A PRIME GEODESIC ANALOGUE OF THE TWIN PRIME
CONJECTURE.

MORTEN S. RISAGER

ABSTRACT. We exhibit the analogy between prime geodesics on hyperbolic
Riemann surfaces and ordinary primes. We present asymptotic counting re-
sults concerning pairs of prime geodesics whose homology difference is fixed,
and explain how this may be considered to be analogous to the classical twin
prime conjecture.

1. INTRODUCTION

Let M be a compact Riemann surface M of genus g > 1. It is a fascinating fact
that the norms of the prime closed geodesics on M in many respects are analogous
to ordinary primes p € N. One may think of them as being ‘pseudo-primes’. A
striking instance of this analogy is the prime geodesic theorem which was proved
by Huber [3] and Selberg (see [2]):

(L1) r(2) = #{y € PMIN(y) < 2} ~ li(a).

Here &2(M) is the set of prime closed geodesics (a geodesic is prime if it is not
an iterate of another geodesic), li(z) = [{ 1/log(t)dt, and N(v) is the norm of
defined by N(v) = e/ where I(7) is the geodesic length of .

Consider now ® : Z(M) — H;(M,Z), i.e. the projection to the first homology
group with integer coefficients. Fix 8 € H;(M,Z) and let mg(x) be the number
of prime geodesics v of norm at most x and with ®(y) = (. Phillips and Sarnak
[8] (and immediately following them Adachi and Sunada [1]) found an asymptotic
expansion for mg(x):

L al) | @) +)

x
1.2 x)~(g—1)9 1
(1-2) mp(@) ~ (9 =1) 1ogg+1x< logz  log’x

The way in which ¢;(3) depends on the specific homology class 3 remained unex-
amined in [8]. We notice that the main term does not depend on .

In certain applications we would like to understand the dependence of the homol-
ogy class in this asymptotic expansions. One result in this direction is the following
due to Sharp [12]: Fix an isomorphism 1 : Hy(M,Z) = 729 There exist a 2g x 2g
positive definite symmetric matrix N of determinant 1 such that

e~ (¥(B). N~ w(p))/20° log .
) -
(2ma? log )7 e +o <logg+1(x)> ’

(1.3) 74(x) =
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where 072 = 27(g — 1) and the implied constant is independent of 3. The main
point is of course the independence of § in the error term, since without this (1.3)
reduces to a statement about the main term in a asymptotic expansion a la (1.2).

On average we can get much better error terms. To explain what is known we
set up some terminology: Let ||r||, = max{|r;|} be the max norm on R?9. We say
that a subset B C Hy (M, Z) has asymptotic density d(B) if the limit

i B € BIYB) | < 7}
v #{0 € Hi(M,Z)[[[¢(B)yll,,, < x}

exists and equals d(B), i.e. if the image in Z29 under v has asymptotic density in
Z29. Well known examples of subsets that has asymptotic density are
Bl = {ﬁlv“'vﬁm}
BQ = {ﬁ € Hl(M, Z)‘w(ﬁ)z = a; mod ll}
By ={p € Hy(M,Z)|ged(¥(B)1, - (B2}
By =1~ (A) where A is a random set in Z29,
where the finite set B; has density 0, the set Bs, which is just a shifted sub-lattice,
has density (I1---lz,)"t, the set Bz has density C(Qg)fl, and the random set By
has density 1/2.

Petridis and Risager [6] proved that for B = B;, i =1,...,4

e~ ($(B).N"1e(B))/20° log &
1.4 _
4 z:B (Wﬁ ! (2ro?log x)9

Be
1B <clogz

lz(x)) = o(li(z))

where ¢ is a constant depending only on M. Hence on average over such sets the
error term in (1.3) is of order z/log* ™! (x). The range in the sum is essentially
best possible: For 8 with [|1)(53)[],, > clogz we have mg(x) = 0. From (1.4) follows
an equidistribution result concerning geodesics in (large) sets of homology classes:
When B=B;,i=1,...,4

mp(2)

(1.5) )

— d(B) as x — 0.

Here mwp(z) is the number of prime closed geodesics with norm at most x and
homology class ®(v) € B.

One may investigate what happens if we consider pairs — or more generally k-
tuples — of prime closed geodesics. Pollicott and Sharp [10] did so in the following
way: Let ai,...,a4,b1,...by be a fundamental set of generators for the fundamental
group w1 (M) (see section 3) The conjugacy classes of 7;(M) are in one to one
correspondence with closed geodesics on M. For a closed geodesic we let |y| =
min{wl(g) g € {7v}} where {7} is the conjugacy class associated with the closed
geodesic v and wl () is the word length of ¢ in the fundamental set of generators.
Pollicott and Sharp used sub-shifts of finite type and the thermodynamic formalism
to prove the following pair correlation result: there exist a constant ¢ such that for
any a < b

2n

(16 ORI < na<160) = 167) < B} ~ b —a) S

in the limit n — co. We notice that in terms of the ‘pseudo-primes’ N () Pollicott
and Sharp are looking at quotients of norms in finite intervals. For a somewhat
different type of results concerning pairs see [9].
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In this paper we study a more geometric counting functions for pairs of geodesics.
More precisely we consider the counting function for pairs of prime closed geodesics
with norm at most x and fixed homology difference:

(17 m(@) =#{n,12 € P(M)IN(%) <o, ®(32) — () = B}
This counting function is geormetric in the sense that the ordering of elements is
according to the geodesic length. We will prove the following result:

Theorem 1.1. Let § € Hi(M,Z).

(g—1)¢ a?
29 log?"*(x)

5 (x) ~
in the limit x — oo.

In particular there are infinitely many pairs of prime geodesics with fixed homol-
ogy difference. One may think of this as a hyperbolic Riemann surface version of
the twin prime conjecture. For further explanation as to this analogy we refer to
section 2. We can now ask how the error term depends on the specific homology
class 5. We show the following result:

Theorem 1.2. Let € Hi(M,Z).
1 e (W .N"1p(B))/20% log(x) .2 72
¥ @rllg@)  logl@) | <1ogg+2<x>)
when x > 3, where the implied constant is independent of 5 with ||y(5)],, =

o(VIog ).

As with Sharps result (1.3) the main point in Theorem 1.2 is the existence of an
error term which is independent of 3. Theorem 1.1 follows trivially from Theorem
1.2.

71'25(3: =

Remark 1.3. The geometry of the surface M is intimately linked with the spectrum
of the Laplacian of the surface considered as a Riemannian manifold. This link is
evident from the Selberg trace formulae which relates the lengths of closed geodesics
with the eigenvalues of the Laplacian in a summation formulae. (See (3.7) below).
This ‘duality’ between the length spectrum and the Laplace spectrum has proven
itself extremely useful both in the study of eigenvalues (e.g. Weyl’s law (see e.g.
[13, §4.4])) as well as in the study of the lengths of geodesics which is what we
investigate in the present work. We use the Selberg trace formulae to count primes
in a homology class (a technique developed by Phillips and Sarnak [8]), and we
keep track of the dependence on the specific homology class in the error terms. We
then analyze how these error terms contribute to the relevant sum. A central point
is to see cancellation in an exponential sum arriving from these error terms. Such
a cancellation was also a key ingredient in [6].

Remark 1.4. The fact that we are considering surfaces of fixed negative sectional
curvature -1, is not essential. If M has variable negative curvature we can combine
the ideas of this paper with the ideas developed by Sharp [12], to get results similar
to theorems 1.1 and 1.2. In this case the proof uses the thermodynamic formalism
instead of the Selberg trace formulae. It is also possible to obtain similar results
for free groups using ideas by Petridis and Risager [6, 7]. A crucial ingredient in
all these generalizations is to see cancellation in a certain exponential sum.
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Remark 1.5. The techniques used in this paper may be used to study counting
results of a more general type than the ones we consider. Consider for instance
A C Hy(M,Z)*. We may then consider the counting function

(1.8) #{(vi) € Z(M)*|IN() < @, ((7)) € A}

This may be rewritten as

k
Z H Ty (55)
(az‘)?:leA =1

By using good expansions for 7, (z) it is now possible to study (1.8). To prove
Theorem 1.2 we develop and analyze this in full for

A= {(a1,9) € H{(M,Z)?|as — ay = 3}

The techniques certainly apply to much more general sets. We hope this paper will
be facilitating for anyone interested in such questions.

The paper is organized as follows: In section 2 we describe how the results
in this introduction may be seen as analogues of statements in analytic number
theory. Section 3 briefly describe the technique developed by Phillips and Sarnak
(combined by an idea of Sharp [12]) to count primes in a specific homology class.
In the following section we describe how this may be transformed into counting
prime pairs with fixed homology difference. In Section 5 we find the main and error
term of a counting function with certain weights, and in Section 6 we explain how
to use multi-variable summation by parts to remove these weights. Then follows
an appendix with some elementary estimates on multidimensional Riemann sums
that we have not been able to find a good reference for.

2. ORDINARY PRIMES IN ARITHMETIC PROGRESSIONS

There is nothing new in this section. Its purpose is to emphasize how (almost)
all the results mentioned in the introduction are analogues of classical results or
conjectures in analytic number theory. Readers not interested in such connections
should feel free to move to the next section, as the rest of the paper does not depend
directly on this section. We quote from [4] but most of the results can be found in
any solid textbooks on analytic number theory.

Let II(z) = #{p < x} be the number of primes less than or equal to z. The
prime number theorem [4, Section 2.1] proved by Hadamard and de la Vallée Poussin
asserts that

(2.1) II(x) ~ li(z).
The theorem of Huber and Selberg (1.1) is analogous to (2.1).

Given a primitive conjugacy class a mod ¢ i.e. (a,q) =1 we let II(z;a, q) be the
number of primes less than x with p = ¢ mod ¢. The main result about primes in
arithmetic progressions is ([4, (17.2)])

li(x)
2.2 II(x;q,a) ~ —=,
(22) (@a.0)~ 503
where ®(q) = #{1 < a < ¢|(a,q) = 1} is the Euler totient. The result of Phillips
and Sarnak (1.2) is analogous to (2.2).
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In applications to other problems involving primes it is of great interest to know
how the error term in (2.2) depends on ¢ and x. A first result in this direction is the
Siegel-Walfisz theorem [4, Corollary 5.29] which states that for all A > 0 a,q € N,

(a, Q) =1

(2.3) (z; q,a) = g({g 10 (logj (x)) :

when = > 2 where the implied constant depends only on A. We like to think of
Sharps theorem (1.3) as analogous to this result.

The extremely potent idea of taking averages over g and a to get better bounds
on the error term on average has been used very successfully in the famous theorem
of Bombieri and Vinogradov [4, Theorem 17.1]:

Theorem 2.1. (Bombieri- Vinogradov) For any A > 0 there exist B > 0 such that

il )

max
®(q)
where Q = x1/2log_B(ac). The implied constant depends only on A.

<0 (a,q)=1

H(:L’7 Q7a) -

Conjecturally (Elliot-Halberstram) we can take Q = z'~¢. In many applications
Theorem 2.1 is an excellent substitute for the Generalized Riemann hypothesis
which says that TI(z,q,a) = li(z)/¥(q) + O(x'/?T) The large range ¢ < 2!~ can
be handled on average if we allow averages in a also (See [4, Theorem 17.2]):

Theorem 2.2. (Barbon, Davenport, Halberstram) For any A > 0 there exist
B > 0 such that

ng;gag;dq <H(x;q’a) - fIZf(ﬁ)z =0 (logf(x)>
(a,q)=1

where Q = xlog=B(x). The implied constant depends only on A.

The theorem of Petridis and Risager is analogous to Theorems 2.1 and 2.2.

A folklore conjecture says that there are infinitely many twin primes i.e. primes p
such that p+2 is a prime. This conjecture was quantified by Hardy and Littlewood
who conjectured that

1
log? (t)
where ¢y = [,5,(1—(p—1)72). We could prove it if we where able to handle certain
linear combinations of II(x;q,a) — li(x)/¥(q) See ([4, Section 13.1]). Certainly
the Montgomery conjecture — Il(z;q,a) = li(z)/¥(q) + O(z*/?>T¢/¢*/?) — would
give it immediately. Unfortunately we are not able to handle the relevant linear
combinations and the twin prime conjecture remains completely open.

Theorem 1.1 is analogous to the Conjecture (2.4), and its proof goes along the
same lines as what one would like to do for primes. But for prime geodesics the
B dependence of mg(x) can be understood well enough that we can prove which

contributions give error terms and which contribution gives the main term in the
relevant linear combination.

(2.4) #{p1,p2 < wlps —p1 =2} ~ 202/
1
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3. COUNTING PRIME CLOSED GEODESICS IN HOMOLOGY CLASSES

In this section we set up some notation and explain how the Selberg trace formula
can be used to cound geodesics in a homology class. We then quote a result from
Petridis and Risager [6] derived using this technique, which is the starting point of
our current investigation.

Any compact Riemann surface of genus g > 1 without boundary may be real-
ized as M = I'\H, where H is the upper half-plane and I' C PSLy(R) is a strictly
hyperbolic discrete subgroup of PSLo(R) acting on H by linear fractional transfor-
mations. The surface M has fundamental group 71 (M) = I'. The closed oriented
geodesics (through m € M) are in one to one correspondence with the conjugacy
classes of I' by the following recipe: Pick a base point zy € H above m. From a
conjugacy class {y} we project (modT") the geodesic in H from 2y to vz to M
which gives a closed geodesic on M.

The group I' has a fundamental set of generators i.e. a set of generators

al,...,ag,bl,...,bg el
with one defining relation
[a1,b1] -+~ ap, bg] =1
where [a, b] is the commutator of a and b.

We let Cs, i = 1,...g, be the geodesic induced by a; and Cy4y, i = 1,...g, be
the geodesic induced by b; (The fundamental generators lie in different conjugacy
classes so i # j implies C; # Cj;). The first homology group H; (M, Z) is isomorphic
to the free group over Z of C1,...,Cyg, i.e.

Hy(M,Z) = {Z miCilm; € Z} = 729

The exist a basis for the space of harmonic 1-forms which is dual to C1, ... Cyy
in the sense that

(3'1) / wj = (5”
C;

These lift to harmonic differentials o; = R(f;(2)dz) on H where f;(z) is a holo-
morphic form of weight 2 with respect to I'. Then « € I' induces a geodesic with
homology >~ m,;C; if and only if

(3.2) 6(7) = (/7 c)q/7 agg> = (m1,. .., may).

We notice that ¢(v) does not depend on the choice of path or of the choice of zy.
Consider the unitary characters on I' defined by
Xe + I' — St

N e2miee

where € € R?9 and (-, -) is the usual inner product on R™.
Consider now the set of the set of square-integrable y.-automorphic functions,
i.e. the set of f: H — C such that

(3.4) f(vz) = xe(0) f(2)

and

(3.5) /F £ du(z) < oo,

(3.3)
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where F is a fundamental domain for T'\H. Let L. denote the Laplacian defined as
the closure of

0?9
— 2 [ R
(3.6) y (63:2 + 8y2>

defined on smooth compactly supported functions satisfying (3.4) and (3.5). The
Laplacian is self-adjoint and its spectrum consists of a countable set of eigenvalues
0 < Xo(e) < Aife) <.... We write \;j(e) =1/4+ 7’]2(6) = s;(e)(1 —s;(e)). All our
geodesic counting results has their origin in the Selberg trace formula for L. which
relates the Laplace spectrum with the length spectrum in a very precise way. (See
[11, 2]):

Ziz(rj(e)) =2(g—1) /_OQ Ttanh(ﬂr)ﬁ(r)dr
Xe(MI()
kSlnh( (7)/2)

(3.7)

h(l(7))
0}

where h is a smooth even function on R of compact support, h is its Fourier trans-
form and I(v) is the length of the geodesic induced by v € I'. When ¢ = 0 the
contribution from r¢(0) should be counted twice. One of the main ideas in [8] is
that by multiplying (3.7) with exp(—27i (¥)(8),€)) and then integrating over the
whole character variety (i.e. over € € R?9\Z?9) we pick out exactly those v on the
right hand side of (3.7) with homology class .

By combining ideas of Sharp [12] and Phillips and Sarnak [8] it is possible to get
precise information from (3.7) about

(3.8) Rp(w) = Z/ smh((z)v)/m

N(v)
<I>(“7)

(the / on the sum means that we only sum over prime geodesics). Petridis and
Risager noticed [6, (2.11)] that up to an error term of decay (independent of 3) x~°

Rs(z) e (PN T"0(®)/20 log(a)

3.9 _
(3.9) 4/x (2mo?log(x))9
equals
(g—1)9 e(s0(€e/py/log(x))—1) log(x) eNo T
(3.10) _ . N .
log? (%) Jp(cpy/log@) \ 250(e/py/log(z)) — 1 ¢/ py/log(x)

for every sufficiently small €. This will be the starting point for our investigation
concerning pairs of prime geodesic.

4. COUNTING PRIME PAIRS WITH FIXED HOMOLOGY DIFFERENCE

In this section we explain how to use the counting technique described in the
previous section to count pairs of geodesics with restrictions on their homology
difference.

We define, for xq,x2 > 1,

(21, 22) = # {11,72 € P(M) N(7;) < 21, 8(72) — B(72) = B}
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and we denote 75 () := 7b (z,2). We fix 0 < k < 1. We will always assume that

(4.1) oF < <.

An obvious choice is to let * = maxz;. Then (4.1) puts restrictions on min x;. The
restriction (4.1) implies that log(z1), log(xs), and log(x) are all of the same size
(ie. log(z1) = log(zs) = log(z)) The same is true for log™'(x1), log™*(z2), and
log_l(x). When we, in the following, estimate various sums the error term may
depend on k but never on x.

Instead of working with 7r§ (z1,x2) directly it turns out to be more convenient
for us to work with something closer related to Rg(x). In principle we would like
to use

B N(vi) <@
)= Y #%mwe@m@‘é L
a€H,(M,Z) ( (71)7 (72)) (a,ﬂ+0¢)
= Z Ta(21)T8+a(22)
a€H, (M,Z)
but it turns out to be more convenient to use
’ L(71)l(72)

R'g($1,$2) = Z

N (vi)<z;
Q(y2)—®(71)=8

(4.2) = Z Ra($1)Ro<+ﬁ(x2)
acH, (M,Z)

sinh (I(y1)/2) sinh (i(72)/2)

The main strategy is now to use (3.9) and (3.10) to find an asymptotic expansion
for (4.2) and then use multi-dimensional partial summation to get the expansion
for 775(331,952).

To be able to handle the infinite sum in (4.2) we start by showing that we only
need a finite sum:

Lemma 4.1. There exist a constant C > 0 depending only on M such that

(4.3) e < Cly
for all closed geodesics y (through m ).

Proof. This follows directly from [6, Lemma 2.4]. O

From this lemma follows that Rg(z) = 0 if ||¢»(8)|,, > Clog(x). This implies
that in (4.2) we only need to sum over

(4.4) lé(a+ ), < Clogas
(4.5) [ (a)ll,,, < Clog

We note that this also allows us to prove the following result:
Lemma 4.2. R%(ml,xg) =0 when || (6)]],, > 2Clog x.

Proof. Certainly if all summands R, (z1)Ra4(22) vanish the result follows. If
lv(a)],, > Clogx; the term R, (z1) is zero. If not the triangle inequality gives

[¥(e+ B)ll,m = 1B, — ()],
> 2C'logzx — Clogx
> Clogxs.
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Therefore (4.4) gives the result. O

We may choose a different constant e.g. C(8) = C' +|3||,, depending on 3 such
that for x5 > 3 we have

{alll(a+ B)ll,, < Clogza} C{al l()],, < C(B)loga}
{alll¥(@)l],, < Clogar} € {al [¢¥(a)ll,,, < C(B)logz},

and we may therefore restrict the sum to |[¢(a)||,, < C(B)logz i.e. for x > 3:

(4.6) Ry (1, 29) = > Ro(21)Ratp(22)
a€H(M,Z)
l¥(a)ll,,, <C(B) log =

Consider now

e(s0(e/py/log(x))—1) log(z)
fole) = —eleNa )
2s0(€/py/log(z)) — 1
We let
e—(tb(ﬁ),N*lw(ﬁ))/QaZ log ()
(4.7) A= N g
' VI / B
B ﬁ,x = 4 z (€
( ) logg (.’E) B(epy/log(x)) f ( )XE/p log ()
From (3.9) and (3.10) we have
(4.8) Rs(x) = A(B,z) + B(B,z) + O(z'/27°)

for some § > 0. The constant § and the implied constant are absolute. Using this
and (4.6) we conclude that when = > 3

R (xy,20) = > Ala, 1) Ao+ B3, 22)
a€Hq(M,Z)
l¥ (), <C(B) log x

+ Z Ao, 21)B(a + 8, 22)
a€Hy (M,Z)
¥ ()], <C(B) log z

(4.9) + Z B(a,z1)Ala+ 3, 1z2)
a€H,(M,Z)
l¥(a)ll,,, <C(B)log

+ > B(a,z1)B(a + B, 22) + Og(z' ™)
a€H,(M,Z)
¥ ()], <C(B) log z

=%1(8, 1, 22) + L2(B, v1, 22) + L3(B, v1, 22) + Lu(B, 71, T2)
+O(C(B)% (w122) /277,

for some §’ > 0.
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5. FINDING THE MAIN TERM AND ERROR TERM

We ended the last section by splitting the function Rg (1, x2) into four different
contributions and an error term. In this section we show which contributions are
‘big’ and which are ‘small’. This is the most technical part of our proof of Theorem
1.2. The deepest result seems to be Lemma 5.6 which utilized cancellation in an
exponentional sum.

In this section we will prove the following result:

Theorem 5.1. Let € Hi(M,Z) and 0 <1 < k. Then

—(¥(8),N~"¢(8)) /207 log x5 1/2 1/2
R (1, 22) = 160} 20}/ 2 tol =t
(2mo?(log x1 + logxa))9 log?/? (z1) log??(x2)

when 3 < zF < z; <z, |[v(B)|,, = o(\/logz) and x — oo, where the implied
constant depends at most on k and M.

Our starting point is the identity (4.9). We start by showing that the main term
comes out of 1.

Lemma 5.2.

—1 2
18,21, 22) = 1622 51/2 e (WL @) 2o s s +o0 x}/Qx;/Q
I b (2r02(loga + log wg))d log?/? (1) log?/? (x5)

where the implied constant is independent of 3, when [|1(5)|],, = o(v/logx).
Proof. Using (4.9) and (4.7) we easily find that

\/ 1
21(B,x1,12) = 16 o

(2102)29 (log z1 log 22)9

(av—La)  (Catw(e). N Latu ()

E e 20%logzy g 202 log g

a€z?9
llexll,,, <C(B) log =

We now let a(x) be any function which increases to infinity as 2 tends to infinity.
From Lemma 7.2 (or rather Remark 7.3) we conclude that if we split the sum into
contributions from |||, < a(x)ylogz and a(x)ylogz < |laf,, < C(B)logx and
bound the last exponential trivially by 1 then the last contribution may go in to
the error term in the lemma i.e.

\/ 1
Y1(B,x1,22) =16 e

(2702)29 (log x1 log x2)9

(av=La)  (Catw(e) N Latw ()

g e_ 202 log e_ 202 log zo

a€Z?9

lall,, <a(z)vIoga

2121/
0 2 72
logg/ (1) log?”*(z2)
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which we rewrite as
JET; e (VBN (B))/20% log s
(2wo2)29 (log z1 + log x2)9 '

(a:n—1a)
e_ 202g(w1,w2) ) <Q’N71¢(B)>
Z _ ¢ 2052 log o

g(xlva)g

=16

a€Z?9

lleell,, Sa(z)vlog z

1/2 1/2

Ty Ty
o 2 72
<logg/ (1) log? (;@))

log z1 log x-

where

= (log~t log™'ay) Tt = ———=
g(z1,22) = (log™ 21 +1og™" 2) log x1 + log x2

We must therefore understand the above sum.
We consider first the case where 5 = 0. In this case we consider

—<o¢,N’1a>/20'zg(xl,z2)

1 e
5.1 —_—
(5.1) (2wo2)9 aez:ZQQ g(x1,22)9

llell,, <a(z)vlogx

From Lemma 7.2 (or again rather Remark 7.3) we conclude that this converges to
1. It follows that

1621/ 251/2 L1/2,1/2
S (0 _ ) 1 %o
10 21,22) (2mo?(log x1 + log z2))9 e log?/? (1) log?/?(x2)

which proves the lemma when 5 = 0.
The general case follows in the same way if we verify that

_<a,N71a>/2029(m1,12) _
G2 Y e o )

a€z?9

lell,, <a(z)vlogx

for some a(z) increasing to infinity and when ||5]|,, = o(y/log z).

There exist a decreasing function r(z) such that [|3]],,, < r(x)vIogz). If we let
a(z) = 1/4/r(x) then there exist a constant C' which only depends on N such that
(5.3) (1 — e~ XN ) /20 s w2y < 1, /()

when |||, < a(z)y/Iogz. The bound (5.2) now follows from this and Lemma 7.4.
This finishes the proof. ([

To be able to bound expressions involving B(, x), i.e. X, X3, and X4, we need
the following lemma:

Lemma 5.3. Let N = {{w;,w;)}.
(i) For every ey € R

e(s50(¢/p\/10g(2))—1) log(x) _, ,—(e.Ne)/2

as r — OQ.
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(ii) There exists 6 > 0 such that for all ||e|| < dp+/log(x).
’e(sae/m/log(w))fl)logm _ ef<e,Ne>/2‘ < 9e{eNa/4,

(iii) There exist constants ,C > 0 such that for alllog(z) > 0, |le|| < dlog(z)'/32,

1
(s0(e/py/10g(@)) 1) log(z) _ f<e,Ne>/2’ <O—>
‘6 ‘ ~  log(z)3/4
(iv) Let 0 < v < 1/4. There exist constants 61,92, such that,
—v{e,Ne
‘e<so(e/p\/log<m))—1>logm _ e—<e,Ne>/2‘ L et
~ log(2)

when log(x) > 0, d1+/log(log(x)) < ||e|| < 0+/log(z).

Proof. Ttems (i)-(iii) is word by word the proof of [6, Lemma 2.5 | with b = 1/4
instead of b = 1/2. Ttem (iv) follows from (ii) since

—v(e,Ne)
e—(eNey/a & 7
~ log(m)

when d1+/log(log(z)) < |[€]- O

As a first consequence of Lemma 5.3 (ii) we see that there exist an absolute
constant C such that

Vv
(5.4) B(B,z) < Clogg(x)'

‘We also have the obvious

Jz

(5.5) AB,2) < Clogs.

We also get the following lemma:

Lemma 5.4.

fz(e)|de = o(1
/B(Wbm| ()] de = o(1)

Proof. Since s¢(€) is even with s¢(0) = 1 we have
(5.6) [(250(e) = 1) 7" = 1] < Ce]f?

when |le]| < e. Therefore when € € B(epy/log(x)), | fz(€)| is bounded by
(5.7)
e(s0(e/py/1og(@))—1) log (@) _ ef<e,Me>/2‘ . ‘6<SO(e/p\/log<w>>fl>1og(w> lel|? 1og(x) ™.

We can now use Lemma 5.3 (i) (ii) to quote the dominated convergence theorem.
The result follows. U

We are now ready to bound the 3 remaining terms of (4.9) which all go into the
error term in Theorem 5.1:

Lemma 5.5.

L2172
Yi(B,x1,22) =0 L , 1=2,3
( 1 2) <logg/2(x1)logg/2($2)

where the implied constant is independent of (3.
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Proof. We see from (4.7) and (4.9) that the function X3(08,x1,x2) equals

16x1/2 1/2 / ; e~ (Vlat BN " (et 8) /207 og(a) ]
:El €
“log?(z1) (2mo?log(x2))9 XE//J\/ log(z1)

€H (M Z)
B(EP Viog(a1)) IIw(a?H éc(ﬁ)logffz

By bounding the character trivially and using Lemma 7.4 we get that the sum is
uniformly bounded and we get

1/2 1/2
Ty Ty

ety At de) .
The conclusion now follows from Lemma 5.4 and the fact that
log™(z1) < k™ 1log™ ! (x2).
The sum Yo(3, z) is handled in the same way. (]

(58) Eg(ﬁ, acl,:cg) =0 (

The last lemma of this section is maybe the hardest. A pivotal point is the use
of cancellation in an exponential sum (See (5.10) below)

Lemma 5.6.

L2172
Y4(B,x1,22) =0 1L 2
4( 1 2) <10gg/2(££1) 10g9/2($2)>
where the implied constant is independent of 8 with || (5)]],, < 2Clog(x).

Proof. Using the definitions (4.7) and (4.9) we see that X4(0, 1, z2) equals
(5.9)
1623 / 1 2 oFP 172
21 (€ ) Jaa (€7)XS de” de
log (xl)log (xg) aEHg(:M,Z) f 1( )f 2( )Xel/p\/log(wl 62/p\/log(12)
(@), <C(B) log «

/2, 1/2

B1 X B

where B; = B(ep+/log(z;)). We split the integration domain into smaller disjoint
pieces. Let ¢ < 1/2 and ¢ > 0:

Bl XBQZDlLJDQUDg

where
Dy = B(clog'(x1)) x B(clog'(z2))
D2 = (Bl\B(clogL(xl))) X BQ
D; = B(clog'(z1)) x (B2\B(clog"(z2))

The expression (5.9) splits accordingly.
The term from Dy : The term related to Dy may be evaluated as follows: We
estimate the x’s trivially and get as an upper bound a constant times

162532 CEr) [ Im@lde: [ 1] de
B1\B(clog*(z1)) By

The last integral goes to zero by Lemma 5.4 and the first integral is of exponential
decay which is seen as follows: Using (5.7) and Lemma 5.3 (ii) we have |fz, (¢)| <

Ce=cMN)1og™ 2 when ¢ € B1\B(clog'(x1)). Here ¢(N) is some constant depending
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on N. It follows that the term in (5.9) related to Ds is O(C(ﬂ)29x1/2_”xé/2) for
some v > 0. In the range [|¢(5)]|,, < 2C log(z) we have
29 29
COPP _ (IO _ -

v = v 1
Ty Ty

and the term in (5.9) related to Do is o(xglfu)/Qmé/Z)

The term from Ds : is bounded by the same bound which is proved in the same
way.

The term from Dy: To handle the sum over D; we need to see cancellation in
the exponential sum. We have

§ : X< X"J"B

et og(x €2 og(x
a€H, (M,Z) /p\/log(1) €2/ py/log(2)
1Y ()], <C(B) log x

. 1 2
27mi( m, 2‘ + 2‘
E e VpZlogzq p<logxg

mez?9
|mi|<C(B) log(x)

€2/py/log(zz2)

The last sum is
2g C(/B) log x el &2

2 J J
H E e 71—”774(\/0210gm1+ pzlogw)

J=1m=—-C(pB)logx

whose norm we may bound in the standard way by

29 1 1

1 2 =T gy

P 274 J J
Jj=1 e m\/p2 10g:c1+ p2logay — ] 49 H
Jj=1

1 €2

J + J
\/p2 log =1 \/p2 log x2

€1 + 62
Ve?logz:r  /pPlogas ||
and the inequality |sin(mz)| > 2{x} where {z} is the distance between x and the

closest integer. Let k(z1,z2) = y/log(z2)/log(z1). We notice that

valid when < 1/2. We used the geometric progression

k < k‘(.’lﬁl,l‘g) < k'_l.

‘We now conclude that
(5.10)

3o N < p*9log? (z1)
) el/p\/log(x) €2 /py/log(x) = 49(|e} + k(x1,x2)€3] - |e§g + k(zl,xg)eggb

a€H(M,Z
I ())ll,,, <C(B) log =
when ||e1 + k(zl,xg)ezﬂm < pv/logz1/2.

We see that in the integral (5.9) we need to take special care of the the regions
close to €} + k(x1,x2)e? = 0 for some i. We do this as follows: Let

S(z) = {(e1,€2) € R? x R?|Fi : |e] + k(z1,22)€; | < (C(B)log?(z)) >}

We then split the contribution from D; in (5.9) into contributions according to
Dy = (D1 N S(x))U(DyNSe(x)).

To evaluate the contribution in 5.9) coming from D; N S(x) we bound the ex-
ponential sum trivially and |fs,(¢)| by a constant (which we can do by Lemma 5.3
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(ii)). We therefore get that this contribution is
O(m}/Qxé/ZC(ﬁ)zgvol(S(x) N Dy)).
Since vol(S(z)ND1) = O((C(B)log?(x)) 29 log(z)“9~D*) the contribution is o(x}/zx;m/loggg‘“(x))
which certainly suffices.

To evaluate the contribution coming from D; N.S°(x) we notice that using (5.10)
we have to show that

(5.11)

22512 10g9 (21) / |fo(e)] [ fa (e2)] dede?
|€1 + k(

log?(21) log? (x2) w1, w2)ef] - |€§g + k($1,$2)€%g|
DlﬂSC(a:)

is o(zy/%23/* /Tog?/? (1) 1og?/? (22) when [[(B)]l,,, < 2clog(x)
We split the domain Dy N S¢(x) further as the union of

Li(z,21,22) :={e € D1 N S()| ||ex]| < v(21), [le2]] < v(22)}
Ly(z,21,%2) :={e € D1 N S(z)| ||er]| = v(21), [le2]| < v(22)}
Ls(z, 1, 22) :={e € D1 NS (z)| ||er]| < v(z1), [le2]| = v(z2)}
Ly(z, @1, 22) :={e € D1 NS (z)| ||er]| = v(z1), [le2]| = v(z2)}

where v(z) = d14/log(log(x)) with ¢; as in Lemma 5.3 (iv). We now fix ¢« = 1/32
and ¢ = § from Lemma 5.3 (iii). From Lemma 5.3 and (5.7)we find that there exist
constants L > 0 such that

log®/1(a1) log(w2)
Pl

log( z1) log(z2)

log3/4(ml)Llog3/4(12) if (61’ 62) € Ll(l‘,.’lil, 3?2)
Le’“| <l 1 .2
e if (e, e*) € La(x, 21, x2)
log(an) log® i (zs) =\ » &1
(612) sl fralea)] < § o
if (e',€?) € Ly(x,x1, x2)
if (', €) ( )

el €?) € Ly(z, z1, 22

for some small positive number . Let Ag(x) = (C(B)log?(x))~29. We now use
the 4 elementary estimates

de' de?
6/4 / H |€ +k‘(l‘1,$2)63‘
(z,x1,22)
1 1
< — duidu
= log®*(x) H / lur + k(zy, wa)us|

=1 Jui|<v(zs)
lur+k(z1,22)uz|>As(x)

_o (zOg29(C(ﬂ)(logaog(xm?g)) |

log*(z)



16 MORTEN S. RISAGER

ulle! ]l
7/4 / ¢ P 5 detde?
L le,wz) H |€ + (1'1,$2) _7‘
2
1 e MUy
S — H duldUQ
log"/*(z) +- |u1 + k(x1, 22)us|
g () 5 [ur|<clog (z1)
|uz|<v(z2)
|ur+E(x1,z2)uz|>Ag(x)
_0 log*?(C()(log(log(x)))*9)
log™* () 7
ulle! |
7/4 / ¢ 2 de de
H |e + k(z1,z0)e ‘
Lg(x Z1,22)
1 e—hui
S — H dulduQ
log"/*(z) +- lur + (21, 22)us|
B )j_l [uz|<clog*(z2)
|ur]|<v(z1)
|ur+k(z1,2z2)us|>Ag (x)
_0 log*?(C'()(log(log(x)))*9)
log"*(x) 7
1 67“(H51H2+||52H2) 172
OV 29 1 B d€ dE
log”(z) [T, |ej + k(:cl,xg)ej|
L4(I,I1,LE2)
2g
1 e p(ui+uy)
< —F duidu
log®/* () li[l / lur + k(zr, m2)ua|
T Jul<elogt (@)
|ur+k(z1,22)uz| <Ag(x)
- o (legClB onlogz))))
log?(z) '
Since C(B) = C + ||[9(B)],, it follows from the assumption [[¢»(3)]],, < 2C log(x)
that these 4 expressions are all o(1). This concludes the proof of lemma 5.6. g

Theorem 5.1 now follows from (4.9), Lemmata 4.2, 5.2, 5.5, and 5.6.

6. USING PARTIAL SUMMATION

In this section we show how to use multi-dimensional partial summation to con-
clude from Theorem 5.1 our main result:

Theorem 6.1. Let € Hi(M,Z) and 0 < k < 1.
o~ (¥(8). N~ (B)) /20° log(a2) T1To

B _
m (21, 22) = (2wa2(log z1 + log(x2))9 log(x1) log(wxa)

+0 12
log?/ 1 (z1) log?/ 2+ ()
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when 3 < 2F < z; <z and © — oo, where the implied constant depends at most on
k and M.

We notice that putting 1 = zo we obtain Theorem 1.2 and Theorem 1.1
To prove Theorem 6.1 we let

Z/ 410gN(71)10gN(’72)).

Neoes, VNODVN()

Q(v2)—2(71)=0

Py (w1, 20) =

We have a trivial bound
(6.1) P} (w1,25) = O(xy%23/?)

which follows directly from (1.1) by ignoring the condition ®(v2) — ®(y1) = 3.
It is not difficult to see that

’Rg (z1,22) — Pzﬁ(xhxg)‘

Z 2log(N (1)) log(N(v2))
 N(m<e, W N (72) sinh (log(N (72)/2))

- Z/ 2log(N(v2)) log(N (1))
N, Sinh(log(N(’yQ)/Q)) N (1) sinh (log(N(v1)/2))
2log(N log(N(72))
(6.2) N(%ZM NC) N(WZM N(r2) sinth (log (N (72)/2))
B / 2log(N(72)) / log(N(71))
2 sinh(log(N (12)/2)) 2 N (1) sinh (log(N(71)/2))

N(y2)<z2
= 01 +23%)
We used (1.1) again in the last estimate. It follows that Theorem 5.1 holds with
Rg(xl,mg) replaced by Pf(xl,xg).
Using multi-dimensional partial summation ([5, Theorem 1.6])we find
Z’ 1= Z’ 4log N(y1)log N(v2) ~ VN(m)vN(y2)

N(v)<a, Nonge,  VNOVN(z)  4logN)log N(72)
D(v2)—®(71)=8 D(v2)—®(71)=8

\/xT\/@ Pﬁ(zl,xg)

:410g 1 log Ty 2

/ P2 .’L‘l,tg) (tg)dtg

N(v1)<z1

410g 1
. P
(6.3) 410g s / (t1, w2)m(ty)dty
T2
+ Z/ / P2 (fl,tg)m(tl)m(tg)dtgdtl.
1 1
where

m(t) = 4 vi = ! - !
~dtlog(t)  2v/tlog(t) Vitlog(t)

We then find the asymptotics of the three integrals.
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x .Tl/Q
Pf(x1,$2)+0< 12 >

Lemma 6.2. Let w € R.

/1061 Py (t1,22) (Vi1 log® (t) "' dty =

1
log" (1) log?/# (1) log?/? (z)

where the implied constant is independent of (3.

Proof. We start by noting that it follows from the trivial bound (6.1)
VET
/ Py (t1,22) (Vi log" (t1)) ' dtr = o(x*z5"?)
1

(Clearly Pzﬁ(xl, x9) = 0 for z1 or x5 close to 1 since lengths of geodesics does not
accumulate at zero, so the integral makes sense even though there seems to be a
singularity at 1).
Let
12 1/2 o~ (V(B).N"19(B)) /20" log z2

=1
mg(z1,22) = 1671’ ", (2mo?(log zy + log x2))9

Consider now

x1 T
/ P (b1, 20) (VT log™ (1)) dty — —Y LBy, )
/AT log® (x1)

B /:”1 (P§ (t1,22) — mp(ty, x2)) (V1 log® (t1)) " 'dty

N
T1
04+ [ maltn e (Vi log” ()Mt — Y P, 2)
\/E log (Il)
=/ (P (t1,x9) — mg(t1, z2)) (V1 log” (t1)) " Ldty
N
/2
/T1 VT 8 xlxé
———mg(x1,22) — ———P5 (x1,22) + O | —F——
Tog™(ar) (1 2) ~ fogmrey P2 (en @) + O\ g s

From Theorem 5.1 and (6.2) follows that there exist a function g (z) depending
on k’, independent of 3, and decreasing to zero as x — oo such that if oF <z <z
then
xi/ 2 o:é/ 2

logg/z(xl) logg/z(xg)

(6.5) PP (21, 22) — mg(a1, xg)] < g ()

We let &' = k/2. Then since we are assuming xF < x; < x we have ¥ <ty,x0 <
x when t; > /71
If we take absolute values in (6.4) we therefore find

x

1
1 < g (VE)ZY 2 log™2 () / log=%/2% (1,))dt,
N

T xi/Q 5/2 xlxéﬂ
+ — 9w (T +0 —
log®(z1) . )10gg/2($1)10gg/2($2) log ™" (1)

1/2
-0 l‘l"EQ
logg/2+"’(x1) logg/2 (22)
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Lemma 6.3. Let w € R.

/ P (1) (VB Tog” (t2)) Nt = Y2 P ()¢ Zee
I, (0] = T—w, T1,T o
, b 208 0 > log (22)" b log?/? (1) log?/ > (24)

where the implied constant is independent of (3.

Proof. We claim that

/ " () (VE log” (£2)) 1t = mp(a1, 22) 22— +0 o'
mga(xy, og =mg(x1, T
v B\T1,12 2 2 B\T1, T2 log“’(xg) logg/Q(xl)logg/2+w+l

where the implied constant depends at most on k and w. Using partial integration
we see that

2 o= ((8), N~ (B))/20° log(t2) o (¥(8). N~ w(B))/20° log(z2)
/m log? ™ (t2) e log” " ()
e~ (¥(8), N~ w(B)) /20° log(/72)

— /T2 log? ™ (Vz3)

(6.6)
mr T WON TN 2080 (— (1(8), NHp(B) /207 log(t2) — (g + w))

- /\/E log? T () dt2

Since e”*v is bounded for v € Ry the enumerator of the integrand is bounded

(depending on g an w) and the claim follows easily.
Using the claim the proof follows the proof of Lemma 6.2 almost verbatum. [

Lemma 6.4. Let wi,ws € R.

xrq o
/ PP (t1, 1) (VE1 log™* (t1)v/E2 1og™2 (t2)) ™ dt 1 dty
1 1
x}/%”

- log™ (x1) log"? (z2)

Py (21, 22)

+o T1T2
log?/ 21 (1) log?/2+%2 (15)

Proof. If we bound Pf (1, x2) trivially 6.1 we see that we only need to bound the
integral over (t1,t2) € [\/Z1, 1] X [\/Z2, Z2].

1/2 1/2
L1 Lo

ZTq xro
e dtydty — PPz, 2
’/\/:7/\/97 1 e ) Tog ™ () 2 1T

T T2
<\ @) - malts, ) (Vo™ () log™ (1) e
NN
R mg(ty, t2) %2y 3
+ - - dti1dts — - o Py(xy,x
/\/?/\/T Vi log™ () v log™ (62) M T Tog™ (1) log™ () 2 1)
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We use (6.6) and a calculation on the last integral:

tl,tg mﬁ(tl,tz))(\/ﬂlog (tl)\/710g ( )) dtldtg

n T1T2
log*! (1) log"*

g {maten) - P (ar.az))| + 0 (M)

We then use (6.5)

1/2 1/2
w1 wa —1
. / /r o gy V0B () Vi log™ (1) dtadty

w}/zx%/z 1/230;/2 1T
+ gr' (T o m +O0 | —————
Ik ( )1og 1(x1)10g 2(172) 10gg/ ( 1)1Og9/2(x2) (logg+w1+wz (x))

T1X2
=0 .
10gg/2+wl (1'1) 10gg/2+wg (xg)

which finishes the proof the the lemma. O

We are now ready to finish the proof of Theorem 6.1. From (6.3) and lemmata
6.2, 6.3 and 6.4 we find that

) 1 g2 ;
Ty Ty
— = P
mz (21, 72) = 16 log z1 log zo~ 2 (@1,22)
L1/2,1/2
6.7 0 L2 Py
(6.7) + <logsc110gx210g(x) 2 (v1,2)

+o 172
1ogg/2+1 (21) logg/2+1 (22)
From (6.3) and Theorem 5.1 we find easily

1/2 1/2
8 _ Ty Ty
(68) P2 (1’1, SﬂQ) =0 <logg(1‘) >

where the implied constant is independent of 3. We conclude that

1 x}mxép

T1Xg
— 1 2 pbiy ,Ta)+o0
16 log(z1) log(x2) 2 (71, 22) <logg/2+1(x1) logg/2+1(.r2)>

Using (6.9) Theorem 6.1 follows from Theorem 5.1.

(6.9) 5 (x1,22) =

7. APPENDIX

In this appendix we prove a few elementary results about multi-dimensional
Riemann sums that we have not been able to find in the litterature.

Lemma 7.1. Let f : R¥ — R be a functions such that for every S = diag(sy, ..., si),
s; € {£1} the function f(St) decreases in each variable in the set {t € R*|t; > 0}.
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Let a > 0 and assume that [ f(t)dt exist. Then
Il <a

m—=

> fle) - / fa < N / Fa(u)du+(25 —2—k(k+3)/2) £ (0)

acz¥ It <a P#AC{L,..on} prZal
lel,, <a A ordered ull,, <a

where fa equals f with the i’th coordinate put equal to zero for all i € A.

Proof. In the region {t € R¥|t, > 0} we bound

(7.1) f@®)dt < f(a) valid when «o; >0
R(c)

(7.2) fla) < /R( " f(t)dt valid when a; > 0

where R(a) = {t|a; < t; < a; +1}, and 1 = (1,...,1). Summing these contribu-
tions we find

(7.3 [ swas X s

ol <a
el <lal+1 o

7

(7.4 > os@s [ s

<
el <a 1], <[]
K :

(2=

It follows that

(75) 0< / fod- Y fa< Y )

¢, <a llell,,, <a llell,, <a

A a; >0 acAg
t:i20 ;>0

where A, = {a € ZF|a; = 0 for some i}. Doing the same for all the 2* ‘generalized
quadrants’ we find after adding these contributions that

0< / fd— Y f@ <2 Y fla)+ 25— 2)(0)

s lall,, <a lloll,, <a
Iell, < ol <

and adding minus the contribution to the sum from A, we find

(7.6) / fdi— S f@)< Y f)+ (28 —2)£(0).

||t‘|m,§a HO‘HmSa Hzl‘emAfa

For u € R¥~! we define
fn(u) = f(t) where t = (u1, ..., Up—1,0,Up, ..., uy,)

We can now rewrite (7.6) and get

k
fdt— Y fla) <@ =2-k-1)fO)+Y > falo)

=1 k—1
t < llell,, <a n a€EZ
H H’"L—a m ”a‘lmga
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The result follows by induction. O

We note that Lemma 7.1 generalizes [5, Theorem 1.1] in another way than the
generalization [5, Theorem 1.7] We use this to prove

Lemma 7.2. Let N be a symmetric positive definite kxk real matriz of determinant
1, and let C > 1. Then

b

L —(B,N7'B8)/20%n
s —1
ﬂ%’“ (2mo2n)k/2

I6ll,, <Cn

as n — oQ.

Proof. Let a > 1. Consider first

1 —1 2
Sl = Y e (o8

o ot
181, <avm
- ¥ L (s/van—p/vmy20” L
 (2mo?)k/2 nk/2
BEZ
/vl <a

This Riemann sum with box volume n~*/2 so S;(n) is convergent to the integral
ie.

1 —1 2
S1a(n) — 7/ e_<t:N t)/20 dt
1,a(n) 270272 Jiy <

as n — oo. We notice that since det(N) = 1 limit integral converges to 1 as a — oo.
Considering next

1 -1 2
— —(B,N"B)/20°n
Soaln)= Gty { )/20%n
pez*
avn<||Bll,, <Cn

We use the spectral theorem for real symmetric matrices and the fact that N~! is
positive definite to conclude that there exist a constant p > 0 depending only on
N such that

1 2
S5 a(n) < —n(B,8)/20"n
2,a(n) 5§Z:k CrE

av/n<|Bll,, <Cn

The function

1 2
() = —u(t,t)/20%n
Jn(t) (27?02n)k/26
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satisfies the assumptions of Lemma 7.1 and we conclude that

0< Spa(n) < / Falt)dt

ava<|t],, <Cn

m =

+ > / foa(w)du+ (2871 — 2 — k(k + 3)/2) £,,(0)

0FAC{L,...k} Pl
A ordered lull, <Cn

< fa(t)dt
/aﬂsmm "

+2 Y Froa(w)du + (284 — 2 — k(k + 3)/2) £,.(0)
PFAC{L,.. k}prZa
A ordered
We then use substitution of variables to see that there exist a B depending only on
N such that this can be bounded as:

1 .
< e~ H(t:t) /207 1y
/a<|t||m (2ma?)k/2
+ B/vn

We notice that the integral converges to zero when a — oco.
Combining the estimates for S1,(n) and Sa,(n) we easily get the desired result.
O

Remark 7.3. We note that in fact the proof of Lemma 7.2 can easily be changed to
prove that for every function a(x) increasing to infinity

1 -1 2

—(8,N"18)/20%n

Zk (27702n)k/2€ < ) —1
pez”

1811,y <n*/?a(n)

as n — 0o, and
1 —1 2
—(B,N~B)/20*n
Z (QWazn)k/ze < ) —0

BeL*
18], >n"/?a(n)

as n — oo (i.e. the infinite sum is convergent for every n and the sums converges
to zero as n grows to infinity)

We also need a crude upper bound which is uniform in almost all parameters

Lemma 7.4. Let N be a symmetric positive definite 2g x 2g real matrix of deter-
minant 1. There exist a constant K > 0 such that for all A C 7?9, b€ 729, C > 1,
m > 1:

Z L —(atb.N" atd)/20%m ~ p
= (2wo2m)9 -
la;|<Cm

Proof. The terms are positive so we add a bunch of terms. We enlarge A to ZF
and if [|al|,, < C'm then certainly |a + b, < (C'+||b||,,,)m so we have as an upper
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bound for the sum the new sum

Z 1 —<a,N71(a)>/20'2n

(2mo2n)k/2 ¢

acZr
la; [<(C+]bll,,,)n

m

We then proceed as in the proof of Lemma 7.2 and split the sum in Si,(n) +
Saq(n). The contribution S14(n) does not depend on C + [|b|,, or A and the sum
is convergent in n so it is certainly bounded. The final upper bound we gave for
Saq(n) does also not depend on C + ||b[[,, or A and it is certainly bounded in n.
The conclusion follows. (]
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