point for our investigation
concerning pairs of prime geodesic.

4. COUNTING PRIME PAIRS WITH FIXED HOMOLOGY DIFFERENCE

In this section we explain how to use the counting technique described in the
previous section to count pairs of geodesics with restrictions on their homology
difference.

We define, for 1,22 > 1,

(21, 22) = # {11,72 € P(M) N(7;) < 21, 8(72) — B(72) = B}

and we denote Wg () :== ﬂg(z, x). We fix 0 < k < 1. We will always assume that

(4.1) 2k <z <z

An obvious choice is to let © = max z;. Then (4.1) puts restrictions on min z;. The
restriction (4.1) implies that log(z1), log(x2), and log(x) are all of the same size
(ie. log(x1) = log(xzs) = log(z)) The same is true for log™'(x1), log™'(z2), and
log™*(z). When we, in the following, estimate various sums the error term may
depend on k but never on x.

Instead of working with 7r§ (21, x2) directly it turns out to be more convenient
for us to work with something closer related to Rg(x). In principle we would like
to use

5 B N(vi) <@
m(zas) = Y # {71,72 € M) ‘ (@(m), ®(12)) = (o, B+ @) }

a€H, (M,Z)

— Z Wa(xl)ﬂﬁ+a(x2)

a€H, (M,Z)
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but it turns out to be more convenient to use

! [(y1)l(y2)
Z sinh (I(71)/2) sinh (I(72)/2)

Rg (3:1, J,‘g) =
N(v:i)<wi
Q(72)—2(71)=8

(4.2) = > Ra(#1)Rass(2)

a€Hy(M,Z)

The main strategy is now to use (3.9) and (3.10) to find an asymptotic expansion
for (4.2) and then use multi-dimensional partial summation to get the expansion
for 75 (1, x2).

We start by making some estimates on Rg(z). Consider

f o) = (e(sﬂ(ﬁ)_l) log(l') _ e—(€7N€>47T20'2 10g(1‘)/2> )

2s0(e) — 1
We let
) v o~ (¥(8), N~ (B)) /20° log(x)
A(B,x) = 4z
(4.3) ( (2o log(@))?
B(8,x) = [ fulOnlde.
B(p)

From (3.9) and (3.10) we have
(4.4) Ry () = A(B,) + B(B,z) + O@"/*™")

for some 6 > 0. The constant § and the implied constant are absolute.
To be able to bound expressions involving B(, x), i.e. 32, X3, and X4, we recall
Proposition 2.5 from [6].

Proposition 4.1. Let N = {(w;,w;)}.
(i) For every ey € R?9

e(so(e/2mf\/log(z))71)log(x) N ef<e,Ne>/2

as r — 0Q.

(ii) There exists § > 0 such that for all ||e]] < §4/log(x)
)e(so(e/QﬂU\/log(m))—l)log(x) _ e—(e,Ne)/Q‘ < 26—<E,N€>/4.
(iii) For all @ > 0 sufficiently small there exist C > 0 such that for alllog(z) > 0,
el < dlog(x)°,

‘e<sO<e/p\/log<m>>71>logm _ ef<e,Ne>/2‘ <o
log(z)1—2¢

(iv) Let 0 < v < 1/4. For every k > 0 there exist constants 61,92 > 0 such that,

67V<€,NE>
log"(z)
when log(z) > 0, §;14/log(log(z)) < |l€]| < d2+/log(z).

We use Proposition 4.1 to prove the following lemma:

‘e(so(e/ZWJ\/log(x))fl) log(z) _ ef<e,Ne)/2‘ <
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Lemma 4.2. Let j =1,2. For everyl > 0 there exist a § > 0 such that

(4.5) /B/( | ‘fm(e)‘j de = O((log x)*(g+j)+5)

(4.6) / o) de = O((logz) ™)
B(8)\B’(x)

where B'(x) = B(dy/loglog z/+/log x).

Proof. We let j = 1. By a change of variables we see that

| 1n0lde=@rovisgay @ [ fule/2m0 log )| de
B'(x)

|lel| <270 d+/log log

/ | fe(€)| de = (2mo\/log z) ™29 / fule/2m0o/log :5)‘ de
B(&\B'(z)
2nod+/loglog z<||e||<p2mo+/log(z)

We now let & = 6;/2mo where §; are constants as in Proposition 4.1 (iv) with
k = 1. We may safely assume that p has been chosen so small that p27o < 5.
Since sp(¢) is even with s¢(0) = 1 we have

(4.7) |(2s0(e) = )" = 1| < C[Je])?
when |le]| < p. Hence the integrand is bounded by
‘e(so(e/Qmﬁ/log z)—1)logx e—(e,Ne)/2‘ +C ‘6(80(6/271'0'\/10g z)—1)logx ”6”2 logx_l

which by Proposition 4.1 (ii) is bounded by

‘e(so(e/zmﬁ)—nT _ e—(e,Ne>/2‘ 1 CeteNe) 1

logx™ ",

for some small p > 0.
When |le]| < 2mod+/loglog z we use Proposition 4.1 (iii) to conclude (4.5).
We can safely assume that ds is big enough that

ey o €N
e,

log' (x)
when d2v/loglog z < |le]| < p2mo4/log(z). Using Proposition 4.1 (iii) we see that

—p(e.Ne)/2
fm(e/Qwax/logx)’ < C"eli
log'(x)

in this region, from which we easily conclude (4.6).
The case j = 2 is similar.

O

We now return to the sum (4.2) We start by showing that we only need a finite
sume:

Lemma 4.3. Let ||r||,, = > |ri| be the maz norm. There exist a constant C > 0
depending only on M such that

(4.8) [e(Vl < Cly

for all closed geodesics v .

Proof. This follows directly from [6, Lemma 2.4]. O
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From Lemma 4.3 follows that Rg(x) = 0 if ||1»(3)[|,, > Clog(x). This implies
that in (4.2) we only need to sum over
(4.9) [¥(a+B)l,, < Clog,
(4.10) [(@)ll,,, < Clog

Since we are mainly interested in asymptotics we may restrict the sum to a much
smaller sum. We define u(x) = y/log(z) loglog z and let

(4.11) Rj(z1,22) == Y. Ral(a1)Rats(x2)
a€H,(M,Z)
(@)l <u(z)

Then

(412)  RY(21,22) — RS (21, 22) = > Ro (1) Rt (o)

a€H(M,7Z)
uw(@) <[P (a)ll,, <Clog(x)

(4.13) < O( Vi > Ra(x1)>

9
IOg T2 a€H,(M,Z)
u(@)<||¥(a)ll,, <C'log(x)

m

We used Lemma 4.2 to get the inequality. The sum

Z Ra (1)

o€ Hy (M,2)
u(@) <l () ll,, <C log()

is o(y/x1) by [6, Lemma 2.7].

It follows that

~ \/L1T9

(4.14) Rg(xl,xg) — Rg(acl, x2)=o0 <10g‘g(x)
so for the asymptotic results we are aiming at, we may consider the small sum
Rg(xl,xg).

Using (4.14) we conclude that when x > 3

Rz, m2) = Y Ala,z1)A(e+ B, 22)
a€H(M,Z)
I ()], <u(x)

+ Z Ao, z1)B(a+ B, 22)
a€H,(M,Z)
I (), <u(x)

(4.15) + Y, Blaym)A(a+ Bas)
a€H(M,Z)
I ()l <w(a)

+ Z B(a,z1)B(a+ 3, x2) + o((x122)'/? / log? )
€ Hy (M,Z)
I ()l Sula)

= El(ﬂvxlva) + 22(571'1,1}2) + ZB(ﬁvxlva) + E4(ﬁ,$1,$2)
+ o((x122) %/ log? ).

for some &’ > 0.
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5. FINDING THE MAIN TERM AND ERROR TERM

We ended the last section by splitting the function Rg (1, 22) into four different
contributions and an error term. In this section we determine which contributions
are ‘big’ and which are ‘small’. We will prove the following result:

Theorem 5.1. Let € Hi(M,Z) and 0 < k < 1. Then
—(¥(8),N~"9(8))/20” log x2 1/2,1/2
R3(x1,20) = 16%}/2“@;/26 5 +o 2x1 T2 5
(2mo?(log z1 + log x2))9 log?”% (1) log?/?(x:2)

when 3 < 2% < z; < x, |[¥(B)]],, = o(v/Iogz/loglogx)) and x — oo, where the
implied constant depends at most on k and M.

Our starting point is the identity (4.15). We start by showing that the main
term comes out of X.

Lemma 5.2.

-1 2
$1(8, 21, 72) = Lgl/2gr/2e PN 2 s 2 +o L
TV S o2 ! 2 (27T0'2(10g$1 + IOg.TQ))g lOgg/Q(.’E]) logg/Q((L'2)

where, when || (B)|],, = o(v/logxz/loglogx), the implied constant is independent
of 8.

Proof. Using (4.15) and (4.3) we easily find that

16 VLT =

E ) ) =
1B, w1, 2) (2m02)29 (log 1 log x2)9
{a.n=1a)  ((atp(8), N~ (atu(a)
Z e 20%logzy o 202 log g
a€ez?9
lall,, <u(z)
_ VT e~ ($(B),N"1w(B)) /207 log x2
-~ (2m0?)%9 (log z1 + logx2)9
(asn—ta) .
e_ 202g(wy,20) _9 <Q’N w(ﬁ)>
Z e 202 log zo
720 g(xh:r?)g
lell,, Su()
where
1 1
5.1 g(x1,x2) = (log™ 2y +log ' zg) ™t = 08 1108 2
g g

~ logx; +logas
We must therefore understand the above sum.
We consider first the case where 5 = 0. In this case we consider

1 e
(5.2) oty >

729
<u(z)

m=

7<a,N71a>/2029($1,x2)

g(w1,22)9

lleell
It follows from [6, Lemma 2.10] that this sum converges to 1, and we conclude that

1621241/ L1/2,1/2
(0 _ ) 1 Ty
10.21,22) = G og T logaa)) T ° log?2 (21 log" ™ (z2)
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which proves the lemma when 3 = 0.
The general case follows in the same way if we verify that

(5.3) yof

a€Z?9
llell,, Su(z)

m—=

—<a,N71a>/2029(I1,w2)

( )g (1 _ ef2<a,N_1w(ﬂ)>/2a2 logwg) _ 0(1)
g\T1, T2

when ||3]|,,, = o(v/log z/loglog z).
There exist a decreasing function r(z) going to zero as x — oo such that ||3],, <
r(x)+/log 2/ loglog z). Hence there exist an absolute constant C' > 0

(5.4) (1— e*2<0‘,N_1¢(5)>/2U2 10551?2) < Cr(z)

when |laf),, < Vlogxloglogx. The bound (5.3) now follows from this and the fact
that the remaining part of the sum converges to 1 ([6, Lemma 2.10]). In particular
it is bounded (independently of j3) (]

Remark 5.3. It is fairly straightforward to improve Lemma 5.2 to only requiring
I18]l,, = o(v/logz). This requires showing that we need only to sum over u(t) =
V0og(z)v(z) in 4.15. Here v(x) is some function which grows sufficiently slowly to
infinity.

We are now ready to bound the 3 remaining terms of (4.15) which all go into
the error term in Theorem 5.1:

Lemma 5.4.

L1/2,1/2
(B x1,22) =0 L 2 , 1=2,3
( 1 2) <logg/2(:c1)10gg/2($2)>

where the implied constant is independent of (3.
Proof. We see from (4.3) and (4.15) that the function X3(8, z1,22) equals

—((a+8),N " p(a+p)) /20% log(z2)
(2mo?log(x2))9

1621221/ / fale) 3 F Xade.

a€H, (M,Z)
BO) e, <u(z)

By bounding the character trivially and using Lemma 4.2 we get that
(5.5)

1/2,1/2 —(¥(a+B), N~ p(a+p)) /207 log(w2)
¥3(8, w1, 22) O<1xgl+1m§ Z - (2 2] ( )9 >
og (x1) wCHL(M.Z) wo? log(za

ll ()l <w()

The result follows from the fact that

log_l(xl) <k ! log_l(xg),
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if we show that the remaining sum in (5.5) is uniformly bounded. To see this we
note that
—(¥(a+8), N~ p(a+p)) /20% log(w2)
> - (2ro?log(22))9 = 2
a€H1(M,Z) 2

a€H(M,7Z)
I (), Su(=) l¥ (), Sulz)+118l,,

e~ (¥(@), N~ 9 (a)) /207 log(w2)
(2702 log(2))9

o~ (¥(@). N7 (a)) /207 log(x2)

—(v(@), N7 ()} /20° log(w2)
< Y€

+ )
2
a€Hy (M,Z) (2mo*log(x2))? a€Hy (M,Z)

() I,y Sw() u(@) <l () ||, Sw() Bl

(270? log(w2))°

The first sum is independent of 8 and converging to 1 ([6, Lemma 2.10]. The second
sum may be bounded by an absolute constant times

Z e—an/log:v Z e—,unZ/log:t 9-1
neN viegz neN v log
u(x)<n

for some small g > 0. It is easy to see that this is bounded (in fact converging to
zero) by comparison with an integral. The sum X5(8,z) may be handled in the
same way. O

L1/2,1/2
Y4B, x1,22) =0 1L 2
4( 1 2) <10gg/2($1)10gg/2($2)>

where the implied constant is independent of (3.

Lemma 5.5.

Proof. Using the definitions (4.3) and (4.15) we see that X4(0, z1, z2) equals

(5.6) 1627 %x, / Fr( D far(€@) D0 xaxsdelde’
B(p)xB(p) a€H(M,Z)

1% (@)ll,,, <u(x)
We write B(p) x B(p) = [B'(x) x B'(2)] U[(B(p) x B(p))\ (B'(x) x B(x))] where
B'(z) is defined in Lemma 4.2, and the corresponding [ is chosen sufficiently large.
We split the integral in (5.6) accordingly.

In the part over B(p) x B(p)\B'(z) x B'(x), we bound the sum trivially by
O(u(v)?) and the remaining integral is easily seen to be O(log(x)~") for h as big
as we care for by choosing the data of B’(x) sufficiently well.

In the integral over B’(x) x B’(z) we use Cauchy-Schwarz to conclude that

Fo @@ Y xS de e
'(z "(x a€H(M,Z)
By Bre) (@), <u(x)

is bounded by

1/2
(5.7) ( / yfm<el>fm<e2>|2deld8>,
B’ (z)x B’ (x)
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which is O((log z; log z5)~(9/241)+¢) by Lemma 4.2, times

2 1/2
(5.8) ( / Z X?lX?zJFB d61d62>
BB e ey
Notice that
2 1/2
( / Z x?lx‘:;ﬁ delde2>
B/(z)xB'(z) | *€H1(M.Z)

I ()N, <u(z)

< #{a € Hi(M,Z)| [[()ll,,, < u(@)} x vol(B'(x))
— O(u(x)?(\/loglog /y/log 2)%9)

— O((loglog 2)*)

Collecting the pieces we see that

x}ﬂx%ﬂ

log= 'z
log9/2(x1) logg/2(x2)

from which the result follows. O

E4(ﬂ,$1,$2)::(9 <

Theorem 5.1 now follows from (4.15), Lemmata 5.2, 5.4, and 5.5.

6. USING PARTIAL SUMMATION

In this section we show how to use multi-dimensional partial summation to con-
clude from Theorem 5.1 our main result:

Theorem 6.1. Let 5 € Hi(M,Z) and 0 < k < 1.

o (V(B).NT1(B)) /20 log(x2)

T1T
(w1, 22) = ( 2

2ro?(log x1 + log(x2))9 log(xy)log(xs)

o X129
log?/2+1 (z1) log?/2+1 (z2)
when 3 < 2F <, <z and x — oo, where the implied constant depends at most on
k and M for ||¢(B)|,, = o(v/log x/loglog ).

We notice that putting 1 = z2 we obtain Theorem 1.2 and Theorem 1.1
To prove Theorem 6.1 we let

Z/ 410gN(’Y1)10gN(72))'

NeTee  VNODVN(2)

D(7y2)—P(71)=8

Py (w1, 20) =

‘We have a trivial bound
(6.1) Pl (z1,25) = O(w}?23"?)

which follows directly from (1.1) by ignoring the condition ®(v2) — ®(y1) = 3.
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It is not difficult to see that
’Rg 1’171'2) — Pf(l’l,l'g)‘

Z 21og(N(71)) log(N(72))
C NGoes VN N(72) sinh (log(N (72)/2))

_ Z’ 2log(N(y2)) log(N (1))
N, Sinh(IOg(N(Wz)/Q)) N (71) sinh (log(N(71)/2))

2log(N log(N(72))

(62 N('%;wl \/T N(WZ: N yz) sinh (log(N (72)/2)
B / 2log(N log(N(71))
X e .. NCsnh (s (NG72)

=01 +23%)
We used (1.1) again in the last estimate. It follows that Theorem 5.1 holds with

Rg(:cl,xg) replaced by Pf(xl,xg).
Using multi-dimensional partial summation ([5, Theorem 1.6])we find

Z/ - Z/ 4log N(v1)log N(72) VNODVN(2)
N(yi) <z N ()< VN()V/N(ye)  4logN(71)log N(y2)

D(v2)—P(71)=58 D(v2)—P(71)=58

= VIIVT2Z pBio 2y)
410g;1:1 logxg

410 / ,Il,tg (tg)dtg

(6.3) 410gx2 / 5 (1, o )m(ty)dtr
/ / Bty to)m(ty)m(ts)dtadt .

where

(6.4) miy=2 Yt _ 1 !

dtlog(t)  2/log(t) ilog(t)

We then find the asymptotics of the three integrals.
Lemma 6.2. Let w € R.

Xy T
[ Bt (Vi tog () s = Yo P )
1

og" (1)
o le;/Q
logg/2+w( 1)10g9/2(172)

Proof. We start by noting that it follows from the trivial bound (6.1) that

VI 5 w _1 3/4 1/2
/ Py (t1,2)(vt1 log" (t1)) " dt1 = o(x " 25'7)
1

where the implied constant is independent of (3.
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(Clearly P (z1,25) = 0 for @1 or x5 close to 1 since lengths of geodesics does not
accumulate at zero, so the integral makes sense even though there seems to be a
singularity at 1).
Let
12 1/2 o~ ($(B).N"1e(B)) /20° log >

=16
mg(z1, x2) Ty Ty (2mo2(logz1 + log x2))9

Consider now

xrq Jj
/ P} (t1,22) (v log® (1)) " dty — 71136(5517@)
Nen

log® (z1) 2

B /I1 (PJ (t1,22) — mpa(t1,22))(VE1 log” (t1)) " dty

N
z1
(65)  + / m(ty, 2) (VE log® (t1)) " dty — Yo - PJ (21, z2)
N log® (z1)
z1
- / (P2 (11, 22) — mia(ty, 22)) (VT log" (1)) "ty
N
/2 1/2
Vi1 VIT s %y
——ma(T1,22) — —p—FPy (x1,22) + O | ——75— ] .
Tog™(ar) "1 T2 T gty L2 (P 22) FO | e

Using Theorem 5.1 and (6.2) it follows that there exist a function g (z) depending
on k', independent of 3, and decreasing to zero as x — oo such that if ¥ <ai <z
then
xi/ 2 x%/ 2

log?/? (1) log?/? ()

(6.6) PQB(Il,.’L'Q) —mg(x1,22)| < g ()

We let k' = k/2. Then since we are assuming a2k < z; < 2 we have ¥ <ty,x9 <
x when t; > /x1.
If we take absolute values in (6.5) we therefore find

T

-] < gw (VD)o ? log =972 (w5) / log ™27 (11))dt,
VEL

= P nal?
+ 1\ + O
log®” (:cl)g}c ( )1ogg/2(x1) log?/? () log*" ! (21)

1/2
=o0 T1%s .
log?/ %% (1) log?/?(x2)

Lemma 6.3. Let w € R.

/1302 Py (w1,12) (V2 log® (t2)) ' dta =

i) 3
P
1 w(ZL'Q) 2(:6171’2)

1/2
T T2
+o /2 /24w
log?’“(z1) log? (x2)

where the implied constant is independent of (3.
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Proof. We claim that

/””2 (21, £2) (VEz log® (t2))~dt = mp (w1, 1) —Y2—+O =,
mpa(Tq, og =mpl\x1,T w
v B\L1, 12 2 2 BA\LL, L2 log® (2) logg/Z(xl)logg/2+w+1

where the implied constant depends at most on k and w. Using partial integration
we see that

/xz o~ (¥(8). N~ (B)) /207 log(t2) e (¥(8), N~ (B))/20° log(2)
w dtz = X2 ™
VT3 log?™™ () log?™™ (5)
e~ (¥(B)N"1w(B))/20% log(\/72)
— /T
’ log?™* (\/%2)

(6.7)

dts.

2 (T WWONTO) 2080 (— (1(8), Np(8) /207 log(t2) — (g + w)
s o T

Since e~ v is bounded for v € Ry the enumerator of the integrand is bounded
(depending on g an w) and the claim follows easily.
Using the claim the proof follows the proof of Lemma 6.2 almost verbatim. [J

Lemma 6.4. Let wi,ws € R.

] 2
/ / PP (t1, 1) (VE1 1og™ (t1)v/E2 10g™2 (t2)) ™ty dty
1 1

1/2 1/2
Lo

:bg(mmg<m>

o X1
logg/Q‘”'w1 (21) log9/2+w2 (22)

Proof. 1If we bound Pf (21, x2) trivially 6.1 we see that we only need to bound the
integral over (t1,t2) € [\/Z1, 1] X [/T2, x2].

Py (a1, 22)

1/2_1/2

/xl /12 dtdt 71 T Pl (x1,22)
“ .. -— wl x ,m
var vz 152 log”* (x1) log"? (z2) 2\ =2

5 (t1,ta) — ma(ts, t2)) (Vi log™ (t1)v/E2 log™ (t2)) L dtdts

1/2 1/2
t1,t
mﬁ( 1, 2) dtldtQ _ Ty Ty

mf log"* (t1) /2 log"> (t2) log™* (1) log™* (x2)

Py (w1, 22)

We use (6.7) and a calculation on the last integral:

T xro
= ’/ / (Pzﬁ(tl, tg) — mg(tl, tQ))(\/HIngl (tl)\/glong (tg))ildtldtg
1JVT2

+ T1T2
log“! (x1) log"? ()

log

(mofar2) = P on )| + 0 (it )
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We then use (6.6)

1/2, 1/2
t;
= w(e Vi1 log"t (t1)v/t2 1og"? (t2)) ' dtdt
' / /\/E log?/? t1)10g9/2( )( ! (t1)VE2 (t2))” dtidts
1/2 1/2 1/2 1/2
M Tq 121
+ g (2) — w +0 (ww>
ke ( )1og Y(x1)log™? (x2) 1Og9/ (l.l)logg/2(x2) Jog? 1T (@)
_ 122
10g9/2+wl (1,1) logg/2+u)2 (CCQ)
which finishes the proof the the lemma. O

We are now ready to finish the proof of Theorem 6.1. From (6.3) and lemmata
6.2, 6.3 and 6.4 we find that

3 1 I}/Q.I;/Q 3
— = P
2 (21, 22) = 16 log z1 log zo~ 2 (1, 22)
L1/2.1/2 )
6.8 0] L 2 P. ,
(6.8) + log 21 log 22 log(z) 2 (v1,2)

T1T2

+ o0
10g9/2+1 ('Tl) logg/2+1 ($2)

From (6.3) and Theorem 5.1 we find easily
xi/ 2%/ 2
log? ()

where the implied constant is independent of 3. We conclude that
(6.10)

(6.9) PY(z1,29) =0

8 1 w%/%é/? 3 T1T2
———=_ P
2(.’1?17$2) 16 log(:z:l)log(xg) 2 ($1a$2) +o0 10gg/2+1($1) 10gg/2+1($2)

Using (6.10) Theorem 6.1 follows from Theorem 5.1.
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