MODULAR SYMBOLS HAVE A NORMAL DISTRIBUTION

YIANNIS N. PETRIDIS AND MORTEN SKARSHOLM RISAGER

ABSTRACT. We prove that the modular symbols appropriately normalized
and ordered have a Gaussian distribution for all cofinite subgroups of SLa(R).
We use spectral deformations to study the poles and the residues of Eisenstein
series twisted by power of modular symbols.

1. INTRODUCTION

Let X be a hyperbolic surface of finite volume. To count the number of closed
prime geodesics, we introduce the function 7(z) = #{c|l(c¢) < z}, where ¢ is such
a geodesic and [(c) is its length. It follows from the Selberg trace formula that

w(x) ~ e’z

as x — oo ([12, 3]). Error terms may be obtained but they depend on the existence
of small eigenvalues of the Laplace operator (see e.g. [33]). One can generalize this
theorem to other negatively curved manifolds ([19, 13] ) and refine it as well
by counting geodesics in a given homology class ([1, 28]). This is achieved by
integrating the trace formula over the character variety of the surface. Since every
conjugacy class of m1(X) represents a free homotopy class containing a unique
close geodesic, the above results can be thought of as counting group elements in
m1(X) with weight 1 and with weight the characteristic function of the homology
class, respectively.

In this paper we use weights which are polynomials in the values of the
Poincaré pairing. We have the pairing between homology and cohomology:

Hl(Xa R) X HéR(Xa R) —-R

and amap ¢ : I' = m(X) — Hy1(X,Z). Let (-,-) be the composition of the two
maps. Using moments we examine the distribution of the values of the composition
for a fixed cohomology class. We restrict ourselves to surfaces with cusps and
cuspidal cohomology. We fix a cuspidal cohomology class «, which we can take
to be harmonic. We have no loss of generality by assuming that o = R(f(z)dz),
where f(z) is a holomorphic cusp form of weight 2. The group I' can be realized
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as a subgroup of SLy(R). Let an element v € T have lower row (¢, d). We use the
normalization
(v,a) = f2m'/ Q.
o(v)

Theorem A. The values {y,a) appropriately normalized have a normal distribu-
tion. More precisely

& e 2
R #{”e(r""\ri@xwe[ b]}ﬁjg [ew(-5)

as T — oo.
Here (I, \T')T is set of elements in [,,\T' with ¢? 4+ d? < T while

= [vol(D\H)
7=\ s

where ||f|| is the Petersson norm of f. In fact we can consider complex valued
1-forms f(z)dz, where f is a holomorphic cusp form of weight 2. Then

(v, ),

—_—

Theorem B. Asymptotically —=2> __ has bivariate Gaussian distribution with
v/ 1og(c2+d?)

correlation coefficient zero. More precisely we have for R C C a rectangle

T|__nh)
e |Gl en) TP
— — [exp| ———— | dady
#(TAD)T 2 Jr 2
as T — oo.
Here

—— _ [vol(T\H)
D= s e

This work uses heavily Eisenstein series twisted by modular symbols, introduced
by Goldfeld. The general framework is as follows. Let f(z),g(z) be holomorphic
cusp forms of weight 2 for a fixed cofinite discrete subgroup I' of SLy(R). In [7, §]
Goldfeld introduced Eisenstein series associated with modular symbols defined in
a right half-plane as

(1.2) E™(zs) = Y ()" (1.9) S(12)°,

yELA

v, f)-

where for v € T' the modular symbol (v, f) is given by

YZo

(13) ()= —2mi [ f(2)dz,

20

and one defines similarly (v, g). Here 2 is an arbitrary point in the upper half-plane
H.
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If we take f(z) to be a Hecke eigenform for I'o(N) with rational coefficients
and Ey is the elliptic curve over Q corresponding to it by the Eichler-Shimura
theory, then

<77f> = nl(f7 ’Y)Ql(f) +712(f, V)QQ(f%

where n; € Z and (2; are the periods of Ey. The conjecture n; < NF for e < N?
and some fixed k (Goldfeld’s conjecture) is equivalent to Szpiro’s conjecture D <
N€ for some C, where D is the discriminant of E¢. This was the motivation to
study the distribution of modular symbols.

As an example of such a distributional result Goldfeld conjectured in [7] that

(1.4) > v )~ RET,

c2+d2<T

where R(z) is the residue at s = 1 of E}(2,s), and we sum over the elements
in AT with lower row (c,d). This in now proved in [9, Theorem 7.3]. He also
suggested that, when f = g, the twisted Eisenstein series E''!(z, s) has a simple
pole at s = 1 with the zero Fourier coefficient of the residue proportional to the
Petersson norm || f||*. He concludes the conjectural asymptotic formula

(1.5) >l HIP~ BT,

c24d2<T

where R*(z) is the residue of E%!(z,s) at s = 1 and where the summation is
again over matrices in I, \I' with lower row (¢, d). In this work we, among other
things, reprove (1.4) while settling (1.5) in the negative. But our result shows that
the Petersson norm does indeed play a role, see Theorem G below. Averages of
functions of modular symbols have been investigated also in [18].

It turns out to be crucial to consider Eisenstein series associated with the
real harmonic differentials o; = R(fi(2)dz) or a; = I(fi(z)dz) where f; are holo-
morphic cusp forms of weight two. We shall write

(1.6) (y, i) = —2mi / "

20

As in [25] we define
(L.7) E(z,58 = Y xe1)S(2)°,

yERN

where xz is an n-parameter family of characters of the group defined by

(1.8) (7) =ex <2m'<n €k WOa)).
Xe\y p %k/zo k

The convergence of this is guaranteed for $(s) > 1 by comparison with the stan-
dard Eisenstein series. The Eisenstein series with a character transform as

(L9) E(y2,5,8) = X)) E(z,5,9).
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In the domain of absolute convergence we see that

PEE9 S ] (rai) 902",

(1.10) -
Oer...06n |5 YERNT i=1

by termwise differentiation. By taking linear combinations of these we may of
course recover the original series (1.2). This observation allowed the first author to
give a new approach to the Eisenstein series twisted with modular symbols using
perturbation theory. In particular, a new proof of the analytic continuation was
given in [25] and the residues of E*%(z,s) on the critical line were identified. In
this paper we further pursue this method. We start by giving a third much shorter
proof of the main theorem in [22].

Theorem C ([22, 25]). The functions E™"(z,s) have meromorphic continua-
tion to the whole s-plane. In R(s) > 1 the series are absolutely convergent and,
consequently, they are analytic.

The last claim of the theorem is new and enables us to evaluate the growth
of the modular symbols as 7 runs through the group I'. The best known result in
this aspect is

(7, f) = O(log(c? + d?)).
This is due to Eichler (see [6]). Using the above theorem we get the following
slightly weaker result.

Theorem D. For any € > 0 we have
(7, f) = 0:((c* + d*)°).

We then continue to study the singularity of E™"(z,s) at s = 1 when f = g.
In particular we study the pole order and the leading term in the singular part of
the Laurent expansion. In principle the method gives the full Laurent expansion
of E™"(z,s) but only in terms of the coefficients in the Laurent expansions of
the resolvent kernel and the usual nonholomorphic Eisenstein series at s = 1.
The combinatorics involved in getting useful expressions are quite ponderous. As

a result we settle with calculating some of the most interesting coefficients and
evaluate the pole orders. As an example of this type of result we have:

Theorem E. At s =1, E?%(z,s) has a simple pole with residue

it (1)

while EV1(z,s) has a double pole with residue

47-(2 z 2 167’(’2 ) ) o - /
VD | O]+ ey B = o 00 P )

The coefficient of (s — 1)72 is

167 || £
vol(T\H)2"
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Here the coefficient ro(z, z’) is the constant term in the Laurent expansion
of the resolvent kernel around s = 1. The coeflicient Ey(z) is the constant term in
the Laurent expansion of the usual nonholomorphic Eisenstein series and is given
by Kronecker’s limit formula. For I' = SLy(Z) this is classical, see, for instance
[16, p. 273-275]. For a generalization to all I" see [10].

We wish to use these results to obtain results & la (1.4). We do this using the
method of contour integration but, in order to make this work, we need to prove
a result on the growth of E™"(z,s) as 3(s) — oo. We can prove

Theorem F. The functions E™"(z,s) grow at most polynomially on wvertical
lines with o > 1/2. More precisely: for everye >0 and o € (1/2,1] and z € K, a
compact set, we have

(1.11) E™"(z, 0 4 it) = O(|t| A0 —o)+30mtn)tey

Using the above theorems and contour integration we get asymptotic expan-
sions for summatory functions like the one in (1.4). An example of the results we
prove is:

Theorem G. There exists § > 0 such that

2—; i # N 2 L
o (1672 Lo
L2 N0 D = g I Tlog T+ O(T)

The summations are over (c,d) lower row of v € T\T.

This settles the status of (1.5). How small we can make 1 — § in the above
theorem depends on how good polynomial bounds we have in Theorem F and
whether the Laplacian has small eigenvalues. If there are no such eigenvalues we
can prove

17
1—-6=— .
0 18+6

By using similar asymptotic expansions we can calculate the moments of the nor-
malized modular symbols and prove the distributional result in Theorem B, which
is the main theorem of our work.

The idea of putting the Eisenstein series in a continuous family to study how
the spectrum changes as the parameters change is very fruitful, see for instance [2].
In fact it is possible to construct a proof of the first part of Theorem C different
from the proof given in this paper using ideas in [2, Chapter 15].

The study of E™"(z,s) using perturbed Eisenstein series is an interesting
application of the spectral deformations used in [26, 27, 28, 24]. Our contribution
in [25] was to put the Eisenstein series with modular symbols into this framework.
In this work we apply the same techniques to produce results which at least to us
seem difficult to attack with the methods used by Goldfeld, O’Sullivan et.al.
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2. FINDING LAURENT EXPANSIONS USING PERTURBATION THEORY

We assume that I' has only one cusp and that this is of width 1. The gener-
alization to the multiple cusp case is straightforward. We note that we can always
assume that «; is the real part of a holomorphic cusp form since

S(f(2)dz) = R(—if(2)dz)

and —if is a holomorphic cusp form of weight two. We want to approximate the
real differentials «; with compactly supported ones. We do this as follows. Let

o
f(Z) — Z aneQﬂ-mz
n=1

be the Fourier expansion of f(z). We define

_ An 2minz
F(Z) = Z %e .

If a;(2) = R(f(2)dz) then also o;(z) = dR(F'(z)). We choose a fundamental do-
main F' in such a way that there exists Ty € R4, a,b € R such that

Fn{zeH |3(z) >To} ={z e H|3(2) >Tp, 0<R(z) <1}
We then choose a smooth function ¢ : R — [0, 1] such that

. 1, ift<o,
t) = =
V) {0, if t > 1.

We then define, for T > Ty, 7 : F — [0,1] by ¥7(2) = ¢(3(z) = T). For z € F
we define

wi = dWTR(F))

g = Q—¢HRF),

and extend these to smooth I' automorphic 1-forms on H by setting wl (yz) =

wl'(2) and ¢! (y2) = g7 (2) for each v € T. Then we have

3
(2.1) a; = wl +dgl.
The following proposition is easy to verify.

Proposition 2.1.
(i) The smooth 1-form wl is compactly supported on T'\H.
(i) If 2 € F and $(2) < T then wl(z) = ai(2).
(ili) If z € F and S(2) < T then [, wl = [" ;.
(iv) (v,u) = (v,wl) for ally €T and all T > Ty.

We shall often exclude T' from the notation and simply write
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We note that by Proposition 2.1 (iv)

(2.2) (7)) = ex (—277i< . € ’yzgw ))
xely p ;k/zo k

We consider the space L?(I'\H, Yz) of square integrable functions which transform
as

h(y-z) =Xe(Vh(z), v€T
under the action of the group. We introduce unitary operators

U(é) : L*(T\H) — L*(T\H, xe)
given by

(U(h)(2) = U(z, h(z) = exp <2m' (Z o / ’ wk>> h).

K2

We set

L@ = U@ AU
and
(2.3) E(z,s,€) =U()D(z, s, €).

We note that L(€) = A ‘close to the cusp’ since U(€) is compactly supported.
We note also that E(z,s,€) is independent of the choice of differential within
a cohomology class, i.e. independent of T',while D(z,s,€) and U(€) are not. We
also remark that [25, Remark 2.2] is only true for zp = ioco, since both E(z, s, €)
and D(z,s,€) have asymptotic behavior at oo of the form y*® for R(s) > 1 and,
consequently, U(z, €) should tend to 1, as (z) — oo. We define (f1dz+ f2dZz, g1dz+
92dZ) = 2y*(f191 + f2G2), 6 (pdx + qdy) = —y* (P + qy)-

Lemma 2.2. The conjugated operator L(€) is given by

L(@&h = Ah+4miy  ep(dh,wi) — 2mi (Zeka(wk)>h

k=1 k=1

n

(24) 74’/’(‘2 Z ekq<wk,wl) h.
k=1

Proof. The proof uses induction on n. The result for n = 1 may be found in [24,
p. 113]. With the convention that U(e;) = U((0,...,0,€,0,...,0)) we see that
L@ = Ulen) 'Uer,. .. €n-1,0) P AU (€1, . . . €4-1,0)U(en )1

n—1

= Ulen)™t <AU(en)h + 4mi Z ex{dU (e, ) h, wy)
k=1

n—1 n—1
—2mi (Z ekd(wk)> Ulen)h — 4n® Z ex€r{wi, wy) | Ulen)h
k=1

k,l=1

s
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We apply the result for one variable once more in the ¢,, variable and use the chain
rule in the form
d(U(en)h) = Uley,)dh + 2mie, U(en ) hwy,
to get the result. O
In the rest of the paper we will use the following convention. A function

with a subscript variable will denote the partial derivative of the function in that
variable. Lemma 2.2 gives

(2.5) Le, (0)h = 4mi{dh, wy,) — 2mi(dwy)h,

(2.6) Le, e, (0)h = =872 (wy, wy)h.

and all higher order derivatives vanish. Differentiating the eigenvalue equation (see
[25, Lemma 8])

(2.7) (L(€) + s(1 = 5))D(z,5,€) =0
and applying the resolvent of the Laplace operator, R(s) = (A + s(1 — )71, we
get

(2.8) Dey(2.5,0) = =R(s) (L, (0)D(z,5,0))

and

(2.9) De,...c (2500 =—R(s) <ZLek(G)DEh_@V&n(z,s,(_)')
k=1

n

+ Z Lekel (6)D€17-7€’7\€7'7av'76n (Z7 S, 6)
k=1
k<l

Here €5, means that we have excluded ¢, from the list. The validity of the inversion
of (A + s(1 — s)) using the resolvent follows from the following lemma:

Lemma 2.3. Let n > 1. For R(s) sufficiently large we have
€n (Zv S, 6) € Lz(F\Hv dlj‘)

.....

Proof. Since the function D(z, s, €) is T-automorphic we see that also D, .., (2, s,0)
is -automorphic. From (2.3) we obtain that

mMi
(2.10) D, .. e, (2 Z H( 271'2/ wk> Eelfml e mn (2,8, 0).
me{0,1}n k=1 '

We note that since w; is compactly supported all the terms with 7 # 0 becomes
compactly supported. Now in order to control the term with 7 = 0 we need some
bound on the growth of (v, ;). Any bound of the form

(v, 00)] < C(c? + d?)°
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will do. We quote [22, Lemma 1.1] with z = i to get b = 1. If we use the inequality
lez +d|* 1+ |2|?
Yy Y

which follows from adding |cz + d|* > (cy)? and |z|* |cz +d|* > (dy)? (see also
[14, Lemma 4]) we get:

(2.11) (c*+d*) <

Eepin (25,0 < 2 [T 0n05)|S02)7

yeRN |j=1
v#I
1+
z
=C|— R{GZ N
( ; ) > S(y2)
YELA
v#I

We note that the sum is O, (y*~77") by [15, p. 13] so we get

2 n
< (1 +y|Z ) ylootn

< O//ylfo'JrQn

Hence we conclude that for o > 24 2n we have D, .. (z,5,0) € L>(D\H, du(2)).
O

Using the representation (2.9) we may give a short proof of the analytic
continuation of the functions defined in a half-plane by (1.2)

Lemma 2.4. The functions D, ., (z,s, 6) have meromorphic continuation to C.
In R(s) > 1 the functions are analytic.

Proof. The proof uses induction on n. For n = 0 the function is the classical
Eisenstein series and one of the many known proofs may be found in [15]. We note

that by (2.5) and (2.6) L., (0)De,. .6 c.(2,5,0) and L, (0)De, .. ci..c0..c (2, 5,0)
are compactly supported. Hence from (2.9) and [20, Theorem 1] the conclusion

follows. O

Remark 2.5. From the above lemma, (2.3) and (1.10) we find that

O"E(z,s,€)
Oey ... 0¢€,

e=0
has meromorphic continuation and that in $(s) > 1 these functions are analytic.
By taking linear combinations of these (see (1.10)) we obtain the Theorem C.

)

Proposition 2.6. The sum defining E™"™(z, s
R(s) > 1.

is absolutely convergent whenever
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Proof. Note that if we can prove the above for f = g and m = n then we get the
general result by appealing to the elementary inequality 2ab < a? 4 b? for a,b € R.
This gives

(v 1T < 5 (1 HE™ 4 1))

and comparison with f = g and m = n type Eisenstein series gives the result.
For the case f = g and m = n, the proof uses Landau’s result. He proved that
Dirichlet series with positive coefficients has a singularity on the line of absolute
convergence, see e.g. [31, Section 9.2]. By Remark 2.5 we get the first singularity
of E™™(z,s) at s = 1 or further to the left. O

Clearly E.,, .., (2,3,6) is also absolutely convergent for R(s) > 1 by the
same proof. We immediately get the following corollary:

Corollary 2.7. For any fized z € H, € > 0 we have

(v, f) = ol|ez + d[7)
(v, @) = ol|ez +dI%)

as |ez + d| — oo.

Proof. Since the terms in an absolutely convergent series tend to zero Proposition
2.6 implies that for any m € N,

2
m T y
7" = )" g —
00" S0 = )
Hence (v, f) = o(|cz + d|*/™). Similarly with (v, ). O
We note that by picking z = ¢ we get Theorem D.
Remark 2.8. We note that since
n vz
D(z,s,6) =U(—€)E(z,s,€) = Z exp (Z —27riek/ wk> S(v2)?,
YELRNT k=1 00
we find that the function D, ., (z,s, 6) has the series representation
(2.12) Dey.en(z = > H ( 2m/ k) S(72)*,
yeN k=1
whenever the series is convergent. We also remark that from (2.3) we have

mg
(213) By e, =y H<2m/ wk> Da-my  a-mn(2:5,0).

me{0,1}n k=1
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Combining this with Proposition 2.1 (iii) and (iv), we see that, if z € F and
$(z) < T, then

(2.14) De,..c.. Z\ kH( zm/ k) S(y2)*.
~ELRN k=1

In particular

. o~ s
(2.15) TlgnooD617,__€n z, Z H ( 2771/ k) S(yz)?,

YELRN k=1

for all z € H.

Lemma 2.9. For o > 1 we have

(2.16) > ﬁ <2m'/jz ak>

~ERN k=1 o0

S(v2)7 = 0(y' ")

as 3(z) — oo for z € F. In particular imr_o De, ., (2,0 +it,0) = O(y' 7).
Proof. We have for o > 1 (see [15, p.13])
(2.17) Y S(r2)7 =04y )

yEN
v#I

as §(z) — oo. From Corollary 2.7 we see that if we fix e.g. zp = ¢ there exists a
constant C' > 0 such that

< C3(yz0) "

n
H s ak)
k=1

this gives, using (I, o) = 0,

Z f[%ak

YE FOO\F

S(v2)7 <C Y (i) S (v2)7
yeLAI
y#I

If we use the inequality (2.11) this is majorized by

C Y Sk (HyZ'Z) = 0,(y'~7").

yeN
v#I

In the last equality we used (2.17). The claim now follows by induction from (2.13)
by isolating D, .. (z,s,0), using (2.12) and the fact that

z
—27Ti/ Qg
100

is O(e=%™) as 3(z) — oc. O
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Lemma 2.10. For R(s) > 1 we have

/F\H<d lim D, . e..e.(2,5 0) a;)|dp(z) < oo.

T—o0

Proof. Using (2.15) we see that for R(s) > 1

n vz
(218) d lim De, ¢ e, (25.0) >od| I (Qm'/ )%(’yz)

Using

Yz
d(—Qm'/ ak) = —2miqy

iS(yz) = = (—z’ (C” d) S(72)°dz +i (Z+ d) %(’yz)scﬁ)

2y cz+d +d
we find that
<d lim DEl ..... €jyeeey en(zvs76)7aj> =

2y Z 7%%% Z H < 2m/ b >3(’yz)
= el

3,1

¥ S (e o) () 20

YEILL \Fk 1
k#j

+ complex conjugate.
The claim now follows from Lemma 2.9, since f;(z) = O(e™2™) as 3(z) — co. O

Using this lemma we can prove the following important result

Lemma 2.11. Forallj=1,...,n and R(s) > 1

-,

/ <dD617“_,gj7___€n (2,5,0),w;)du(z) — 0 as T — oo.
\H
Proof. We start by showing that

/F (d lim Del)wg”,,en(z,s,6),aj>du(z) =0.

\H T—o0

If we let Fay = {z € F|S(2) < M} then by lemma 2.10 the left-hand side is

i Dy oo D) chn(a) + (1)
F]VI — 00
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where (M) — 0 as M — oco. We have

/ (d T Dey..ey.c0 (2 5,0), a)du(z) =
Fr

T—o00

T—o0

0 . -\ Jj
(2.19) /FM 9 ( lim D€17m7gj’___,€n(2,S,O)) 5d$dy

9 (. ~\ fi
+/FM r ( lim Del)wgw”)en(z,8,0)) dedy.

T—o0

For any real-differentiable function h : U — C where U C C and any bounded
domain R C U with piecewise differentiable boundary Stokes theorem implies that

Qi/ ihdxdy:/ hdz .
r 07 AR

We apply this to the second integral in (2.19). Since f; is holomorphic, this integral
equals
_ / m D e;en (2,5, 6)fjdz.
4 Jo(ru) ‘

T—o0
The fundamental domain is the union of conjugated sides. These conjugated sides
cancel in the integral. Hence this integral equals the line integral along the top of
the truncated fundamental domain F);. But this goes to zero by lemma 2.9. We
observe that when s is real the first integral in (2.19) is the complex conjugate of
the second one. Hence this also vanishes in the limit M — oo and we have

/F\H<dTh—I>r<l>° De,,...tj,...en (2 3,6),aj>d,u(z) =0.

We now prove that we may pull the limit outside the integral. We note that
ij(z) = O(e ?™) as T — oo where the involved constant is independent of 7.
We note also that for z € F we have |-2mi [;° w]T} < Wy, aa)| + |-2mi [ i
which follows from the definition of w} . Using this and the same approach as in
the proof of lemma 2.10, we see that for R(s) > 1 there exist U(z, s) independent

of T such that
’<dD€17”_,g_7.7___7€n (z,s,ﬁ),wj>’ <Ul(zs)
and

U(z,s)dp(z) < oo.
I'\H

Hence for any given €9 > 0 there exists a constant, M, independent of T" such that

-,

/F\H(<d lim Del,...,ej,___en(Z,5,6),aj>7<dD517___7g_7.7m6n(z,s,()),wj>) du(z)

T—o0

-,

/ ((d lim qu,,gj,men(z,376)7aj>—(dDEl,m}gjwen(z,s,O),wj>) du(z)
Fu

T—o0

< + €o.
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Hence if we choose T' > M and use (2.14), (2.15) and Proposition 2.1 (ii), we see
that the integral over F); vanishes. This finishes the proof. O

Using this we can now prove the following lemma:

Lemma 2.12. The function

(2.20) lim (—R(s)Le,(0)De,....5,..c. (2, 5,0))

T—o0

is regqular at s = 1.

Proof. We note that since ¢ is the real part of a holomorphic differential §(a;) =0
and also d(w;) — d(ey;) # 0 only for T' < ¥(z) < T + 1 (Proposition 2.1). We may
verify that 6(w]) = O(e™™) uniformly in 7" and D, . & ... (2,5, 0) = O(y'~9)
uniformly in 7. Using this we find from Lemma 2.11 that when R(s) > 1

(2.21) lim Le;(0)D, ...

€5 yenns€n (Z, S, 6)du(z) = 0.
T—o00 I\H

(From (2.9) it is clear that s = 1 is not an essential singularity. Assume that it is
a pole of order k£ > 0. Hence

(2.22) lim (s — 1)kT11m (—=R(8)Le;(0)De,... &5....c (2, 5,0)) # 0.
But
lim (s — 1)* lim (—=R(s)Lc, (0)De, .. c...c. (2, 5,0))
s—1 T—o00 J EFarEm
= —lim(s — 1)* lim </ (2,2, 8)Le. (0)Dey....oon e (2,8, 6))
s—1 T—00 F\H J 1€go

where 7(z, 2/, s) is the resolvent kernel

s—1T—o0

= — lim lim (/ (s —1)r(z,2',s)(s — 1)k_1L€j((_)’)Del_“,gj’,_wen(z, s, 0)>
I\H

T—o00 \H s—1

— vol ((\H) " lim ( / hm(s—1)’6-1Lq<6>D€1...,ej,.._,en<z,s,6>)
T

since (2, 2/, s) has a simple pole with residue — vol ("\H)~'. See remark 2.13

= vol (I\H) ™" lim (s = 1)*~* lim_ e (0)Dey.....65..00 (2,5, 0)lpa(2)

=0

by (2.21). But this contradicts (2.22), which completes the proof.
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Remark 2.13. Using the above lemma, (2.9) and the fact that the resolvent kernel
for A, respectively, the Eisenstein series has expansions at 1 of the form (see e.g
[32, Theorem 2.2.6])

r(z,2',s) = \w + i Tm(z,2)(s =)™
(2.23) ) "
— W + %rm(z,z )(s—1)T,
respectively
(2.24) Bz, s) = YU SFEIiH Z Ep(2)(s — 1)™

we may now in principle write down the full Laurent expansion of the function
limy o0 Dey.. e, (2, 8, 6) at s = 1 in terms of r,,(2, '), E,,(2) and the real harmonic
differentials. From this and (2.3) we may also calculate the Laurent expansion
of B, ... (250) and hence of E™"(z,s). Since general expressions are quite
complicated and the combinatorics become quite cumbersome we restrict ourselves
to some particular cases of special interest.

We let Y, be the elements of the symmetric group on 2m letters 1,2,...,2m
for which o(25 — 1) < 0(2j) for j = 1,...,m. We notice that this has (2m)!/2™
elements.

Lemma 2.14. If n is even limr_o0 De, . e, (275,6) has a pole at s = 1 of order
at most n/2 + 1. The (s — 1)~ /21 coefficient in the expansion of the function
limy o0 Dey . e, (2, 5,6) around s =1 is

n/2

( n/2 /
vol( F\H yn/2+1 Z Tl_[ . Qg (2r-1), Ao (2r)) A(2)

If n is odd, limp_, o Deh___en(z, s, 6) has a pole at s =1 of order at most (n—1)/2.
Proof. For n = 0 the claim is obvious, and for n = 1 (2.8) and Lemma 2.12 give
the result. Assume that the result is true for all n < ng. By (2.9), (2.6), Lemma
2.12 and the fact that limg_ o (—R(s)((wg, w;))De, . ér..c1..cn (2,5,0)) can have
pole order at most 1 more than D, ¢ . .. (2,50)) at s = 1, we obtain the
result about the pole orders. For even n we notice that by induction and using
(2.23) we find that the (s — 1)~("/2=1 coefficient is
— 872 (_87r2)(n72)/2
vol (T\H) vol([\H)(»—2)/2+1"
(n—2)/2

Z Z H / Ao (2r—1)s Xo(2r) >dﬂ( ) /1*\§.]1ak7al>du(z>,

k=1 g5
et C€72
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where the prime in the product means that we have excluded ay,q; from the

product and enumerated the remaining differentials accordingly. The result follows.
O

Using this we can prove

Theorem 2.15. For alln E., ., (z,5,0) has a pole at s = 1 of order at most
[n/2] 4 1. If n is even the (s — 1)~ ("/A+1) coefficient in the Laurent expansion of
Ee,..c (25,0) is

n/2

H / <aa(2r71)a ao’(2r)> dM(Z)
T\H

Ifn is odd the (s—1)~("/2+1) coefficient in the Laurent expansion of Ex, .., (2, s,0)
18

( n/2
VO] F\H n/2+1 Z

n [n/2]
(—8n2)[n/2]
vol(T'\H) [n/2+12 2| Z H o(2r—1): Qo(2r)) du(2) |
UGE r=1

where the prime in the product means that we have excluded oy, from the product
and enumerated the remaining differentials accordingly.

Proof. This follows from (2.13), Lemma 2.14, and the fact that E., . (z,s) is
independent of differential within the cohomology class of the real differentials
involved. O

We notice that
(2.25) (R(f(2)dz), R(f(2)d2))
while
(2.26) (R(F(2)d2), S(f(2)d=)) = 0.

Hence many of the involved integrals may be expressed in terms of the Petersson
norm defined by

1/2
(2.27) 1]l = ( / i |f<z>|2du<z>> .

We shall write E®S"" L(z,s) = F, . (250) where oy = R(f(z)dz) for i =
1,...,land a; = ¥(f(2)dz) for i =1+1,...,n. As a special case of Theorem 2.15
we have the following theorem:

(3(f(2)dz), 3(f(2)dz)) = y* | £ (2)]?,

Theorem 2.16. The function Ewmvgzn(z,s) has a pole of order m +n +1 at
s =1, and the (s — 1)*(’”*”“) coefficient in the Laurent expansion is

(=8x3)" ™" 2(mn) (2m)!(2n)! (m + n) .

2.28 _—
(2.28) vol (I'\H)™ "+ 171 gm-+n n
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If n or m are odd then the pole order of E®"-S" (2,8) at s =1 is strictly less than
(m+mn)/2+1.

Proof. The first part follows from Theorem 2.15, (2.25) and (2.26) once we count

the number of nonzero terms in the sum indexed by ¥s,,+2,. This is the set of
elements

=5 .
Yomaon = {U € Yom+2n

0(2t —1),0(2i) <2mor o(2i —1),0(2i) > 2m
foralli=1,...,m+n '

This set contains

2m)! (2n)! fm +n
2m - 2n ( n )
elements which can be seen by noticing that each element may be obtained uniquely
by applying o1 € f)gm to1,...,2m and oy € ign to2m +1,...,2m + 2n and
then shuffling (¢1(1),01(2)),...,(c1(2m —1),01(2m)) with (c2(2m + 1), 02(2m +
2)),...,(02(2m +2n — 1), 02(2m + 2n)).

If m + n is odd then Theorem 2.15 says that the pole order at s = 1 is at
most [(m +n)/2] + 1 which is strictly less than (m +n)/2 + 1.

If m and n is odd then Theorem 2.15 says that the pole order at s =1 is at
most (m-+n)/2+1, but since one of the factors in the product of the (m+n)/2+1
term has to be zero the pole is at most of order (m + n)/2. O

We now turn to E™"(z, s). We assume f = g.

Theorem 2.17 ([9]). At s=1, EY%(z,s) has a simple pole with residue

it (20 [ z).

Proof. This follows directly from Theorem 2.15 and
EY0(z,5) = E®(2,5) +iE%(z,5).
O

Theorem 2.18. The Eisenstein series E™™(z,s) has a pole of order m+1. The
(s — 1)=(m*D) coefficient in the Laurent expansion around s = 1 is

Mm 2 2m
Proof. Since (7, f) = (v, R(f(2)dz)) + i (v, 3(f(2)dz)) we have
0 P = 1 Y (7:) (1 RO (2)d2)) " (7, S(f (2)d2)) 2"
n=0

Hence

E™™(z,s) = (—=1)™ i <7::) BRS04,

n=0
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From Theorem 2.16 we hence find that the leading term of E"™™(z, s) is

e (1))

n=0

The sum equals (m!)?2™ from which the result follows. O

Theorem 2.19. At s =1, E*°(z,s) has a simple pole with residue

m <2m' /OO f(z)dz>2

while EY' has a double pole with residue

42 2 2 1672 , e
o L A GO [ ) e O ),
The coefficient of (s —1)72 is

vol(T'\H)2"

Proof. We start by noticing that as a special case of (2.13) we have

z
.

B e,(2,5,0) :—47r2/ al/ ()ézE(Z,S)—‘y—QWi/ a1 Tlim D.,(z,s,0)

(oo}

+27m'/ Qo jliinngl(z,s,a)+ lim De,,(z,s,0).
K3

0o T—o0

The first term has a simple pole at s = 1 with residue

_4772 /z /Z
Vol (O\H) ;oo ! Jino @

while the two middle terms are regular at s = 1 by (2.8) and Lemma 2.12. The
singular part of the expansion of the fourth term equals the singular part of the
expansion of

lim (—R(s)(Le e, E(2,9))) = 87r2/ r(z,2',8) (a1, az) E(z, 5).
T—o0 I\H

This follows from (2.9) and Lemma 2.12. But by using (2.23) and (2.24) we find
that this is

i o1, 2)(s—1)72
vol(T\H)? /mé o) Az =

82

+ T /F\]Ef“z') ~ oz, 21)) (e, am) dp() (s — 1)
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Hence we know the singular part of the expansion of E., ., (z,s) at s = 1. It is
easy to see that

E?%(z,5) = EW(z,5) + 2E®S(2,5) — EY(z,5)

EY(z,5) = —EéRz(z,s) — E¥(2,3).

Using the above explicit expressions for the expansions of E, ,(z, s, 6) now gives
the result when using (2.25) and (2.26). O

We note that this is Theorem E. We state the result for the m +n = 3 case.

Theorem 2.20. At s =1 E3Y(2,5) has a simple pole with residue

m (27ri /OO f(z)dz>3

while E*1(z,s) has a double pole with leading term

g (77 [ 7 i

3. GROWTH ON VERTICAL LINES

By using Proposition 2.6 we see that E"™"(z,s) = Ok(1) for R(s) =0 > 1
and z in a fixed compact set K. In this section we show that when we only require
o > 1/2 then we have at most polynomial growth on the line R(s) = o.

We take the opportunity to correct Theorem 1.5 in [25]. For simplicity assume
that we have only one cusp. It will become clear that this is no restriction. We
first prove :

Lemma 3.1. The standard nonholomorphic Eisenstein series E(z,s) has poly-
nomial growth in s in N(s) > 1/2. More precisely we have for any ¢ > 0 and
1/2<o0<1

(3.1) E(z,0 +it) = O (|t[* 777
for all z € K, a fixred compact set in T\H.

Proof. The lemma starts with the same observation as in [4]. We write E(z,s) =
h(y)y® + g(z, s), where g(z,s) € L2(T\H) and h(y) € C$°(0,00) with h(y) = 1 up
in the cusp, while h(y) = 0 for y < max(Sz,z € K). We set H(z,s) = (A+s(1 —
5))g(z,s). Then H(z,s) = —2sh’(y)y* — h"'(y)y>*2, it is compactly supported and
holomorphic in s. We get that H(z,s) = O(J¢|) uniformly in z € K and on the
vertical line R(s) = ¢ > 1/2. This estimate remains then true in L?(I'\H). Since
g(z,8) = R(s)H(z,s), we appeal to the following resolvent estimate:

(32) IR m
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for the resolvent of a general self-adjoint operator A on a Hilbert space. We have
dist(s(1 — s),Spec(A)) > |t| (20 — 1) and we get for 1/2 <o =R(s) <1

l9(z,8)[l, = O(1).
To pass to pointwise bounds we use the Sobolev imbedding theorem. From Ag(z, s)+
s(1 — s)g(z,s) = H(z,s) we get |[Ag(z,s)|l, = O(|t|*). This implies E(z,s) =
O(|t]?) for z € K. We note that by [11, Th. 12.9 (d), p 164] or [30, Theorem 7.3
E(z,s) is of finite order. Now we can improve the result by applying Phragmén-
Lindeldf in the strip 1/2 4 6 < R(s) < 1+ § for some small § > 0 using the fact
that E(z,s) is bounded for R(s) = o > 1. The finite number of poles sg, s1, - . . S
in this region can be dealt by multiplying with (s —s¢)(s —s$1) -+ (s — sk). We get
as result
E(z,5) = Ok (|t|""7")

for all z € K, a fixed compact set in T'\H. O

Lemma 3.2. The function D, .. (z,5,0) has polynomial growth in t in R(s) >
1/2. More precisely we have for any e >0 and 1/2 < o <1

(3.3) Dey.ien (2,0 +t,0) = O(Jt O A77%%),

The involved constant depends on €, o and wy,. .., wy,.

Proof. This is induction in n. For n = 0 we refer to Lemma 3.1. We now assume
that for o > 1/2

(3-4) Dey.en(z0 +it,0) = O(jt|H0-)T3mTey

(3.5) HLEk (6)D€17.7gk7_,€m (Z, 8,6)HL2 = O(‘L‘|4(1_U)+3m6)

whenever m < n — 1. By (2.9) we see that we need to estimate the two type of
terms

Lee, (6)D617-,€k,-,él7-,€n (Za S, 6)
LEk (0)D€17~7€k (Z,S,O)

b 7671,

when we apply the resolvent. We can control the first (in L?) by the induction hy-

pothesis as we note that L., (6) is a compactly supported multiplication operator
(see (2.6)). We get

= = 4(1—0)+3(n—2
HLekez (O)D€1a~7ék7~;€la~75n (27 S’O)HL2 =0 (|t| ( a0 )E> :

By using that w; is compactly supported we easily deduce from (2.5) that

=,

“Lfk(a)D€l7-7€ka-7€7z(Z7576)‘ 12 <C (HD%Q,-,&C,A,%(Z?570)

L2(0)

L2(0>> ’

(3'6) HDZGh.,ék,-,en(Z’576)‘

L»(0) + "D615'7€k7~16n (Z’ 5, 6)
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where O is an open set lying between the support of w; and some other compact
set. We now evaluate these three terms separately. To handle the first term we
note that

-,

0)

=,

<c HD€17-7€k7~75n (Zv 570)

HDZ,615~7€1€7~y6n (Z’ S, 0)‘

<c HD61,~,€1¢,~,67L (z> S,

L2(0) H'(0)

H2(0)
(3.7)

-,

0)

£2(0)
L?(O)) '

4(1—0)+3(n—1)+c+2
prioy = QUM

’
<c (HDelmgkmen (Z7 S,

-,

+ HADel,.,ék,.,En('z7 3, 0)

We note that by (2.9) and the induction hypothesis

(3.8) |ADe e, 0 (2:5,0)

Hence the left-hand side of (3.7) is O(|¢|** =3 =D+e+2) "The second term of
(3.6) may be evaluated in the same manner, while the third term is even smaller.
We thus get

(39) HLek ((_)’)Dsl}',ék“’en (278,6)‘ — O(|t|4(170')+3(n71)+8+2)

L2

which certainly establishes (3.5) when m = n. By (2.9), (3.2) and the above we
find

k=1
k<l L2
— O(t(4(1—0)+3(n—1)+s+1).

To get a pointwise bound we also need

(3.10) HADel,A..,en(Z,&ﬁ)‘ _ O(|t|4(1—0)+3(n—1)+1+2+5)’

L2
which follows from (3.2) and the above. From the Sobolev embedding theorem we
get

€

[P <P n,

-0 (|t|4(1—0)+3n+s) '
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To finish the proof we apply the Phragmén Lindel6f principle in a strip 1/2+ 1 <

R(s) < 1+ 02 for small §; > 0. This gives the desired result. O
Using the above lemma we conclude:

Theorem 3.3. The functions E, .. ., (2,5,6) and E™" have polynomial growth
int in N(s) > 1/2. More precisely we have for any e >0 and 1/2 < R(s) <1

(3.11) Ee,...c.(2,50)= (|t| (446m)(1— a)Jrg)7
(3.12) E™(z, 5) = O(|t|4HOmEm)1—o)ttey
The involved constants depend on €, o, f, g and aq,...,Qy.

Hence we have also proved Theorem F.

4. ESTIMATING VARIOUS SUMS INVOLVING MODULAR SYMBOLS

Using the results of the previous two sections we would now like to obtain
asymptotics as T" — oo for sums like

(4.1) Z W

yERN
Iyl <T

where wy = 1, (y,0n) -+ (y,a0) or wy = (7, /)" (3.9) . Here 4], = [ez +d|*
with ¢, d the lower row in v and z € H. We let

E(z,s) = Z wyS(v2)?,
yELAT

and assume that this is absolutely convergent for R(s) > 1, that it has meromor-
phic contination to $(s) > h where h < 1, and that as a function of s it has at
most polynomially growth on vertical lines. We further assume that s = 1 is the
only pole in R(s) > h, and that for all € > 0

(4.2) wy = O([2) as [lyll, — oo

We note that Theorem C, Corollary 2.7 and Theorem 3.3 establish these properties
for the relevant Eisenstein series.
Let ¢y : R —= R, U > Uy , be a family of smooth decreasing functions with

1 ift<1-1/U
t) = -
¢u () {0 ift>1+1/U,

and ¢(j)() O(U’) as U — oo. For R(s) > 0 we let
/ oy ()t dt
be the Mellin transform of ¢;;. Then we have

(4.3) Ry(s) = é +0 ([1]) as U — o0
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and for any ¢ > 0

(4.4) Ru(s) =0 <|i| (1 f|s|)c> as |s] — oo,

Both estimates are uniform for $(s) bounded. The first is a mean value estimate
while the second is successive partial integration and a mean value estimate. Mellin
inversion formula now gives

YETAT T 21 Jp(s)=2 Y°

We note that by (4.4) the integral is convergent as long as E(z, s) has polynomial
growth on vertical lines. We now move the line of integration to the line R(s) = h
with h < 1 by integrating along a box of some height and then letting this height
go to infinity. Assuming the polynomial bounds on vertical lines the Phragmén-
Lindel6f principle implies that there is a uniform polynomial bound O(t%) in h <
R(s) < 2 (excluding a small circle around s = 1) and using (4.4) we find that the
contribution from the horizontal sides goes to zero. If we assume that s =1 is the
only pole of the integrand with R(s) > h then using Cauchy’s residue theorem we
obtain

1 E
—/ (Z’S)RU(S)TSds
21t =2 Y°

= Ress—1 <‘E(;S’S)RU(S)TS> + %/ E(Z7 S) RU(S)TSdS.

T Jw(s)=n Y°

If we choose ¢ = a + ¢ the last integral is O(T"U%*+¢) uniformly for z in a compact
set.

Assume that E(z,s) has a pole of order | with (s —1)~! coefficient a_; then,
if [ > 1, we have

Ress—1 (E(yz’s) Ru(S)TS> = (LT(logT)l_1

s -1y
+O(T(log T)' =2 + Tlog T' ' JU),

since the residue divided by T is a polynomial in log T" of degree [ — 1 with leading
coefficient (lfﬁ This gives

> o () = ron

YELA

+O(T(logT)' =2 + Tlog T'~' JU 4 T"U***).
If { =1 then

Ress—1 <E(;S’S)RU(S)TS> = %T—i— o(T/U),
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and we get

> wiu (”}'Z) ==Ly o(m/U + ThUe).
yERN y

If E(z,s) has a nonsimple pole we choose U = log T and we get

(4.6) ZF:\FWWU ( ”Zﬁ) = i‘f)!yT(logT)H +O(T(log T)'™2).

In the simple pole case we choose U = T(1=7)/(a+1+¢) i order to balance the error
terms and we get

IVl _ a1 athie
(47) Z w'beU <T = TT + ()(T”"‘*'l‘*'E )

YELA

At this point we note that if w, is non-negative for all v € I.L\T', then by choosing

¢u and ¢y as above and further requiring ¢y (t) = 0 if ¢ > 1 and ¢y (t) = 1 for
t <1, we have

> et (172) £ 3 ens > o (1)

yERN

from which it easily follows that the middle sum has an asymptotic expansion. As
an application we use this on the usual nonholomorphic Eisenstein series and we
find that

T athte

4.8 1= O(T a+1i+e
yERN
lIvll.<T

Now we may choose a = 4(1 — h) + ¢ (see Lemma 3.1) and we get the following
result:

Lemma 4.1. Assume that the only pole of E(z,s) in R(s) > h is s = 1. Then

T 4—3h
4. l=— T3=anTe),
(4.9) Z y vol (T'\H) + 0T
YERND
vl <T

Using this lemma we can now deal with the general case. To get a result
without ¢y from (4.6) and (4.7) we notice that if we choose ¢y such that ¢y (t) =1
for t <1 then

Y ow (B T e Y e (i)

YELN YELNL yELA
lIvll.<T T<|yvll. <T(A+1/U)
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Using (4.2) we see that we may evaluate the last sum in the following way. For
any € > 0 this is less than a constant times

(T(L+1u) > 1<2rt > L

YELN YELN
T<|lyvl,£T(1+1/U) T<|¥vl,£T(1+1/U)

The sum is O(T/U) —l—O(T%“) by Lemma 4.1. Using this with the above choices
of U we get the theorem:

Theorem 4.2. If E’(z,s) has a pole at s=1 of order | with (s — 1)7! coefficient
a_;. If 1 =1, i.e. if the pole is simple then

3w, = Elr g o ()T,
YERN y
Ivll.<T
If 1 > 1 then
Z Wy = 7 ) ————TlogT"" ' + O(Tlog T'7?).
yELRN
Ivll.<T

Using this we now get an expansion of the summatory function (4.1) in all
the cases that we studied in section 2. We only state the result in a few cases.

Corollary 4.3. Let a = R(f(z)dz) and 8 = 3(f(2)dz). Then

=) || (2m)! (2n)
4.1 am 2 ZTlog™ ™" T
( 0) ’YEEF:\F <77a> <77ﬂ> yVOl(F\H)m+n+1 ml2m pl

vl =T

+O(T 10g7n+n—1 T)

and if m or n is odd then

(4.11) Y (ra)™ (7,8)" = O(Tlog" T)
yERN
lvll,<T

for some k € N strictly less than (m +n)/2.

Proof. This follows from Theorem 4.2, Theorem 3.3, Corollary 2.7 and Theorem
2.16, once we notice that
(4.12) (2m)!(2n)! (m + n) _ (2m)! (2n)!

2mtn(m4+n)l\ n ml2m pl2n’

Corollary 4.4. We have

m 167 m m—
413) Y nEm = UL o™ T+ O log 1),
YELA
Ivll.<T
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Proof. This follows from Theorem 4.2, Theorem 3.3, Corollary 2.7 and Theorem

2.18. O
Corollary 4.5. There exists 61 > 0 such that
1 z

4.14 = (-2mi ar | T 7).
@) X uh) = g (i [ smar) o)

yERAT

Ivll.<T
Proof. This follows from Theorem 4.2, Theorem 3.3, Corollary 2.7 and Theorem
2.17. O

We note that by picking z = ¢ this reproves (1.4).
Corollary 4.6. There exists d2 > 0 such that

z 2
(4.15) o= m (—2m'/ f(7) d7> T + O(T'~%).

yELA

Ivl.<T
Proof. This follows from Theorem 4.2, Theorem 3.3, Corollary 2.7 and Theorem
2.19. O

Remark 4.7. How small we can prove 1 —d; to be in the above corollaries depends
of course on how good polynomial bounds we have and how far to the left we may
move the line of integration. Assuming no eigenvalues s(1 — s) € (0,1/4) we can
move just to the right of s = 1/2, and using the bound of Theorem 3.3 we get

11
1_51:E+€

17

1— = —_—
52 18+6

for any € > 0.

5. THE DISTRIBUTION OF MODULAR SYMBOLS

We now show how to obtain a distribution result for the modular symbols
from the asymptotic expansions of Corollary 4.3. We renormalize the modular
symbols in the following way. Let

vol (T\H)
<'7v f> - 87‘(’2 ||f||2 <77f>
o vol (T\H) N
(v, @) YR (v, @)
i = (2D

8n2 | f||?
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where a = R(f(2)dz), = S(f(z)dz). Let furthermore
(5.1) (BAD)T = {y € BAT| lyll, < T}

By Lemma 4.1 we have

(5.2) 0 RN DL —or'),

Vol (T\H)

for some 6 > 0. Now let X1 be the random variable with probability measure

e @AD)T | 2L _ e R

# {7 BAD™ | e

#(Lo\ )T

for R C C (we set <7, a >/+/log 7Il, =< if ||[7]|, < 1. Note that there are only
finitely many such elements.) We consider the moments of X

(5.4)

1 3 (v, f) ' 0) "
nm\AT) = =\ T N T S\ Vs, 7
M (X1) = g N7 Ye(mr) ™ [ ( log”ﬂz)] [ ( log”ﬂ)]

and note that

(5.3) P(Xr € R) =

R((y,f) = (.0
S((v.f) = —ily, ).
By partial summation we have
Z‘ner(*].)m ~—N—~——m 1
Mom(Xr) = 2 [ ST 058) () —es
, L\D)T ) ’ log T'(m+n)/2
#(Be\I') ye(@n)T o8
m+n/T T n———m 1
+ Yo B (ra) dt |,
(m+n)/2+1
2 Jew ey log?)

where ¢, = min{||v[, | ||7|l, > 1}. If we now apply Corollary 4.3 and (5.2) we find
that as T" — oo

n! m!

(5.5) Mn,m(XT) N { (n/2)!.2n/2 (m/2)12m72>

0, otherwise.

if m and n are even,

We notice that the right-hand side is the moments of the bivariate Gaussian dis-
tribution with correlation coefficient zero. Hence by a result due to Fréchet and
Shohat (see [17, 11.4.C]) we conclude the following:
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0.F)

v/ logllvll,

correlation coefficient zero. More precisely we have

Theorem 5.1. Asymptotically has bivariate Gaussian distribution with

T (7. f)
(5.6) #{WG(F‘”\F) \/lgnglzeR} S TV g
' FHOAD)T T on /;‘Xp T2 )T
as T — oo.

As an easy corollary we get

Corollary 5.2. Asymptotically %1(2;;{\]{/ >”) has Gaussian distribution. More pre-
cisely we have
Foo T T éﬁ(m b
' #(LAD)T o ), P\ T2
as T — 0.

—_~—

The same holds for I((v, f)). We note that by putting z = i in Corollary 5.2
and Theorem 5.1 we obtain Theorem A and Theorem B.
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