STURMFELS EXPANDED

Niels Lauritzen

The author’s address:

NIELS LAURITZEN

DEPARTMENT OFMATHEMATICAL SCIENCES
UNIVERSITY OF AARHUS, DENMARK

EMAIL : niels@imf.au.dk
URL: http://www.imf.au.dk/"niels/






Contents

Preface v

1

Grobner Basics 1
1.1 Theuniversal Gifbnerbasis . . .. ... ... ... ...... 2
1.2 Homogeneousideals .. .. ... ... ... ... .. ...... 3
1.3 Termorders and weightvectors . . . . .. .. .. ... ...... 3
1.3.1 Computindn,(I) . . ... ... 4
1.4 Separation . . . . . . . . . . e 5
1.5 |Initial ideals using weightvectors . . . . ... ... ... ... 5
1.6 The Gobnerregionofanideal .. ... ... .......... 6

The Grobner walk 9

2.1 Preludeontermorders . . . ... .. ... ... ... 9
2.2 Recollections . . . .. . . . . ... 10
2.3 Asomewhat different @bnerfan . . . . . ... ... ... ... 10
2.4 How to compute the Gbner faninsmallcases . .... . .. .. 11
25 Wallcrossing . . . ... .. . . e 11

Hilbert functions and best term order 13
3.1 Hilbertfunctions . . .. ... . ... . ... ... 13
3.2 Issomething already a@iierbasis? . . ... .. ... .. .. 14

LLL 15

4.1 Lattices . . . . . . . 15
4.2 Naive search forashortestvector . . . . . ... .. ........ 15
4.3 The algorithm of Gaussintheplane . . ... ... ... ..... 16
4.4 Gram-Schmidt. . . . . . . . . . . . . . . 17
4.5 ldeaoftheLLL-algorithm . . . .. ... ... ... ...... 17

Toric ideals 21
5.1 Computingkernels . . . .. ... .. ... 21



CONTENTS

5.2 Computingimages . . . . . . . . i v it e 23
5.2.1 Anapplication . . ... . ... .. ... .. 24
5.3 Torichomomorphisms . . . ... ... .. ... ......... 24
5.4 Kernels of toric homomorphisms . . . . .. ... ... ...... 25
5.5 Computing the kernel of a toric homomorphism . . . ... .. .. 26
5.5.1 The DiBiase - Urbanke algorithm . . . . .. .. ... .. 28
Review of convexity 29
Al Separation . . . . . . . . e e 29
A2 Polyhedra . . ... .. ... . ... 30

A.3 Minkowskisums . . . . . . . .. ... 30



Preface

These notes contain explanatory material for Sturmfels’ bookb@er bases and
convex polytopes”. They cover the pages 1-7, 22 (Subroutine 3.7), 25, 31, 32,
113, 114, 115 with background material on the LLL algorithm and lattice re-
duction. There is an incomplete appendix on convexity. A future project is to
write this out containing a survey of details from the Springer GTM book of Arne
Brgndsted with a proof of separation coming from dimen&@md using induc-

tion.
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Chapter 1

Grobner Basics

Let R = k[Xy,...,X,] = {d e X" | a, # 0foronly finitely manyy €
N}, wherek is a field. Lek be a term order. Given an idealwe letin(7)
denote the ideal

(inc(f) [ fel).

Recall that a finite set = (g;,...,9,) C I is called a Gobner basis for if

inS(I) = <in§ (91), SRR ln(gm)>
In this case it is easy to prove that (g1, ..., gn). If G is a Gobner basis, then
fel < f%=0,wheref“ denotes the remainder gfdivided byG using
the division algorithm. We have the following very useful result.

Proposition 1.0.1 The setS = {[X"] | v € NV, X" & in(]) } is ak-vector space
basis of

A=k[X,,..., Xa/I.

Proof.Let Ay, ..., \, € k. Suppose that,[X "] + - - -+ \,[X""] = 0 for suitable
vi,...,0, € N*,such thatX ¢ in.(I). Thenf = A\ X" + .-+ X\, X" € [ If

f # 0, thenin<(f) € in<(I). This is a contradiction. Thus; = --- = A, = 0.

LetG = (g1,...,9,) be a Gobner basis of with respect to<. Thenin(I) =

(in<(g1),--.,in<(g-)). Given[f] € A, we see thaltf] = [f¢] and /¢ is a sum of
terms not inin< (). This shows that' generates!. O]

Exercise 1.0.2Suppose that; and<, are two term orders anflan ideal ofR.

1



2 CHAPTER 1. GROBNER BASICS

1.1 The universal Grobner basis

Proposition 1.1.1 Letn > 2. There are uncountably many term ordersNgn
Proof. Fix n = 2. Let <, denote the term order & given byu <, v if and only
if

(L,r)-u< (L,r)-vor((1,r) -u=(1,r)-vandu < v),
wherer € R andr > 0 (why isr < 0 NOT allowed?). Ifr # s we may find

v € Z* such thafl,r)-v > 0 and(1,s) - v < 0. Now writev = v; — vy, where
v1,v2 € N2, Thenv; >, v, butv; <, vy. This shows thak,#<, for r # s. [

Theorem 1.1.2Let [ be an ideal ofR. Then
T = {in<(I) | < term order}

is a finite set.

Proof. Suppose thal’ is infinite. Letf € I\ {0}. Thenf contains a termn,
belonging to an infinite subsé&tf, of initial ideals in7. We can find an initial
idealin, (1) in Ty, such thatm;) C in<, (/). This means that there exists a term
m € inc, (I) \ (my), such that

m] = Mg + - - + Ao [ng ],

wheren, ..., n, are termsZ (m,) by Proposition 1.0.1. Thus we may firfd €
I'\ {0} with no terms in{m,). Let m, denote a term belonging to an infinite
subset of initial ideald’, in 7). As before we may find, € I\ {0} with no
terms in{my, my). Continuing like this we get a infinite ascending chéim ) C
(my,my) C .... Thisis a contradicksori]

Definition 1.1.3 Let I be an ideal ofR. A universal Gobner basis for is a
(finite) subsetz C I, which is a Gobner basis for every term ordgt.

Corollary 1.1.4 Let I be an ideal of?. ThenI has a universal @bner basis.
Proof. Suppose thah, (1), ..., in< , (I) are the finitely many initial ideals. Then
the union of Gobner bases wrk, ..., <,, is a universal Gsbner basis[]

Example 1.1.5 The polynomials coming from taking ti2ex 2-minors of a2 x n-

matrix
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form a universal Gobner basis for the ideal they generate. Take as an example
n = 3. Then

G = {X11X22 - X21X127X11X23 - X21X137X12X23 - X22X13}

is a universal Gabner basis fo{G). This is seen by analyzing thepossible
initial terms in the three polynomials and using Buchberggcsiterion.

1.2 Homogeneous ideals

Let (S, +) be a commutative semigroup with neutral elenter ring R is called

S-graded if
R-@r.

seS

whereR; are subgroups diR, +), 1 € Ry andR,R, C R, ;. Notice thatR, is a
subring ofR.

An element € R is called homogeneousife R, for somes € S. An ideal
I C Ris called homogeneousif= ®,.sI N R,. This can be translated into the
factthatiff = fs, + fs, +--- + fs, € I, wherefs, € R;,, thenfs, € I.

Proposition 1.2.1 Anideal I C R is homogeneous if and only if it can be gener-
ated by homogeneous elements.

Proof. Exercise[]
Example 1.2.2Letw = (wy,...,w,) € R*. ThenS = Nw; + --- + Nw,

R is a semigroup. There is a naturgigrading on the polynomial ring?
k[Xy,...,X,] given by

1M

R; = Span , {X" |v e N",v-w = s},

wheres € S.

1.3 Term orders and weight vectors

Letw e R* andf = . @, X" € R. Then we let

!



4 CHAPTER 1. GROBNER BASICS

where we sum over the vectorsmaximizingw - v" in {v | a, # 0}. Given an
ideall C R, we let

in, (1) = {in,,(f) | f € I}.
Clearlyin, (/) is a homogeneous ideal in the grading givenbgas in Example
1.2.2). Notice that this is not necessarily a monomial ideal.

Example 1.3.1Let f = X7 Xo + X X5 + X{ + X2X5 + X, X2 + X5+ Xy, Ex-
amples withw = (1, 1), (1, 2). Determine initial ideals. Some terms can NEVER
be initial terms!!

Definition 1.3.2 In the same way as in Proposition 1.1.1 we construct aterm order
<, forw > 0.

1.3.1 Computingin, (/)

For a total order (not necessarily a term order) on monomials, wie l¢f) =
(in<(f) | f € I). For arbitraryw € R" (the conditionv > 0 is dropped) we have
a total order<,,,.

Proposition 1.3.3 Let < be a total order on monomiats,€ R* and/ an ideal in
the polynomial ringk[ X1, ..., X,,]. Then

in (in, (1)) = ine, (1).
Proof. For everyf € I we have the formula

inc (iny,(f)) = inc, (f).

This shows thaith (/) C in<(in,()). For the other inclusion, note thiat (in,, (1))
is generated bin<(¢g), whereg € in,(I). We have to use that,, (/) is a homo-
geneous ideal. Write

g=9s;t -t gs-

Thenin(g) = in<(ygs,) for somes; € {si,...,s:}. Butg,, is a homogeneous
element and as such it must bein, (f), wheref € I. Thus

in< (g) = in<(g,,) = in<(in, (f).
O

We can use Gibiner basis theory to compute the ideal(7). Let < be any
term order ands = {g¢1,...,9,} a Goobner basis of wrt. <,, wherew > 0.
Then

{inw(gl)v s ,inw(g,)}
is a Gobner basis ofn,, (7) wrt. <. This is a consequence of Proposition 1.3.3.
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1.4 Separation

Recall that a non-empty subgétC R" is called convex if
A+ (1-NyeC
for everyz,y € C'and\ € [0, 1]. An affine hyperplanéf in R" is given by
H={(v1,...,0) | Myo1 + -+ + \u, = o},
where)\, ..., A € R (notall zero) andr € R. We associate the closed half spaces
H ={(vi,...,v5) | o1 + -+ Aoy, < a}

and
Hy ={(vi,...,0n) | o1 + -+ Avy >

with H. Now we can state a fundamental separation theorem.

Theorem 1.4.1 Let C, C, be convex subsets &, such that”;, NC, = (). Then
there exists an affine hyperplafesuch thatC; C H_ andC,; C H,.

Proof. This is a consequence of ([1], Theorem 11[3).

1.5 Initial ideals using weight vectors

Theorem 1.5.1 Let < be a term order anflan ideal ofR. Then
in, (/) = in< ()
for some vectow € N,

Proof. Let G = {¢i,...,g.} be a Gobner basis fof wrt. <. Suppose we have
foundw € N, such thain<(¢;) = in,(¢1), . ..,in<(g,) = in,(g,). Then
inc(I) = (in<(g1), - - -, in<(gr)) = (i (g1), - - -, iny(gr))-

This proves thain(Z) C in,(I). Thereforein<(/) C inc (/) and Exercise
1.0.2 shows thaia(I) = in<, (I). If in<(I) € in,(I), thenin<(I) C in, (1),
soing (/) = iny (/).
Suppose now that
g1 = 10X Y0 + e XU+ - gy XM
92 — CQOXa20 + CZlXa21 + “ e + CszXang

")



6 CHAPTER 1. GROBNER BASICS

wherein< (g1) = ¢10X“°,in<(g2) = c20X*°,.... We must prove that
C={reR} |z (ap—ay) >0 fori=1,....,rmj=1,...,j}

contains av € N*. Suppose that' is empty and let, .. ., vy denote the vectors
ajp — a;;. Thenthe subset

M={(z-v,....,0-vy) |z €R}}

is convex and disjoint from (the interior oR} . Using Theorem A.1.1 we may
find Ay, ..., Ay, a € R such that

)\11"Ul—|—"'+)\N1"UNSaé)\ly1+"'+)\NyN

for everyr € R} and(yi,...,yn) € R}. This shows thaf\;,..., Ay > 0 and
o = 0. Thus
1"()\1@1+"'+)\NUN) SO

for everyz € R} . Therefore\,v, +-- -+ Ayvy < 0. Check that one may assume
that)\;,..., Ay € N. Writing out we get the inequality

AMarg + -+ Anaro < Aagg + - 4 Anag, .

This shows that
A AN G A AN Gy
X 1a10+-+Anaro < X 1a11++ANGrj ,

which is a contradiction ay*©, ..., X0 are the initial terms. So we may find
w € N" such that

(ing(g1), - - iny(g,)) = (in<(g1), - ., in<(gr)).

1.6 The Grobner region of an ideal
Let I be an ideal of?. Then we let
GR(I) = {w € R" | in, (/) = in,(]), for somew’ € R} }.
Definition 1.6.1 Let f = a; X" + - -- + a, X" € R. Then the Newton polytope

of fis
New(f) = conv{vy,..., v, }.
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Example 1.6.2Let I = (f), where
F=X{+ XPX0 4+ XX, + X7X5 + XS+ X0 + X1 X5

ThenG R(I) is a union of normal cones of certain faces of the Newton polytope of
f. Show that there arae only three terms of the above seven terms that can occur
as inital terms. These correspond to the normal cones in tbler@rregion!

Proposition 1.6.3Let I/ C R be a homogeneous ideal with respect to the the
vector(dy, . ..,d,) € N*, whered; > 0. ThenGR(I) = R".

Proof. Letw € R". We wish to prove thain, (/) = in,/ (/) for somew’ > 0.
Choose\ such that’ = w+ A(dy, ..., d,) > 0. The claim is that' does the job.
Letf = fo+ fi+---+ f-. Thenfy, ..., f. € I (sincel is homogeneous) and

ing(f) = iny,(fi,) + - +inu(fi,)
for suitablef;,, ..., fi,. Butin,(f;,) = inw(f;;) for j = 1,..., s. This shows that
in, (I) C in,/(I). The other inclusion is similat]

Proposition 1.6.4 Let/ C R be ahomogeneous ideal wrt. to the vegtlyr, . . ., d,,) €
NZ, andw,w’ € R*. Then

in, (ing, (7)) = ingpew (1)
for € > 0 sufficiently small.

Proof. Fix a universal Gobner basisy = {¢,...,¢.} for I. Then fore > 0
(sufficiently small) we have

ing, (inw (9)) = My q e (g)7

whereg € G. This implies that
in, (ing (1)) 2 ingpew (I). (%)

We wish to show that the right and left hand sides are identical. To this end we
may assume that’ > 0 andw + ew’ > 0 because of Proposition 1.6.3. Usiag
on both sides we get

inc_, (iny (7)) 2 inc . . (I).
But the left hand side is

ingw, (I)

So we have inclusion between two initial ideald ofT his means that the inclusion
in (x) cannot be strictl]
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Chapter 2

The Grobner walk

2.1 Prelude on term orders

Let M = {wy, ..., w,} C R*. We may viewM as ann x n. matrix in the natural
way. Then we define <,; v if u-w; =v-w,; foreveryi =1,...,mor

wy U =w "0

Wr-uUu=w;-v

Wiy U < Wipgy -V

forsomel = 1,...,m — 1. This defines a relatioq ,; on N, which is reflexive
and transitive. It is antisymmetricier (M) N Z" = {0}. Itis easy to see that

U< yv = utw <y v+w,
for everyu, v, w € N*. Clearly0 <;; v for everyv € Nif wy,...,w, € R}.

Project 2.1.1 Prove that every term ordet on N* can be realized via a certain
matrix M as above.

Example 2.1.2 We give some examples of term ordersdh which can be real-
ized using suitable matrices.

i) Let

1
M=10
0

o = O

0
0
1
Then<,, is the usual lexicographic order o¥.

9



10 CHAPTER 2. THE GROBNER WALK

ii) Let

Then<,, is the socalled degree reverse lexicagraphic order. It is also given
by the matrix

2.2 Recollections

Recall the construction of the @bier fan of anideal C k[z,,..., X, ] = k[N"].
We let
Clw] ={veR" |in,(I) =in,(I)}.

This is a cone iR". If I is homogeneous with respectde= (d;, . ..,d,) € N*,
whered; > 0, then
Clw]NRY # 0.

ThusC[w] has nonempty intersection with the positive orthant. This is the content
of Proposition 1.6.3. Ulf proved the following important result.

Theorem 2.2.1The collection{C[w] | w € R"} is a fan (called the Giner fan
of the ideall).

2.3 A somewhat different Grobner fan

Suppose that is an arbitrary ideal ik[N"] (not necessarily homogeneous). Let

Glw] = {v € R" |in,(I) = in, (I)}.

Then{G[w] | w € R} } isafan. If<is aterm order we know thai (/) = in, (/)
forw e N".

Remark 2.3.1 If in, (/) is @ monomial ideal, the@|w] is an open subset & .
We have already seen this using a@meér basis argument. Lét= {¢,..., g}
be a Gobner basis with respect to a term order Write g; = 2% + 3, cip”.
Then we have seen that, () = in<(/) ifand only if w - a; > w - B (when
¢ p 7 0). This condition defines an open subseRot

Definition 2.3.2 If in, (/) is @a monomial idealy is calledgeneric
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2.4 How to compute the Gibbner fan in small cases

The strategy for computing the modifiedd@brier fan in small cases is quite ob-
vious (once you have spent a few days with it;-)). Computeb@ei bases for
some well known term orders. For each term order we can compute the set of
w € R} such thain(7) = in, (/). They form an open con€|w]. The closures
G[w] are the maximal cones in the @nier fan. UIf explained how the whole fan
is given using the maximal cones in it. It is time for an example.

Example 2.4.1Let I = (X% + Y, X?Y + 1) (have you seen this example be-
fore?). Consider two term ordefs, = lexicographic order with\' > Y and<;=
lexicographic order with” > X. The reduced Giiner basis with respect to,
isR; = (X?+Y,Y?—1)andin, (/) = (X?,Y?). The reduced Gibner basis
with respect to<, is R, = (X? + Y, X* — 1) andin., (1) = (Y, X*).

Now face the facts! It is easy to realize that (/) = (X?, Y?) if and only of
2z > y, wherew = (z,y). Similarly it follows thatin,, (7) = (Y, X*) if and only
if 2¢ < y. We have our maximal cones and we are happy. Thus

R} =G UG,

whereG, = {(z,y) € R% | 2z > y} andG, = {(z,y) € R | 2z < y}. This
should be skecthed in a drawing!! At the same time we have proved that

(X24+Y, Y2 —1,X*—1)

is auniversal Grobner basisfor I.

2.5 Wall crossing

Sometimes itis impossible to compute theo@mér basis with respect to a specific
term order<. In many cases the big obstacle is the lexicographic order. This is
usually a difficult term order for computing Gioiher bases. What if we could start
at some other point of the @Glbnher fan and move towards the cone containing
the lexicographic order? Each time we cross a wall we do some update so when
reaching the lexicographic cone we have theli&er basis with respect to the
lexicographic term order. This sounds like wishful thinking, but it is not!!

First recall that7[w] is an open set if and only if, (/) is a monomial ideal
= (iny,(f1),...,in,(f,)) forsomefi,..., f,, € I. Thisimpliesthat f1, ..., f)
is a Gobner basis forf wrt. <., where< is an arbitrary term order. We say in
this case thatfi, ..., f,,) is a Giobner basis wrtv.
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Remark 2.5.1 Here is a very important remark, which must be reconsidered a
few times. Suppose thdtis a homogeneous ideal. Then the reducedb@er ba-

sis with respect to an arbitrary term order consists of homogeneous polynomials!
This follows by writing up what Buchbergers algorithm does to a set of homoge-
neous generators. Every remaindeiSepolynomials added to the list during the
algorithm must be homogeneous!!

Proposition 2.5.2 Let I be an ideal ink[N"]. Suppose that/[w;] andG|ws] are

open cones and thate G[w] N G[w]. Let

Gl:{gla"'agt}

bethe reducedGrobner basis of with respect tav;. Thenin,, (G) isthe reduced
Grébner basis oin,, (1) with respect tav;. Now let

H={hy,..., hs}
bethe reducedGrobner basis ofn, (7) with respect tau,. Write
h; = aning(g1) + -+ - + aying(g;)

using the division algorithm and let

fi=angr + -+ augs.
Then(f1,..., fs) is a Gobner basis of with respect tauv,.
Proof. Since

i, (in, (1)) = inge,)_ (1) = ing, (I) = (in, (91), .- 10, (92)

we get thain., (I) C inc, ) (). This implies that

iny, (in, (1)) = ing, ().
It follows from the homogeneity af; that

hi = iny(h;) = iny(aining (g1) + - -+ + auing(g¢)) = ing(angr + -+ + augy).

This implies that

ing, (fi) = in, (in,(fi)) = ing, (h:)
and therefore that

ing, (1) = (inw, (f1), ..., inw, (fs))
sincein,, (1) = iny, (in, (1)) = (ing,(h1), . . ., ing, (hs)). O



Chapter 3

Hilbert functions and best term
order

3.1 Hilbert functions

Let / be an ideal inR = k[zy,...,z,], whereR is graded using the vector
(1,...,1) (the usual grading). The Hilbert functiod; : N — N is defined
as

H;(m) = dimg Ry, /I,
wherel,, = I N R,,. Given a term ordexK we know that the set/ of monomials
X" ¢ inc(I) form a basis ofR/I. Letting M,, = {X" € M | |v| = m} we get
that

|M,| < Hy(m).

If Iis a homogeneous ideal we have equality. Why is this? Well, supposé that
is homogeneous and lét = (¢4, ..., g;) denote the reduced Gioher basis of
wrt. some term order. Thep, ..., g, are homogeneous. Therefore we get

feR, = f9cR,.

Thus f = f¢(mod I) and therefordf] = [f“] is a k-linear combination of
monomials inM,,. We have proved for an arbitrary term orderand a homoge-
neous ideal that

Hin_(ry = Hr.

Remark 3.1.1 Let < be a term order and” = (fy,...,f,) C I, wherel is
homogeneous. Thef is a Giobner basis if and only if
Hiin (ry) = Hi.

This observation may come in handy. Sometimes we know the Hilbert function
of an ideal (maybe we know a Gbiher basis with respect to another term order).

13



14 CHAPTER 3. HILBERT FUNCTIONS AND BEST TERM ORDER

3.2 Is something already a Gobner basis?

Suppose that we have given a set of generatoes (fi, ..., f,) for an ideall.

If £ is a Gobner basis for some term order then we can fingd 0 such that all

of in,(f1),...,in,(f,) are monomials. This can be formulated in the language of
convex geometry. Let

K = New(f1) + ---+ New(f,).

The vertices ofK' correspond to the case with monomials, since we have the
formula
face, (K) = face,(New(f;)) + - - - + face, (New(fy)).

Let P denote the set of vertices &f. For each vertex € P we compute
Np(v) ={w eR" |w-v>w-u,Yu € P}.

If Np(v) intersectsR’} we pickw there and use Buchberger to checkiifis a
Grobner basis wrtw.

Example 3.2.1 Do this for ' = (X? 4+ Y, X?Y + 1) C k[X, Y]. In this case you
get K a zonotope (Minkowski sum of line segments).

As described (for once with all the details) in Sturmfels pp. 25-26 one may
also use the above search algorithm to find the best term order for example with
respect to a Hilbert function criterion.



Chapter 4
LLL

4.1 Lattices

Letby, ..., b, be linearly independent vectorsii¥. We let
L =7b,+---+7Zb,

denote the lattice spanned by, ..., b,. There are man¥.-bases ofL. Each of
these bases can be gotten fréim . . ., b,,) by an invertible matrix4d € GL,,(Z).
The fun begins when we enter the inner product) on R*. As is well known
this gives rise to the norm

|z = (2, 2)

onR". We letm (L) = min{|z| | z € L\ {0}}. The problem of finding a shortest
vector inL can be formulated as

Problem 4.1.1 Find a vectorw € L such thajv| = m(L).

This is an extremely difficult problem. No polynomial time algorithm is
known to solve it. C. Hermite showed i846 that

m(L) < (4/3)" V| det(L)['/".

4.2 Naive search for a shortest vector

How can we find a shortest vector it Is this a finite problem?? The answer
is yes and the reason is quite simple. [Etlenote the matrix constructed with
by, ..,b, as columns. If,, ..., a, denotes the rows ¢fB~')¢, then

(ai, b]) = 51]

15
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Soifu=xby + -+ x,by,, thenz, = (u, a;). By Cauchy-Schwarz we have
zi = (u,a)? < (u,u)*(ag, ap)?.
So if z;, denotes thé-th coordinate in a shortest vecton L, then
i < (bj, ;) (ax, ax)

foreveryj = 1,...,n. This shows that a shortest vector is within a finite search
(even though it may be very long): Let = min{(b;,b;) | j = 1,...,n}. If
x = (x1,..., ) IS a shortest vector ifi then

|| < mjal.

Remark 4.2.1 In fact one may show using the LLL-algorithm that finding a short-
est vector can be done in polynomial time whe(the dimension) is fixed.

4.3 The algorithm of Gauss in the plane

Suppose that, = Za + Zb C R?, wherea andb are linearly independent. Then
there is a nice algorithm due to Gauss for finding a shortest vector Buppose
that|a|? > |b|%>. Then we findr € R that minimizes

la — xb|* = (a — xb,a — xb).

The minimum)/ is assumed for = (a,b)/(b,b) (bottom point of a parabola).
If M > |b|? thenb is a shortest vector. In fact suppose that L is a shortest
vector. Thenv = ua + vb. We may assume that= 0. Then

w=wua+ (qu+r)b = u(a+ gb) + rb,
where0 < r < |u|. Therefore
|w| > fulla +gb] —r[b] = (Ju] —r)[b]

andb is seen to be a shortest vectorZin

If M = |a—gb|* < |b|* we continue the procedure withanda — ¢b, whereq
is the integer nearest ta Why does this algorithm terminate? A straightforward
reason is that there are only finitely many elementd. aif norm < R, where
R > 0. This does not explain why the algorithm is very effective (as effective as
the Euclidean algorithm).
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4.4 Gram-Schmidt

Recall the Gram-Schmidt orthogonalization procedure. Suppose;that, v, is
a basis ofR”. Then we letv; = v; and

for: > 1, where

Itis easy to see tha;,v;) = 0if i # j and(vf,vf) = [v;|*. A fundamental
invariant of L is
d(L) = |det(by,...,by)|

4.5 ldea of the LLL-algorithm

A Z-basish, ..., b, for a lattice. C R" is called LLL-reduced if
) |l <1/2for1 <j<i<n.
i) b7 + pii1bi_ > > 2|b;_,]? for 1 < i < n (Lovasz condition).
Proposition 4.5.1 Let by, ...,b, be an LLL-reduced basis df. Then
) d(L) < [bi] - [ba| < 27 VAY(L).
i) If 2 € L\ {0}, then|b,| < 2=D/2|z|,

Proof. In general we know thai(L) is also the determinant of the matrix with
column vectorsy, ..., b7 . Since this is an orthogonal matrix it implies that

d(L) = [b7] - - [by,].

This observation makes it easy to see thdt) < |b;| - - - |b,|. Whenb,, ..., b, is
LLL-reduced it implies that

b71% > 1/2[b 4 |*

or that
|b; 11 < 2|0} .
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We get thus thalb;_;|* < 27|b;|* for 1 < j < i. This gives

0: = [0 ” + sy [b; o |* + - - - + par [b7]?
< |0 |?+ 1/410;_, P + -+ /4007
< b7 PP+ 1/2(1 4 - 272 B2
2t
2
i

1b71”

Therefore
|b1|2 . |bn|2 S 21+2+~~~+n—1d(L)2

giving the desired inequality. Now suppose that L \ {0}. Then
.CU:leT—f——f—le: :Slbl—i‘"'—i‘Sibi

wherer; = s; € Z \ {0} (transition matrix upper triangular with ones in the
diagonal). This implies
jxf* > [b [*.

Multiply both sides of this inequality with’~! to get the desired resulf]

Remark 4.5.2 Here is a nice application of Cramer’s rulebif . .., b, is reduced
in the sense that
|by] - - - |by] < 2(7%(”*1)/4(1([1),

then
|.ZU]| < 2n(n71)/4

wherex = (zy,...,z,) is a shortest vector id. So if we have a polynomial
time algorithm for turning a basis of a lattice into an LLL-reduced basis, then
we also have a polynomial time algorithm for finding a shortest vector when the
dimensionn is fixed.

Once we have the definition of an LLL-reduced basis, the algorithm for turning
a given basis into an LLL-reduced one is quite simple. There are two steps.

i) If |p;] > 1/2 for somel < j < ¢ < n, then we replacé,; with b, — ¢b;,
whereg is the integer nearest to;;. Here the “new”,, becomesy;; — q.
Therefore|u| < 1/2.

ii) On the other hand if the Lovasz condition fails for a pgir- 1, i) then we
simply interchange the two vectos ; andb;.
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Why is the Lovasz condition then satisfied for the faii — 1)? Well, letS be
the subspace spannedfyy. .., b, , and let

T RP=S5t®S — S+

denote the orthogonal projection 6#. Then the Lovasz condition reads

3
[m (@) = 7l (Bi) I

then clearly
3
[m ()P = I (b)]*.

We keep doing this and stop when we have an LLL-reduced basis. Why does this
algorithm terminate? We will use a beautiful classical argument to show this. Let

d; = det((by, bs))1<r s<i-

Notice that this also is the square of the determinant of the lattice spanned by
bi,...,b;. One may prove that

di = [bj]* -+ b7 *.
We have the following classical result due to Hermite.

Theorem 4.5.3 There exists a non-zero vectore L \ {0} such that

S|=

o> < (4/3)"2 d(L)

Let
D :dl"'dnfl.

The only operation changing the is the Lovasz swap. Suppose that, andb;
is swapped. This happens only if

* * 3 *
bF + pii—1bf 4 |° < Z|bi71|2‘

This means thad; ; gets multiplied with a factor which is 3/4. Notice thatd,,

j # 1 — 1 are unchanged, so thatgets multiplied with3/4. Since each of the;
are bounded below (this follows from Theorem 4.53)must be bounded below
and the algorithm stops after a finite number of steps.
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Chapter 5

Toric ideals

We begin this chapter with some basic results in the abstract framework of com-
mutative rings.

Lemma5.0.4 Let aq,...,a,,b,---,b, be elements of a commutative rirfg
Then
al---an—bl---bn € (al—bl,...,an—bn>.

Proof. This is an easy induction. Use that
ajag -+ - Ay —blbgbn = ag---an(al —bl) +bl(a2---an —bgbn)

O

Proposition 5.0.5Let ¢ : R — S be a ring homomorphism and: S — R
another ring homomorphism such that= 15. Then

e~ (I) = s(I) + Ker (¢).

Proof. If x € I andy € Ker (¢), theny(s(z) +y) = ¢(s(z)) = x € I. Thus

s(I) + Ker (¢) € ¢ '(I). On the other hand suppose that ¢ '(I). Then
S((p(x)) — x € Ker (). Thereforer = s(p(z)) — y, wherey € Ker () so that
'(I) € s(I) + Ker (¢). O

5.1 Computing kernels

The purpose of this section is to develop a method to compute the kernel of a ring
homomorphism

@k[$1,,xm]/J_>k[ylaayn]/[

21
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NB: Our ring homomorphisms will always fik. Thusp(z) = z if x € k. We
begin in the simplest case, where= .J = 0.

Proposition 5.1.1 Let

o klxy, ..o xm] = kY, o, Ul

denote a ring homomorphism given uniquelyblr;) = f; € kv, ..., ys]. We
extend this definition to a ring homomorphism

D klxy, . Ty Y1y Yn) = EY1, ey Un)

by ¢(x;) = f; and@(y,) = y;. ThenKer ¢ = k[z4, ..., z,] N Ker ¢ and

Ker (@) = (x1 — f1,. -y Zm — fm)-
Proof.If P € (x1 — f1,...,2m — fm), then

@(P):P(flaafmaylaayn)zo
On the other hand iP(f1, ..., fi, ¥1,...,ys) = 0. Then
P(xla"'axmayla"'ayn):P(xla"'axmayla"'ayn)_P(fla"'afm:yla"'ayn)
€<x1_f1a---axm_fm>

by Lemma 5.0.4 (why?)]

Remark 5.1.2 This shows that Gatiner basis theory can be used to compute
Ker ¢ above. Use lex order withy, ..., y, > x1,...,x,. The reduced Gbner
basisG of the ideal

<1‘1 _fla---a$m _fm>
in k[xy,...,Tm, Y1, --,Ys) IS special in thatG N k[zy,...,x,] is the reduced
Grobner basis foKer ¢ in k[z1, . .., x,,] (cf. Algebra 1).

Proposition 5.1.3 Now suppose that

o klxy, .. xn]/T = K[y, yal/ T
is a ring homomorphism. Then there ekists a ring homomorphism
U ok[r, . ] = Elyn, - YUnl,s
such thatp(f + I) = ¢(f) + J and
(K Nkl[zy,...,zn]) + 1,

where K is the ideal ink[zy,...,2m, 91, - -, ys] generated by and Ker (¢),
wherey is defined as in Proposition 5.1.1.
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Proof. This is a consequence of Proposition 5.0.5 and the fact that the kernel of

VP
Elxy, . o Ty Yty Yn) = Elyt, - un] = Elyn, -yl /T

isy=1(J). O

5.2 Computing images

Suppose thap : k[z1, ..., 2] — klyi, ..., ys] IS @ ring homomorphism, how do
we decide ifg € k[yi,...,y,] is inIm ¢? This question can be rephrased: How
do we decide ify € k[f1,. .., fm], Wherep(z;) = f;? Again it pays to consider

D klxy, . Ty Yty ey Yn| = KU1,y Ul

g:)\l(:’vl_f1)+"'+)\m(xm_fm)+P7 (*)
whereh;, ..., A\, € K[z, ..., T, Y1, ..., Ys] ANAP € k[xq, ..., z,], then clearly
gek[flaafm]
In fact in this case) = P(f1,..., fm). Onthe other hand i = P(fi,..., fm)
for some polynomiaP € k[zy,...,z,], then

g—Pe(x1— fi,. ,Tm — fm)

by Lemma 5.0.4. This shows thate k[fi,..., f.,] if and only if (x) holds.
Let G be a Gobner basis ofz; — fi,...,z, — fn) With respect to lex, where
Yy v oy Yn = T1,...,T,m. Then we get

gEk[fl,...,fm] < gGEk[xl,...,xm].

The < direction is easy. Thes direction calls for the details of the division
algorithm. Ifg = P(f1,..., fn) for a polynomialP € k[z1, ..., z,], then

g:)\l(:’vl_f1)+"'+)\m(xm_fm)+P‘

This does not mean tha = ¢“!!! It does mean though that we have an expres-
sion

g=mo + -+ pngy + P,
whereG = {g1,...,gn}. Continue the division algorithm from this point! The
pointis that ifin< (¢;) | in<(g), theng, € k[z4, ..., z,]. We constantly move in-
sidek[x, ..., z,,] in the division algorithm and terms transferred to the remainder
are all ink[zy, ..., z,]. Thusg® € k[zy, ..., 1,].
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5.2.1 An application

Suppose thatl is ann x m matrix with natural numbers as entries and N".
Can we findv € N such that
Av =07

This problem is NP-complete and has a lot to do with integer linear programming.
We will translate it into computing the image of a toric ring homomorphism. Con-
sider

o klxy, .. xm] =kt .. )

given by o(z¥) = t4?. Then clearly our question is equivalent tctifis in the
image ofy and we have developed ad@hrier basis method for answering this.

5.3 Toric homomorphisms

In algebraic geometry a torudg, is simply the subsefk*)” = k* x - -+ x k* of
affine n-spaceA” = k™. A torus is a group wrt. multiplication. In fact it is a
socalled algebraic group. A toric morphism is an “equivariant” algebraic map
T, — A™ for somen, m € N. There is an equivalent algebraic description which
we will use. A ring homomorphism

O k[T, .., ] = K[ttt 6] C (. )

is called toric ifo(z;) = t¥, wherev' € Z™. If v = (vy,...,v,) € Z", then the
notationt” means

VAR
So a toric homomorphism : k[zy,...,z,] — k[ti,t, ', ..., t,, ;1] is given
by m vectors(vy,...,v,) C Z™ or in other words am x m integral matrix
A, € Mat, ,(Z). If A € Mat,,,,(Z) we letyp, denote the corresponding toric
homomorphism.

Definition 5.3.1 A toric ideal I 4 is the kernel of a toric homomorphispy.

Remark 5.3.2 If v € Z™ we letv™ = max(v,0) andv™ = max(—v,0). Then
vH,v” e Nt andy = vt — o™,

Example 5.3.3 An integral matrixA € Mat, ,,(Z) can be viewed as &-linear
mapZ™ — Z". If v € Ker A, thenz®" — 2z~ € Ker ¢y.

Lemma 5.3.4 Let A € Mat,, ,,,(Z) and let/, = Ker¢,4. Then

Iy= (" —2"|u,ve N Au = Av).
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Proof. The inclusionD clearly holds. Suppose that € I, and thatf =
Y venn @Gp2”. Then

o(f) = Z ayt™’.

veNn

Fix some term ordeK. If in<(f) = a,X", then f must contain a term, X"
such thatdv = Au, but this implies thay = a, (X" — X*) € I4. Therefore
f—g € Iyandinc(f — g) < in<(f). Now use induction to conclude that
f—ge (x"—2a"|u,v e N Au = Av). The result follows]

Corollary 5.3.5

vt

Ip= (2" —z" |veKerd),

A reduced Gobner basis with respect to an arbitrary term ordeconsists of
binomials of the forme?" — 2V, wherev € Ker A.

Proof. I, is a prime idealand —u = (v —u)™ — (v —u)":
XV — XU — va(vfu)"' (X(vf'u,)"‘ . X(vfu)_) c IA-

Binomials are preserved when takifgpolynomials and remainders with the di-
vision algorithm. So starting with a set of binomials we end up with ab@Ger
basis consisting of binomials. Suppose thdt— X" is a binomial in a reduced
Grobner basis. Then— (v — u)™ = 0 (why?).0J

5.4 Kernels of toric homomorphisms
Proposition 5.4.1
Kttt ot ) = Kfto, ty, .. t]/(toty - -ty — 1),

Consider a toric ring homomorphism given byz;) = t¥ with v; € Z™ (not
limited to N"!1). Then we can compute the kernel pty intersecting the ideal

(toty -ty — 1, %0 2y — 90 4%, — V)

with k[zy, ..., z,]. Thisis a consequence of Proposition 5.1.3.
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5.5 Computing the kernel of a toric homomorphism

So given a matrix4 with integral entries we have defined a toric ring homomor-
phism
Oaklzy, .. wm] = K[

We wish to compute the kernél of ¢, somehow using the related linear algebra
kernel of
A 7™ —=7".
Given a subseat’ C Ker A we let
Jo={z"" —2" |veC}

We know thatKer ¢ = J for some subset’. Here is a crucial result which is the
foundation for finding such a subset. First a definition.

Definition 5.5.1 Let R be a commutative ringf € R and an ideal ofR. Then
we define the ideal

I:f*={x€eR|zfm™elm>0}
Exercise 5.5.2Check that this really is an ideal. Also check the identity
R:(fg)*=(R:[f*):g%
Proposition 5.5.3 If C'is a generating set fdfer A, then
Jo o (xy--x,)™ = 14

Proof. LetC' = {v1,..., v, }. If (z1---2,)™f € Jo theng(zy - 2,)™(f) =0
and thereforg’ € I,,. This shows_. On the other hand suppose that — 2~ €
Ker ¢, wherev = A\jv; + -+ + \v,. € KerA. Thenv™ — o™ = (\u)* —
(Mv1)™ 4+ (M\v,) T — (\pvy)~. This translates into the following identity for
rational functions

xv+ .'L'()‘lvl)Jr l.(/\r'ur)Jr ‘,L.'ufr l.vf

_ = ()M

Ar
rv l‘()\lvl)7 "L‘(AT,UT)7 xvf xv; ’

First subtract from both sides and then multiply with a sufficiently high power of
x1 - - -z, to see the inclusio® and don’t forget to use the fact thaf is a prime
ideal. Writing things a bit out we get

(2" — ) e Jo = (j:(x”1+ — "), .., (2 — '),
O
Here is a very interesting corollary.
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Corollary 5.5.4 If C' contains a vectot with strictly positive entries, then
JC : (.’L‘l . ‘xn)oo = Jc.

Proof. We get thatz* — 1 € J. and thereby that™ — 1 € Jo forn € N.
Suppose that” f € Jo for w > 0. Then we may adjust such that” f € J¢
andz® — 1 € Jo. This gives thatf € Jo. O

The result enabling us to compulg : (z; - - - z,)* is the following.

Proposition 5.5.5 Let I be a homogeneous ideal k4, ..., z,]. Let < be the
graded reverse lex order with, smallest and~ the reduced Grobner basis of
wrt. <. Then

G ={feGlant fIU{f/x] | f € G an]| [}
is a Giobner basis of : x2°, wherex!” denotes the highest power dividirfg

Proof. We must prove that if € I : z7°, thenin<(f) | in<(g) for somef € G".
Now we know thatz]"f € I for somem > 0, so we may findy’ € G such
thatin<(¢') | in<(2'g) = aPin<(g). If z, 1 in<(¢'), thenin<(¢') | in<(g). If
z, | in<(¢') we use the fundamental observation thati$ homogeneous, then

Tn |ing(g) <= x|y

This is a consequence of the graded reverse lexicographic orderyvieing
smallest[]

Remark 5.5.6 Now we have a straightforward algorithm for computing a gener-
ating set forl 4. First compute &-basisB for Ker . Use the LLL algorithm to
reduce the basiB into a basisB’ consisting of relatively short vectors. Then start
computing

Jpr i (x1 - x)™
using the above results. Reducing the lattice basis first leads to a significant im-
provement in the running time of the total algorithm.

Remark 5.5.7 This algorithm works only for homogeneous ideals. In order for
1, to be homogeneous we must have tha. g. has non-negative entries.
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5.5.1 The Di Biase - Urbanke algorithm

We will illustrate a beautiful algorithm for computing the kernel of a toric ring
homomorphism by means of an example.

Example 5.5.8 1t is difficult for us to compute the kernel af,, where A =
(3,4,5). Itis easier if we changd a little bit into the matrix4; = (—3,4,5). In
this caseKer A; contains the vecta(3, 1, 1) with strictly positive entries. In fact
aZ-basis ofer A; is (3,1,1) and(4, 3,0). So by Corollary 5.5.4 we get

[Al = <$3y2 - 1,$4y3 - 1>

without going through any horrendousdbrier basis computations! But we needed
I, and not/ 4, . Is there an easy way of changing, into /,? The answer is yes.
Choose an elimination ordet eliminatingz, for example< the lexicographic
order withz > y > 2. Compute the Gabiner basis

3 2

(95_24,93—553 2 —ay? Yt — a2

,%y2)

of 14, with respect to<. Then flip ther to the other term as follows

3

5 4 ,.3 2 2,2 3 3
(> =252y’ = 2% v — Yy, a%y” — 2%, yz — 7).

These polynomials form a generating set f@H!! You can read the proof of this
in Sturmfels Proposition 12.5.



Appendix A

Review of convexity

Recall that a non-empty subgétC R" is called convex if
A+ (1-Nyel
for everyz,y € C'and\ € [0, 1]. An affine hyperplanéf in R" is given by
H={(v1,...,0) | Myo1 + -+ + \u, = o},
where)\, ..., A € R (notall zero) andr € R. We associate the closed half spaces
H_={(vi,...,u) | Mor + -+ + Av,, <}

and
H—I-:{(vla---avn) |)\101+'--+)\nvn2a}

with H.

A.1 Separation

Now we can state a fundamental separation theorem.

Theorem A.1.1 Let C, C,, be convex subsets &, such that”, NC, = (). Then
there exists an affine hyperplafesuch thatC; C H_andC, C H,.

Proof. This is a consequence of ([1], Theorem 11[3).

29
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A.2 Polyhedra

A polyhedron is a subset ®" of the form
P={zeR"| Az < b},

whereA is anm x n real matrix and € R™. Geometrically this is an intersection
of closed half spaces.

Theorem A.2.1If b = 0, then

P=C(uy,...,up) =Rsqus + -+ + Rxqup.
So P is a cone generated by finitely many vectoys. . ., u,, if b = 0.
Definition A.2.2 A polytope is a bounded polyhedron.

Theorem A.2.3 A polytope P is the convex hull of a finite set;, ..., vy € R*
of points.
P = conv{vy,...,un}.

Definition A.2.4 Let P be a polyhedron. Then a face Bfis a subset of?, where
a linear functional is maximized. Thus givene R,

face,(P) ={u € P|u-w>v-w, Yv € P}.

A face of (affine) dimension zero is calledrartex A face of (affine) dimension
one is called amrdge A face of codimension one iR is called afacet

Definition A.2.5 The normal cone of a polyhedran C R" at a faceF' C P is
Np(F) ={w € R" | face,(P) = F}.

So the normal cone consists of the vectors of linear functionals maximized on the
face.

Exercise A.2.6 A face of a polyhedron is a polyhedron.

A.3 Minkowski sums

The Minkowski sum of two subset$, B C R” is

A+B={a+blac Abec B}.
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