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Preface

These notes contain explanatory material for Sturmfels’ book “Gr¨obner bases and
convex polytopes”. They cover the pages 1–7, 22 (Subroutine 3.7), 25, 31, 32,
113, 114, 115 with background material on the LLL algorithm and lattice re-
duction. There is an incomplete appendix on convexity. A future project is to
write this out containing a survey of details from the Springer GTM book of Arne
Brøndsted with a proof of separation coming from dimension2 and using induc-
tion.
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Chapter 1

Gröbner Basics

Let R = k[X1; : : : ; Xn] = f
P

v2Nn avX
v j av 6= 0 for only finitely manyv 2

Nng, wherek is a field. Let� be a term order. Given an idealI we let in�(I)
denote the ideal

hin�(f) j f 2 Ii:

Recall that a finite setG = (g1; : : : ; gm) � I is called a Gr¨obner basis forI if

in�(I) = hin�(g1); : : : ; in(gm)i:

In this case it is easy to prove thatI = hg1; : : : ; gmi. If G is a Gröbner basis, then
f 2 I () fG = 0, wherefG denotes the remainder off divided byG using
the division algorithm. We have the following very useful result.

Proposition 1.0.1 The setS = f[Xv] j v 2 Nv ; Xv 62 in�(I)g is ak-vector space
basis of

A = k[X1; : : : ; Xn]=I:

Proof. Let �1; : : : ; �r 2 k. Suppose that�1[Xv1 ] + � � �+ �r[X
vr ] = 0 for suitable

v1; : : : ; vr 2 Nn , such thatXvi 62 in�(I). Thenf = �1X
v1 + � � �+ �rX

vr 2 I. If
f 6= 0, thenin�(f) 2 in�(I). This is a contradiction. Thus�1 = � � � = �r = 0.
Let G = (g1; : : : ; gr) be a Gröbner basis ofI with respect to�. Thenin�(I) =
hin�(g1); : : : ; in�(gr)i. Given[f ] 2 A, we see that[f ] = [fG] andfG is a sum of
terms not inin�(I). This shows thatS generatesA. �

Exercise 1.0.2Suppose that�1 and�2 are two term orders andI an ideal ofR.
Show thatin�1

(I) = in�2
(I) if in�1

(I) � in�2
(I).

1



2 CHAPTER 1. GR̈OBNER BASICS

1.1 The universal Gr̈obner basis

Proposition 1.1.1 Let n � 2. There are uncountably many term orders onNn .

Proof. Fix n = 2. Let�r denote the term order onN2 given byu �r v if and only
if

(1; r) � u < (1; r) � v or ((1; r) � u = (1; r) � v andu �lex v);

wherer 2 R andr � 0 (why is r < 0 NOT allowed?). Ifr 6= s we may find
v 2 Z2 such that(1; r) � v > 0 and(1; s) � v < 0. Now writev = v1 � v2, where
v1; v2 2 N2 . Thenv1 �r v2 butv1 �s v2. This shows that�r 6=�s for r 6= s. �

Theorem 1.1.2 Let I be an ideal ofR. Then

T = fin�(I) j � term orderg

is a finite set.

Proof. Suppose thatT is infinite. Letf 2 I n f0g. Thenf contains a termm1

belonging to an infinite subsetT1 of initial ideals inT . We can find an initial
idealin�1

(I) in T1, such thathm1i ( in�1
(I). This means that there exists a term

m 2 in�1
(I) n hm1i, such that

[m] = �1[n1] + � � �+ �r[nr];

wheren1; : : : ; nr are terms62 hm1i by Proposition 1.0.1. Thus we may findf1 2
I n f0g with no terms inhm1i. Let m2 denote a term belonging to an infinite
subset of initial idealsT2 in T1. As before we may findf2 2 I n f0g with no
terms inhm1; m2i. Continuing like this we get a infinite ascending chainhm1i (
hm1; m2i ( : : : . This is a contradickson.�

Definition 1.1.3 Let I be an ideal ofR. A universal Gröbner basis forI is a
(finite) subsetG � I, which is a Gröbner basis for every term order�.

Corollary 1.1.4 Let I be an ideal ofR. ThenI has a universal Gr¨obner basis.

Proof.Suppose thatin�1
(I); : : : ; in�m

(I) are the finitely many initial ideals. Then
the union of Gr¨obner bases wrt.�1; : : : ;�m is a universal Gr¨obner basis.�

Example 1.1.5 The polynomials coming from taking the2�2-minors of a2�n-
matrix �

X11 X12 : : : X1n

X21 X22 : : : X2n

�



1.2. HOMOGENEOUS IDEALS 3

form a universal Gr¨obner basis for the ideal they generate. Take as an example
n = 3. Then

G = fX11X22 �X21X12; X11X23 �X21X13; X12X23 �X22X13g

is a universal Gr¨obner basis forhGi. This is seen by analyzing the8 possible
initial terms in the three polynomials and using BuchbergersS-criterion.

1.2 Homogeneous ideals

Let (S;+) be a commutative semigroup with neutral element0. A ringR is called
S-graded if

R =
M
s2S

Rs;

whereRs are subgroups of(R;+), 1 2 R0 andRsRt � Rs+t. Notice thatR0 is a
subring ofR.

An elementr 2 R is called homogeneous ifr 2 Rs for somes 2 S. An ideal
I � R is called homogeneous ifI = �s2SI \ Rs. This can be translated into the
fact that iff = fs1 + fs2 + � � �+ fsr 2 I, wherefsi 2 Rsi , thenfsi 2 I.

Proposition 1.2.1 An idealI � R is homogeneous if and only if it can be gener-
ated by homogeneous elements.

Proof. Exercise.�

Example 1.2.2 Let ! = (!1; : : : ; !n) 2 Rn . ThenS = N!1 + � � � + N!n �
R is a semigroup. There is a naturalS-grading on the polynomial ringR =
k[X1; : : : ; Xn] given by

Rs = Span kfX
v j v 2 Nn ; v � ! = sg;

wheres 2 S.

1.3 Term orders and weight vectors

Let ! 2 Rn andf =
P

v2Nn avX
v 2 R. Then we let

in!(f) =
X
v02Nn

av0X
v0 ;
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where we sum over the vectorsv0 maximizing! � v0 in fv j av 6= 0g. Given an
idealI � R, we let

in!(I) = fin!(f) j f 2 Ig:

Clearly in!(I) is a homogeneous ideal in the grading given by! (as in Example
1.2.2). Notice that this is not necessarily a monomial ideal.

Example 1.3.1 Let f = X5
1X2 +X4

1X
4
2 +X4

1 +X2
1X

5
2 +X1X

2
2 +X6

2 +X2. Ex-
amples with! = (1; 1); (1; 2). Determine initial ideals. Some terms can NEVER
be initial terms!!

Definition 1.3.2 In the same way as in Proposition 1.1.1 we construct a term order
�! for ! � 0.

1.3.1 Computingin!(I)

For a total order (not necessarily a term order) on monomials, we letin�(I) =
hin�(f) j f 2 Ii. For arbitrary! 2 Rn (the condition! � 0 is dropped) we have
a total order�!.

Proposition 1.3.3 Let� be a total order on monomials,! 2 Rn andI an ideal in
the polynomial ringk[X1; : : : ; Xn]. Then

in�(in!(I)) = in�!
(I):

Proof. For everyf 2 I we have the formula

in�(in!(f)) = in�!
(f):

This shows thatin�!
(I) � in�(in!(I)). For the other inclusion, note thatin�(in!(I))

is generated byin�(g), whereg 2 in!(I). We have to use thatin!(I) is a homo-
geneous ideal. Write

g = gs1 + � � �+ gst:

Then in�(g) = in�(gsi) for somesi 2 fs1; : : : ; stg. But gsi is a homogeneous
element and as such it must be= in!(f), wheref 2 I. Thus

in�(g) = in�(gsi) = in�(in!(f)):

�

We can use Gr¨obner basis theory to compute the idealin!(I). Let� be any
term order andG = fg1; : : : ; grg a Gröbner basis ofI wrt. �!, where! � 0.
Then

fin!(g1); : : : ; in!(gr)g

is a Gröbner basis ofin!(I) wrt.�. This is a consequence of Proposition 1.3.3.
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1.4 Separation

Recall that a non-empty subsetC � Rn is called convex if

�x + (1� �)y 2 C

for everyx; y 2 C and� 2 [0; 1]. An affine hyperplaneH in Rn is given by

H = f(v1; : : : ; vn) j �1v1 + � � �+ �nvn = �g;

where�1; : : : ; � 2 R (not all zero) and� 2 R. We associate the closed half spaces

H� = f(v1; : : : ; vn) j �1v1 + � � �+ �nvn � �g

and
H+ = f(v1; : : : ; vn) j �1v1 + � � �+ �nvn � �g

with H. Now we can state a fundamental separation theorem.

Theorem 1.4.1 LetC1; C2 be convex subsets ofRn , such thatC1\C2 = ;. Then
there exists an affine hyperplaneH such thatC1 � H� andC2 � H+.

Proof. This is a consequence of ([1], Theorem 11.3).�

1.5 Initial ideals using weight vectors

Theorem 1.5.1 Let� be a term order andI an ideal ofR. Then

in!(I) = in�(I)

for some vector! 2 Nn .

Proof. Let G = fg1; : : : ; grg be a Gröbner basis forI wrt. �. Suppose we have
found! 2 Nn , such thatin�(g1) = in!(g1); : : : ; in�(gr) = in!(gr). Then

in�(I) = hin�(g1); : : : ; in�(gr)i = hin!(g1); : : : ; in!(gr)i:

This proves thatin�(I) � in!(I). Thereforein�(I) � in�!
(I) and Exercise

1.0.2 shows thatin�(I) = in�!
(I). If in�(I) ( in!(I), thenin�(I) ( in�!

(I),
soin�(I) = in!(I).

Suppose now that

g1 = c10X
a10 + c11X

a11 + � � �+ c1j1X
a1j1

g2 = c20X
a20 + c21X

a21 + � � �+ c2j2X
a2j2

...;
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wherein�(g1) = c10X
a10 ; in�(g2) = c20X

a20 ; : : : . We must prove that

C = fx 2 Rn
+ j x � (ai0 � aij) > 0; for i = 1; : : : ; r; j = 1; : : : ; jig

contains a! 2 Nn . Suppose thatC is empty and letv1; : : : ; vN denote the vectors
ai0 � aij. Then the subset

M = f(x � v1; : : : ; x � vN) j x 2 Rn+g

is convex and disjoint from (the interior of)Rn+ . Using Theorem A.1.1 we may
find �1; : : : ; �N ; � 2 R such that

�1x � v1 + � � �+ �Nx � vN � � � �1y1 + � � �+ �NyN

for everyx 2 Rn+ and(y1; : : : ; yN) 2 Rn+ . This shows that�1; : : : ; �N � 0 and
� = 0. Thus

x � (�1v1 + � � �+ �NvN ) � 0

for everyx 2 Rn+ . Therefore�1v1+ � � �+�NvN � 0. Check that one may assume
that�1; : : : ; �N 2 N . Writing out we get the inequality

�1a10 + � � �+ �Nar0 � �1a11 + � � �+ �Narjr :

This shows that
X�1a10+���+�Nar0 � X�1a11+���+�Narjr ;

which is a contradiction asXa10 ; : : : ; Xar0 are the initial terms. So we may find
! 2 Nn such that

hin!(g1); : : : ; in!(gr)i = hin�(g1); : : : ; in�(gr)i:

�

1.6 The Gröbner region of an ideal

Let I be an ideal ofR. Then we let

GR(I) = f! 2 Rn j in!(I) = in!0(I); for some!0 2 Rn+g:

Definition 1.6.1 Let f = a1X
v1 + � � �+ arX

vr 2 R. Then the Newton polytope
of f is

New(f) = convfv1; : : : ; vrg:
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Example 1.6.2 Let I = hfi, where

f = X4
1 +X5

1X
2
2 +X4

1X
4
2 +X2

1X
5
2 +X6

2 +X2 +X1X
2
2 :

ThenGR(I) is a union of normal cones of certain faces of the Newton polytope of
f . Show that there arae only three terms of the above seven terms that can occur
as inital terms. These correspond to the normal cones in the Gr¨obner region!

Proposition 1.6.3 Let I � R be a homogeneous ideal with respect to the the
vector(d1; : : : ; dn) 2 Nn , wheredi > 0. ThenGR(I) = Rn .

Proof. Let ! 2 Rn. We wish to prove thatin!(I) = in!0(I) for some!0 � 0.
Choose� such that!0 = !+�(d1; : : : ; dn) � 0. The claim is that!0 does the job.
Let f = f0 + f1 + � � �+ fr. Thenf0; : : : ; fr 2 I (sinceI is homogeneous) and

in!(f) = in!(fi1) + � � �+ in!(fis)

for suitablefi1 ; : : : ; fis. But in!(fij ) = in!0(fij ) for j = 1; : : : ; s. This shows that
in!(I) � in!0(I). The other inclusion is similar.�

Proposition 1.6.4 Let I � R be a homogeneous ideal wrt. to the vector(d1; : : : ; dn) 2
Nn>0 and!; !0 2 Rn . Then

in!0(in!(I)) = in!+�!0(I)

for � > 0 sufficiently small.

Proof. Fix a universal Gr¨obner basisG = fg1; : : : ; grg for I. Then for� > 0
(sufficiently small) we have

in!0(in!(g)) = in!+�!0(g);

whereg 2 G. This implies that

in!0(in!(I)) � in!+�!0(I): (�)

We wish to show that the right and left hand sides are identical. To this end we
may assume that!0 � 0 and! + �!0 � 0 because of Proposition 1.6.3. Using�
on both sides we get

in�!0
(in!(I)) � in�!+�!0

(I):

But the left hand side is
in�!0!

(I):

So we have inclusion between two initial ideals ofI. This means that the inclusion
in (�) cannot be strict.�
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Chapter 2

The Gröbner walk

2.1 Prelude on term orders

LetM = fw1; : : : ; wmg � Rn . We may viewM as anm�nmatrix in the natural
way. Then we defineu �M v if u � wi = v � wi for everyi = 1; : : : ; m or

w1 � u = w1 � v

...

wl � u = wl � v

wl+1 � u < wl+1 � v

for somel = 1; : : : ; m� 1. This defines a relation�M onNn , which is reflexive
and transitive. It is antisymmetric ifKer (M) \ Zn = f0g. It is easy to see that

u �M v =) u+ w �M v + w;

for everyu; v; w 2 Nn . Clearly0 �M v for everyv 2 N if w1; : : : ; wm 2 Rn+ .

Project 2.1.1 Prove that every term order� on Nn can be realized via a certain
matrixM as above.

Example 2.1.2 We give some examples of term orders onN3 , which can be real-
ized using suitable matrices.

i) Let

M =

0
@1 0 0
0 1 0
0 0 1

1
A :

Then�M is the usual lexicographic order onN3 .

9



10 CHAPTER 2. THE GR̈OBNER WALK

ii) Let

M =

0
@1 1 1
1 1 0
1 0 0

1
A :

Then�M is the socalled degree reverse lexicagraphic order. It is also given
by the matrix

M =

0
@1 1 1
0 0 �1
0 �1 0

1
A :

2.2 Recollections

Recall the construction of the Gr¨obner fan of an idealI � k[x1; : : : ; Xn] = k[Nn ].
We let

C[!] = fv 2 Rn j inv(I) = in!(I)g:

This is a cone inRn . If I is homogeneous with respect tod = (d1; : : : ; dn) 2 Nn ,
wheredi > 0, then

C[!] \ Rn+ 6= ;:

ThusC[!] has nonempty intersection with the positive orthant. This is the content
of Proposition 1.6.3. Ulf proved the following important result.

Theorem 2.2.1 The collectionfC[!] j ! 2 Rng is a fan (called the Gr¨obner fan
of the idealI).

2.3 A somewhat different Gr̈obner fan

Suppose thatI is an arbitrary ideal ink[Nn ] (not necessarily homogeneous). Let

G[!] = fv 2 Rn+ j inv(I) = in!(I)g:

ThenfG[!] j ! 2 Rn+g is a fan. If� is a term order we know thatin�(I) = in!(I)
for ! 2 Nn .

Remark 2.3.1 If in!(I) is a monomial ideal, thenG[!] is an open subset ofRn+ .
We have already seen this using a Gr¨obner basis argument. LetG = fg1; : : : ; gtg
be a Gröbner basis with respect to a term order�. Write gi = x�i +

P
� ci;�x

�.
Then we have seen thatin!(I) = in�(I) if and only if ! � �i > ! � � (when
ci;� 6= 0). This condition defines an open subset ofRn .

Definition 2.3.2 If in!(I) is a monomial ideal,! is calledgeneric.
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2.4 How to compute the Gr̈obner fan in small cases

The strategy for computing the modified Gr¨obner fan in small cases is quite ob-
vious (once you have spent a few days with it;-)). Compute Gr¨obner bases for
some well known term orders�. For each term order we can compute the set of
! 2 Rn+ such thatin�(I) = in!(I). They form an open coneG[!]. The closures
G[!] are the maximal cones in the Gr¨obner fan. Ulf explained how the whole fan
is given using the maximal cones in it. It is time for an example.

Example 2.4.1 Let I = hX2 + Y;X2Y + 1i (have you seen this example be-
fore?). Consider two term orders�1= lexicographic order withX � Y and�2=
lexicographic order withY � X. The reduced Gr¨obner basis with respect to�1

isR1 = (X2 + Y; Y 2 � 1) andin�1
(I) = (X2; Y 2). The reduced Gr¨obner basis

with respect to�2 isR2 = (X2 + Y;X4 � 1) andin�2
(I) = (Y;X4).

Now face the facts! It is easy to realize thatin!(I) = (X2; Y 2) if and only of
2x > y, where! = (x; y). Similarly it follows thatin!(I) = (Y;X4) if and only
if 2x < y. We have our maximal cones and we are happy. Thus

R2
+ = G1 [G2

whereG1 = f(x; y) 2 R2
+ j 2x > yg andG2 = f(x; y) 2 R2

+ j 2x < yg. This
should be skecthed in a drawing!! At the same time we have proved that

(X2 + Y; Y 2 � 1; X4 � 1)

is auniversal Gröbner basisfor I.

2.5 Wall crossing

Sometimes it is impossible to compute the Gr¨obner basis with respect to a specific
term order�. In many cases the big obstacle is the lexicographic order. This is
usually a difficult term order for computing Gr¨obner bases. What if we could start
at some other point of the Gr¨obner fan and move towards the cone containing
the lexicographic order? Each time we cross a wall we do some update so when
reaching the lexicographic cone we have the Gr¨obner basis with respect to the
lexicographic term order. This sounds like wishful thinking, but it is not!!

First recall thatG[!] is an open set if and only ifin!(I) is a monomial ideal
= hin!(f1); : : : ; in!(fm)i for somef1; : : : ; fm 2 I. This implies that(f1; : : : ; fm)
is a Gröbner basis forI wrt. �!, where� is an arbitrary term order. We say in
this case that(f1; : : : ; fm) is a Gröbner basis wrt.!.
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Remark 2.5.1 Here is a very important remark, which must be reconsidered a
few times. Suppose thatI is a homogeneous ideal. Then the reduced Gr¨obner ba-
sis with respect to an arbitrary term order consists of homogeneous polynomials!
This follows by writing up what Buchbergers algorithm does to a set of homoge-
neous generators. Every remainder ofS-polynomials added to the list during the
algorithm must be homogeneous!!

Proposition 2.5.2 Let I be an ideal ink[Nn ]. Suppose thatG[!1] andG[!2] are
open cones and that! 2 G[!1] \G[!2]. Let

G1 = fg1; : : : ; gtg

bethe reducedGröbner basis ofI with respect to!1. Theninw(G) is the reduced
Gröbner basis ofin!(I) with respect to!1. Now let

H = fh1; : : : ; hsg

bethe reducedGröbner basis ofin!(I) with respect to!2. Write

hi = ai1in!(g1) + � � �+ aitin!(gt)

using the division algorithm and let

fi = ai1g1 + � � �+ aitgt:

Then(f1; : : : ; fs) is a Gröbner basis ofI with respect to!2.

Proof. Since

in�!1
(in!(I)) = in(�!1

)
!
(I) = in!1(I) = hin!1(g1); : : : ; in!1(gt)i

we get thatin�!1
(I) � in(�!1

)
!
(I). This implies that

in!1(in!(I)) = in!1(I):

It follows from the homogeneity ofhi that

hi = in!(hi) = in!(ai1in!(g1) + � � �+ aitin!(gt)) = in!(ai1g1 + � � �+ aitgt):

This implies that
in!2(fi) = in!2(in!(fi)) = in!2(hi)

and therefore that
in!2(I) = hin!2(f1); : : : ; in!2(fs)i

sincein!2(I) = in!2(in!(I)) = hin!2(h1); : : : ; in!2(hs)i. �



Chapter 3

Hilbert functions and best term
order

3.1 Hilbert functions

Let I be an ideal inR = k[x1; : : : ; xn], whereR is graded using the vector
(1; : : : ; 1) (the usual grading). The Hilbert functionHI : N ! N is defined
as

HI(m) = dimkRm=Im;

whereIm = I \Rm. Given a term order� we know that the setM of monomials
Xv 62 in�(I) form a basis ofR=I. LettingMm = fXv 2 M j jvj = mg we get
that

jMmj � HI(m):

If I is a homogeneous ideal we have equality. Why is this? Well, suppose thatI
is homogeneous and letG = (g1; : : : ; gt) denote the reduced Gr¨obner basis ofI
wrt. some term order. Theng1; : : : ; gt are homogeneous. Therefore we get

f 2 Rm =) fG 2 Rm:

Thus f � fG (mod I) and therefore[f ] = [fG] is a k-linear combination of
monomials inMm. We have proved for an arbitrary term order� and a homoge-
neous idealI that

Hin�(I) = HI :

Remark 3.1.1 Let � be a term order andF = (f1; : : : ; fr) � I, whereI is
homogeneous. ThenF is a Gröbner basis if and only if

Hhin�(F )i = HI:

This observation may come in handy. Sometimes we know the Hilbert function
of an ideal (maybe we know a Gr¨obner basis with respect to another term order).

13
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3.2 Is something already a Gr̈obner basis?

Suppose that we have given a set of generatorsF = (f1; : : : ; fn) for an idealI.
If F is a Gröbner basis for some term order then we can find! � 0 such that all
of in!(f1); : : : ; in!(fn) are monomials. This can be formulated in the language of
convex geometry. Let

K = New(f1) + � � �+New(fn):

The vertices ofK correspond to the case with monomials, since we have the
formula

face!(K) = face!(New(f1)) + � � �+ face!(New(fn)):

LetP denote the set of vertices ofK. For each vertexv 2 P we compute

NP (v) = f! 2 Rn j ! � v � ! � u; 8u 2 Pg:

If NP (v) intersectsRn+ we pick! there and use Buchberger to check ifF is a
Gröbner basis wrt.!.

Example 3.2.1 Do this forF = (X2 + Y;X2Y + 1) � k[X; Y ]. In this case you
getK a zonotope (Minkowski sum of line segments).

As described (for once with all the details) in Sturmfels pp. 25–26 one may
also use the above search algorithm to find the best term order for example with
respect to a Hilbert function criterion.



Chapter 4

LLL

4.1 Lattices

Let b1; : : : ; bn be linearly independent vectors inRn . We let

L = Zb1 + � � �+ Zbn

denote the lattice spanned byb1; : : : ; bn. There are manyZ-bases ofL. Each of
these bases can be gotten from(b1; : : : ; bn) by an invertible matrixA 2 GLn(Z).
The fun begins when we enter the inner product(�; �) on Rn . As is well known
this gives rise to the norm

jxj =
p
(x; x)

onRn . We letm(L) = minfjxj j x 2 L n f0gg. The problem of finding a shortest
vector inL can be formulated as

Problem 4.1.1 Find a vectorv 2 L such thatjvj = m(L).

This is an extremely difficult problem. No polynomial time algorithm is
known to solve it. C. Hermite showed in1846 that

m(L) � (4=3)(n�1)=4j det(L)j1=n:

4.2 Naive search for a shortest vector

How can we find a shortest vector inL? Is this a finite problem?? The answer
is yes and the reason is quite simple. LetB denote the matrix constructed with
b1; : : : ; bn as columns. Ifa1; : : : ; an denotes the rows of(B�1)t, then

(ai; bj) = Æij:

15
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So if u = x1b1 + � � �+ xnbn, thenxk = (u; ak). By Cauchy-Schwarz we have

x2k = (u; ak)
2 � (u; u)2(ak; ak)

2:

So if xk denotes thek-th coordinate in a shortest vectorv in L, then

x2k � (bj; bj)(ak; ak)

for everyj = 1; : : : ; n. This shows that a shortest vector is within a finite search
(even though it may be very long): Letm = minf(bj; bj) j j = 1; : : : ; ng. If
x = (x1; : : : ; xk) is a shortest vector inL then

jxjj � mjakj:

Remark 4.2.1 In fact one may show using the LLL-algorithm that finding a short-
est vector can be done in polynomial time whenn (the dimension) is fixed.

4.3 The algorithm of Gauss in the plane

Suppose thatL = Za+ Zb � R2 , wherea andb are linearly independent. Then
there is a nice algorithm due to Gauss for finding a shortest vector inL. Suppose
thatjaj2 > jbj2. Then we findx 2 R that minimizes

ja� xbj2 = (a� xb; a� xb):

The minimumM is assumed forx = (a; b)=(b; b) (bottom point of a parabola).
If M � jbj2 thenb is a shortest vector. In fact suppose thatw 2 L is a shortest
vector. Thenw = ua+ vb. We may assume thatu 6= 0. Then

w = ua+ (qu+ r)b = u(a+ qb) + rb;

where0 � r < juj. Therefore

jwj � jujja+ qbj � rjbj � (juj � r)jbj

andb is seen to be a shortest vector inL.
If M = ja� qbj2 < jbj2 we continue the procedure withb anda� qb, whereq

is the integer nearest tox. Why does this algorithm terminate? A straightforward
reason is that there are only finitely many elements ofL of norm< R, where
R > 0. This does not explain why the algorithm is very effective (as effective as
the Euclidean algorithm).
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4.4 Gram-Schmidt

Recall the Gram-Schmidt orthogonalization procedure. Suppose thatv1; : : : ; vn is
a basis ofRn . Then we letv�1 = v1 and

v�i = vi �
i�1X
j=1

�ijv
�
j ;

for i > 1, where

�ij =
(vi; v

�
j )

(v�j ; v
�
j )
:

It is easy to see that(v�i ; v
�
j ) = 0 if i 6= j and(v�i ; v

�
i ) = jv�i j

2. A fundamental
invariant ofL is

d(L) = j det(b1; : : : ; bn)j:

4.5 Idea of the LLL-algorithm

A Z-basisb1; : : : ; bn for a latticeL � Rn is called LLL-reduced if

i) j�ijj � 1=2 for 1 � j < i � n.

ii) jb�i + �i;i�1b
�
i�1j

2 � 3
4
jb�i�1j

2 for 1 < i � n (Lovasz condition).

Proposition 4.5.1 Let b1; : : : ; bn be an LLL-reduced basis ofL. Then

i) d(L) � jb1j � � � jbnj � 2n(n�1)=4d(L).

ii) If x 2 L n f0g, thenjb1j � 2(n�1)=2jxj.

Proof. In general we know thatd(L) is also the determinant of the matrix with
column vectorsb�1; : : : ; b

�
n. Since this is an orthogonal matrix it implies that

d(L) = jb�1j � � � jb
�
nj:

This observation makes it easy to see thatd(L) � jb1j � � � jbnj. Whenb1; : : : ; bn is
LLL-reduced it implies that

jb�i j
2 � 1=2jb�i�1j

2

or that
jb�i�1j

2 � 2jb�i j
2:
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We get thus thatjb�i�jj
2 � 2jjb�i j

2 for 1 � j < i. This gives

jbij
2 = jb�i j

2 + �2ii�1jb
�
i�1j

2 + � � �+ �i1jb
�
1j
2

� jb�i j
2 + 1=4jb�i�1j

2 + � � �+ 1=4jb�1j
2

� jb�i j
2 + 1=2(1 + � � �+ 2i�2)jb�i j

2

=
2i�1 + 1

2
jb�i j

2

� 2i�1jb�i j
2:

Therefore
jb1j

2 � � � jbnj
2 � 21+2+���+n�1d(L)2

giving the desired inequality. Now suppose thatx 2 L n f0g. Then

x = r1b
�
1 + � � �+ rib

�
i = s1b1 + � � �+ sibi

whereri = si 2 Z n f0g (transition matrix upper triangular with ones in the
diagonal). This implies

jxj2 � jb�i j
2:

Multiply both sides of this inequality with2i�1 to get the desired result.�

Remark 4.5.2 Here is a nice application of Cramer’s rule: Ifb1; : : : ; bn is reduced
in the sense that

jb1j � � � jbnj � 2(n(n�1)=4d(L);

then
jxjj � 2n(n�1)=4

wherex = (x1; : : : ; xn) is a shortest vector inL. So if we have a polynomial
time algorithm for turning a basis of a lattice into an LLL-reduced basis, then
we also have a polynomial time algorithm for finding a shortest vector when the
dimensionn is fixed.

Once we have the definition of an LLL-reduced basis, the algorithm for turning
a given basis into an LLL-reduced one is quite simple. There are two steps.

i) If j�ijj > 1=2 for some1 � j < i � n, then we replacebi with bi � qbj,
whereq is the integer nearest to�ij. Here the “new”� becomes�ij � q.
Thereforej�j � 1=2.

ii) On the other hand if the Lovasz condition fails for a pair(i � 1; i) then we
simply interchange the two vectorsbi�1 andbi.
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Why is the Lovasz condition then satisfied for the pair(i; i � 1)? Well, letS be
the subspace spanned byb1; : : : ; bi�2 and let

� : Rn = S? � S ! S?

denote the orthogonal projection onS?. Then the Lovasz condition reads

j�(bi)j
2 �

3

4
j�(bi�1)j

2:

If

j�(bi)j
2 <

3

4
j�(bi�1)j

2

then clearly

j�(bi�1)j
2 �

3

4
j�(bi)j

2:

We keep doing this and stop when we have an LLL-reduced basis. Why does this
algorithm terminate? We will use a beautiful classical argument to show this. Let

di = det((br; bs))1�r;s�i:

Notice that this also is the square of the determinant of the lattice spanned by
b1; : : : ; bi. One may prove that

di = jb�1j
2 � � � jb�i j

2:

We have the following classical result due to Hermite.

Theorem 4.5.3 There exists a non-zero vectorx 2 L n f0g such that

jxj2 � (4=3)
n�1
2 d(L)

1

n :

Let
D = d1 � � �dn�1:

The only operation changing theD is the Lovasz swap. Suppose thatbi�1 andbi
is swapped. This happens only if

jb�i + �i;i�1b
�
i�1j

2 <
3

4
jb�i�1j

2:

This means thatdi�1 gets multiplied with a factor which is� 3=4. Notice thatdj,
j 6= i� 1 are unchanged, so thatD gets multiplied with3=4. Since each of thedi
are bounded below (this follows from Theorem 4.5.3),D must be bounded below
and the algorithm stops after a finite number of steps.
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Chapter 5

Toric ideals

We begin this chapter with some basic results in the abstract framework of com-
mutative rings.

Lemma 5.0.4 Let a1; : : : ; an; b1; � � � ; bn be elements of a commutative ringR.
Then

a1 � � �an � b1 � � � bn 2 ha1 � b1; : : : ; an � bni:

Proof. This is an easy induction. Use that

a1a2 � � �an � b1b2 � � � bn = a2 � � �an(a1 � b1) + b1(a2 � � �an � b2 � � � bn):

�

Proposition 5.0.5 Let ' : R ! S be a ring homomorphism ands : S ! R
another ring homomorphism such that's = 1S. Then

'�1(I) = s(I) + Ker ('):

Proof. If x 2 I andy 2 Ker ('), then'(s(x) + y) = '(s(x)) = x 2 I. Thus
s(I) + Ker (') � '�1(I). On the other hand suppose thatx 2 '�1(I). Then
s('(x)) � x 2 Ker ('). Thereforex = s('(x)) � y, wherey 2 Ker (') so that
'�1(I) � s(I) + Ker ('). �

5.1 Computing kernels

The purpose of this section is to develop a method to compute the kernel of a ring
homomorphism

' : k[x1; : : : ; xm]=J ! k[y1; : : : ; yn]=I:

21
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NB: Our ring homomorphisms will always fixk. Thus'(x) = x if x 2 k. We
begin in the simplest case, whereI = J = 0.

Proposition 5.1.1 Let

' : k[x1; : : : ; xm]! k[y1; : : : ; yn]

denote a ring homomorphism given uniquely by'(xi) = fi 2 k[y1; : : : ; yn]. We
extend this definition to a ring homomorphism

~' : k[x1; : : : ; xm; y1; : : : ; yn]! k[y1; : : : ; yn]

by ~'(xi) = fi and ~'(yj) = yj. ThenKer' = k[x1; : : : ; xm] \ Ker ~' and

Ker ( ~') = hx1 � f1; : : : ; xm � fmi:

Proof. If P 2 hx1 � f1; : : : ; xm � fmi, then

~'(P ) = P (f1; : : : ; fm; y1; : : : ; yn) = 0:

On the other hand ifP (f1; : : : ; fm; y1; : : : ; yn) = 0. Then

P (x1; : : : ; xm; y1; : : : ; yn) = P (x1; : : : ; xm; y1; : : : ; yn)� P (f1; : : : ; fm; y1; : : : ; yn)

2 hx1 � f1; : : : ; xm � fmi

by Lemma 5.0.4 (why?).�

Remark 5.1.2 This shows that Gr¨obner basis theory can be used to compute
Ker' above. Use lex order withy1; : : : ; yn � x1; : : : ; xm. The reduced Gr¨obner
basisG of the ideal

hx1 � f1; : : : ; xm � fmi

in k[x1; : : : ; xm; y1; : : : ; yn] is special in thatG \ k[x1; : : : ; xm] is the reduced
Gröbner basis forKer' in k[x1; : : : ; xm] (cf. Algebra 1).

Proposition 5.1.3 Now suppose that

' : k[x1; : : : ; xm]=I ! k[y1; : : : ; yn]=J

is a ring homomorphism. Then there ekists a ring homomorphism

 : k[x1; : : : ; xm]! k[y1; : : : ; yn];

such that'(f + I) =  (f) + J and

(K \ k[x1; : : : ; xm]) + I;

whereK is the ideal ink[x1; : : : ; xm; y1; : : : ; yn] generated byJ andKer ( ~ ),
where ~ is defined as in Proposition 5.1.1.
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Proof. This is a consequence of Proposition 5.0.5 and the fact that the kernel of

k[x1; : : : ; xm; y1; : : : ; yn]
~ 
! k[y1; : : : ; yn]! k[y1; : : : ; yn]=J

is ~ �1(J). �

5.2 Computing images

Suppose that' : k[x1; : : : ; xm]! k[y1; : : : ; yn] is a ring homomorphism, how do
we decide ifg 2 k[y1; : : : ; yn] is in Im'? This question can be rephrased: How
do we decide ifg 2 k[f1; : : : ; fm], where'(xi) = fi? Again it pays to consider

~' : k[x1; : : : ; xm; y1; : : : ; yn]! k[y1; : : : ; yn]:

If
g = �1(x1 � f1) + � � �+ �m(xm � fm) + P; (�)

where�1; : : : ; �m 2 k[x1; : : : ; xm; y1; : : : ; yn] andP 2 k[x1; : : : ; xn], then clearly

g 2 k[f1; : : : ; fm]:

In fact in this caseg = P (f1; : : : ; fm). On the other hand ifg = P (f1; : : : ; fm)
for some polynomialP 2 k[x1; : : : ; xm], then

g � P 2 hx1 � f1; : : : ; xm � fmi

by Lemma 5.0.4. This shows thatg 2 k[f1; : : : ; fm] if and only if (�) holds.
Let G be a Gröbner basis ofhx1 � f1; : : : ; xm � fmi with respect to lex, where
y1; : : : ; yn � x1; : : : ; xm. Then we get

g 2 k[f1; : : : ; fm] () gG 2 k[x1; : : : ; xm]:

The( direction is easy. The) direction calls for the details of the division
algorithm. Ifg = P (f1; : : : ; fm) for a polynomialP 2 k[x1; : : : ; xm], then

g = �1(x1 � f1) + � � �+ �m(xm � fm) + P:

This does not mean thatP = gG!!! It does mean though that we have an expres-
sion

g = �1g1 + � � �+ �NgN + P;

whereG = fg1; : : : ; gNg. Continue the division algorithm from this point! The
point is that ifin�(gj) j in�(g), thengj 2 k[x1; : : : ; xm]. We constantly move in-
sidek[x1; : : : ; xm] in the division algorithm and terms transferred to the remainder
are all ink[x1; : : : ; xm]. ThusgG 2 k[x1; : : : ; xm].
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5.2.1 An application

Suppose thatA is ann �m matrix with natural numbers as entries andb 2 Nn .
Can we findv 2 Nm such that

Av = b?

This problem is NP-complete and has a lot to do with integer linear programming.
We will translate it into computing the image of a toric ring homomorphism. Con-
sider

' : k[x1; : : : ; xm]! k[t1; : : : ; tn]

given by'(xv) = tAv. Then clearly our question is equivalent to iftb is in the
image of' and we have developed a Gr¨obner basis method for answering this.

5.3 Toric homomorphisms

In algebraic geometry a torusTn is simply the subset(k�)n = k� � � � � � k� of
affine n-spaceA n = kn. A torus is a group wrt. multiplication. In fact it is a
socalled algebraic group. A toric morphism is an “equivariant” algebraic map
Tn ! A m for somen;m 2 N . There is an equivalent algebraic description which
we will use. A ring homomorphism

' : k[x1; : : : ; xm]! k[t1; t
�1
1 ; : : : ; tn; t

�1
n ] � k(t1; : : : ; tn)

is called toric if'(xi) = tvi , wherevi 2 Zn. If v = (v1; : : : ; vn) 2 Zn, then the
notationtv means

tv11 � � � t
vn
n :

So a toric homomorphism' : k[x1; : : : ; xm] ! k[t1; t
�1
1 ; : : : ; tn; t

�1
n ] is given

by m vectors(v1; : : : ; vm) � Zn or in other words ann � m integral matrix
A' 2 Matn;m(Z). If A 2 Matn;m(Z) we let'A denote the corresponding toric
homomorphism.

Definition 5.3.1 A toric idealIA is the kernel of a toric homomorphism'A.

Remark 5.3.2 If v 2 Zn we let v+ = max(v; 0) andv� = max(�v; 0). Then
v+; v� 2 Nn andv = v+ � v�.

Example 5.3.3 An integral matrixA 2 Matn;m(Z) can be viewed as aZ-linear
mapZm ! Zn. If v 2 KerA, thenxv

+

� xv
�

2 Ker'A.

Lemma 5.3.4 LetA 2 Matn;m(Z) and letIA = Ker'A. Then

IA = hxu � xv j u; v 2 Nn ; Au = Avi:
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Proof. The inclusion� clearly holds. Suppose thatf 2 IA and thatf =P
v2Nn avx

v. Then

'(f) =
X
v2Nn

avt
Av:

Fix some term order�. If in�(f) = avX
v, thenf must contain a termauXu

such thatAv = Au, but this implies thatg = av(X
v � Xu) 2 IA. Therefore

f � g 2 IA and in�(f � g) < in�(f). Now use induction to conclude that
f � g 2 hxu � xv j u; v 2 Nn ; Au = Avi. The result follows.�

Corollary 5.3.5

IA = hxv
+

� xv
�

j v 2 KerAi;

A reduced Gr¨obner basis with respect to an arbitrary term order� consists of
binomials of the formxv

+

� xv
�

, wherev 2 KerA.

Proof. IA is a prime ideal andv � u = (v � u)+ � (v � u)�:

Xv �Xu = Xv�(v�u)+(X(v�u)+ �X(v�u)�) 2 IA:

Binomials are preserved when takingS-polynomials and remainders with the di-
vision algorithm. So starting with a set of binomials we end up with a Gr¨obner
basis consisting of binomials. Suppose thatXu � Xv is a binomial in a reduced
Gröbner basis. Thenv � (v � u)+ = 0 (why?).�

5.4 Kernels of toric homomorphisms

Proposition 5.4.1

k[t1; t
�1
1 ; : : : ; tn; t

�1
n ] �= k[t0; t1; : : : ; tn]=ht0t1 � � � tn � 1i:

Consider a toric ring homomorphism given by'(xi) = tvi with vi 2 Zn (not
limited toNn !!). Then we can compute the kernel of' by intersecting the ideal

ht0t1 � � � tn � 1; tv
�
1 x1 � tv

+

1 ; : : : tv
�
mxm � tv

+
mi

with k[x1; : : : ; xm]. This is a consequence of Proposition 5.1.3.
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5.5 Computing the kernel of a toric homomorphism

So given a matrixA with integral entries we have defined a toric ring homomor-
phism

'A : k[x1; : : : ; xm]! k[t�11 ; : : : ; t�1n ]:

We wish to compute the kernelIA of 'A somehow using the related linear algebra
kernel of

A : Zm ! Zn:

Given a subsetC � KerA we let

JC = fxv
+

� xv
�

j v 2 Cg:

We know thatKer' = JC for some subsetC. Here is a crucial result which is the
foundation for finding such a subset. First a definition.

Definition 5.5.1 LetR be a commutative ring,f 2 R andI an ideal ofR. Then
we define the ideal

I : f1 = fx 2 R j xfm 2 I;m� 0g:

Exercise 5.5.2Check that this really is an ideal. Also check the identity

R : (fg)1 = (R : f1) : g1:

Proposition 5.5.3 If C is a generating set forKerA, then

JC : (x1 � � �xn)
1 = IA:

Proof. LetC = fv1; : : : ; vrg. If (x1 � � �xn)mf 2 JC then'(x1 � � �xn)m'(f) = 0
and thereforef 2 IA. This shows�. On the other hand suppose thatxv

+

�xv
�

2
Ker', wherev = �1v1 + � � � + �rvr 2 KerA. Thenv+ � v� = (�1v1)

+ �
(�1v1)

�+ � � �+ (�rvr)
+� (�rvr)

�. This translates into the following identity for
rational functions

xv
+

xv�
=
x(�1v1)

+

x(�1v1)�
� � �

x(�rvr)
+

x(�rvr)�
= (

xv
+

1

xv
�
1

)�1 � � � (
xv

+
r

xv
�
r

)�r :

First subtract1 from both sides and then multiply with a sufficiently high power of
x1 � � �xn to see the inclusion� and don’t forget to use the fact thatIA is a prime
ideal. Writing things a bit out we get

xw(xv
+

� xv
�

) 2 JC = h�(xv
+

1 � xv
�
1 ); : : : ;�(xv

+
r � xv

�
r )i:

�

Here is a very interesting corollary.
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Corollary 5.5.4 If C contains a vectoru with strictly positive entries, then

JC : (x1 � � �xn)
1 = JC :

Proof. We get thatxu � 1 2 JC and thereby thatxnu � 1 2 JC for n 2 N .
Suppose thatxwf 2 JC for w � 0. Then we may adjustw such thatxwf 2 JC
andxw � 1 2 JC . This gives thatf 2 JC . �

The result enabling us to computeJC : (x1 � � �xn)1 is the following.

Proposition 5.5.5 Let I be a homogeneous ideal ink[x1; : : : ; xn]. Let� be the
graded reverse lex order withxn smallest andG the reducedGröbner basis ofI
wrt.�. Then

G0 = ff 2 G j xn - fg [ ff=x
m
n j f 2 G; xn j fg

is a Gröbner basis ofI : x1n , wherexmn denotes the highest power dividingf .

Proof. We must prove that ifg 2 I : x1n , thenin�(f) j in�(g) for somef 2 G0.
Now we know thatxmn f 2 I for somem � 0, so we may findg0 2 G such
that in�(g0) j in�(xmn g) = xmn in�(g). If xn - in�(g

0), thenin�(g0) j in�(g). If
xn j in�(g0) we use the fundamental observation that ifg is homogeneous, then

xn j in�(g) () xn j g:

This is a consequence of the graded reverse lexicographic order withxn being
smallest.�

Remark 5.5.6 Now we have a straightforward algorithm for computing a gener-
ating set forIA. First compute aZ-basisB for Ker'. Use the LLL algorithm to
reduce the basisB into a basisB0 consisting of relatively short vectors. Then start
computing

JB0 : (x1 � � �xn)
1

using the above results. Reducing the lattice basis first leads to a significant im-
provement in the running time of the total algorithm.

Remark 5.5.7 This algorithm works only for homogeneous ideals. In order for
IA to be homogeneous we must have thatA e. g. has non-negative entries.
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5.5.1 The Di Biase - Urbanke algorithm

We will illustrate a beautiful algorithm for computing the kernel of a toric ring
homomorphism by means of an example.

Example 5.5.8 It is difficult for us to compute the kernel of'A, whereA =
(3; 4; 5). It is easier if we changeA a little bit into the matrixA1 = (�3; 4; 5). In
this caseKerA1 contains the vector(3; 1; 1) with strictly positive entries. In fact
aZ-basis ofKerA1 is (3; 1; 1) and(4; 3; 0). So by Corollary 5.5.4 we get

IA1 = hx3yz � 1; x4y3 � 1i

without going through any horrendous Gr¨obner basis computations! But we needed
IA and notIA1. Is there an easy way of changingIA1 into IA? The answer is yes.
Choose an elimination order� eliminatingx, for example� the lexicographic
order withx � y � z. Compute the Gr¨obner basis

(y5 � z4; y3 � xz3; z � xy2; y2 � x2z3; x3yz)

of IA1 with respect to�. Then flip thex to the other term as follows

(y5 � z4; xy3 � z3; xz � y2; x2y2 � z3; yz � x3):

These polynomials form a generating set forIA!!!! You can read the proof of this
in Sturmfels Proposition 12.5.



Appendix A

Review of convexity

Recall that a non-empty subsetC � Rn is called convex if

�x + (1� �)y 2 C

for everyx; y 2 C and� 2 [0; 1]. An affine hyperplaneH in Rn is given by

H = f(v1; : : : ; vn) j �1v1 + � � �+ �nvn = �g;

where�1; : : : ; � 2 R (not all zero) and� 2 R. We associate the closed half spaces

H� = f(v1; : : : ; vn) j �1v1 + � � �+ �nvn � �g

and

H+ = f(v1; : : : ; vn) j �1v1 + � � �+ �nvn � �g

with H.

A.1 Separation

Now we can state a fundamental separation theorem.

Theorem A.1.1 LetC1; C2 be convex subsets ofRn , such thatC1\C2 = ;. Then
there exists an affine hyperplaneH such thatC1 � H� andC2 � H+.

Proof. This is a consequence of ([1], Theorem 11.3).�

29
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A.2 Polyhedra

A polyhedron is a subset ofRn of the form

P = fx 2 Rn j Ax � bg;

whereA is anm�n real matrix andb 2 Rm . Geometrically this is an intersection
of closed half spaces.

Theorem A.2.1 If b = 0, then

P = C(u1; : : : ; un) = R�0u1 + � � �+R�0un:

SoP is a cone generated by finitely many vectorsu1; : : : ; un if b = 0.

Definition A.2.2 A polytope is a bounded polyhedron.

Theorem A.2.3 A polytopeP is the convex hull of a finite setv1; : : : ; vN 2 Rn

of points.
P = convfv1; : : : ; vNg:

Definition A.2.4 LetP be a polyhedron. Then a face ofP is a subset ofP , where
a linear functional is maximized. Thus given! 2 Rn ,

face!(P ) = fu 2 P j u � ! � v � !; 8v 2 Pg:

A face of (affine) dimension zero is called avertex. A face of (affine) dimension
one is called anedge. A face of codimension one inP is called afacet.

Definition A.2.5 The normal cone of a polyhedronP � Rn at a faceF � P is

NP (F ) = f! 2 Rn j face!(P ) = Fg:

So the normal cone consists of the vectors of linear functionals maximized on the
face.

Exercise A.2.6 A face of a polyhedron is a polyhedron.

A.3 Minkowski sums

The Minkowski sum of two subsetsA;B � Rn is

A +B = fa+ b j a 2 A; b 2 Bg:
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