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Abstract. For any integral convex polytope in R? there is an explicit con-
struction of an error-correcting code of length (¢ — 1)? over the finite field
[F,, obtained by evaluation of rational functions on a toric surface associated
to the polytope. The dimension of the code is equal to the number of integral
points in the given polytope and the minimum distance is determined using the
cohomology and intersection theory of the underlying surfaces. In detail we
treat Hirzebruch surfaces.

1 Toric codes

Let M ~ 77 be a free Z-module of rank 2 over the integers Z. Let [J be an
integral convex polytope in Mg = M ®z R, i.e. a compact convex polyhedron
such that the vertices belong to M.

Let g be a prime power and let§ € [, be a primitive element. For any i such
that0 <i < g —1andany jsuchthat0 < j <g—1,welet P;; = (§',§/) €
IE‘Z X IF‘Z. Let my, m, be a Z-basis for M. For any m = Aymy + lomy € M N0,
we let e(m)(P;;) = ()" (§7)".

Definition 1.1. The toric code C associated to O is the linear code of length
n = (g — 1)? generated by the vectors

{(e(m)(Pij))i=0....g-1:j=0....q—1 |m € M N0}, )

In [3] we presented a general method to obtain the dimension and a low-
er bound for the minimal distance of a toric code. We obtained the following
results.
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Theorem 1.2. Let d be a positive integer and let O be the polytope in My
with vertices (0, 0), (d, d), (0, 2d), see figure 1. Assume that 2d{(q — 1. The
toric code Cry has length equal to (g — 1)?, dimension equal to #(M N 0) =
(d + 1)? (the number of lattice points in 1) and minimal distance is equal to
(g —1)*—=2d(g — D).

Theorem 1.3. Let d be a positive integer and let O be the polytope in My
with vertices (0,0), (d,0), (0,d), see Fig. 1. Assume that d < q — 1. The
toric code Cy has length equal to (g — 1)?, dimension equal to #(M N 0) =
W (the number of lattice points in O) and minimal distance is equal to

(g —1D*—d(g— 1.

Theorem 1.4. Let d, e be positive integers and let O be the polytope in My
with vertices (0, 0), (d, 0), (d, e), (0, e), see Fig. 1. Assume thatd < q — 1 and
thate < q — 1. The toric code C has length equal to (q — 1)?, dimension equal
to#(M NO) = (d+ 1)(e + 1) (the number of lattice points in O) and minimal
distance is equalto (g —1)>—(d(q—1)+(g—1—d)e) = (g—1—d)(g—1—e).

2d

Fig. 1. The polytope of Theorem 1.2 is the left triangle with vertices (0, 0), (d, d), (0, 2d). The
polytope of Theorem 1.3 is the right triangle with vertices (0, 0), (d, 0), (0, d). The polytope of
Theorem 1.4 is the square with vertices (0, 0), (d, 0), (d, e), (0, e)
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Theorem 1.5. Let d, e, r be positive integers and let (1 be the polytope in My
withvertices (0, 0), (d, 0), (d, e+rd), (0, e), see Fig. 2. Assume thatd < q—1,
thate < q — 1 and that e + rd < q — 1. The toric code C has length equal
to (g — 1)?, dimension equal to #(M NO) = (d + 1)(e + 1) + r@ (the
number of lattice points in ) and minimal distance is equal to Min{(g — 1 —
d)(g—1-e),(qg—Dg—1-e—rd)}

In Fig. 3, we have plotted for ¢ = 16 and ¢ = 32 the usual xy-diagrams
for the codes obtained, where x for a given code is the rate of the code, that is
the fraction %, and y is the relative minimal distance %g‘gf‘m.

Extensive MAGMA calculations by D. Joyner [6] suggested that the bounds
for the minimal distances in the theorems obtained in an earlier version of this
paper [4] were in fact the true minimum distances. His calculations also helped

identify a mistake in the formulation of Theorem 1.5.

a1

Fi

g. 2. The polytope of Theorem 1.5 is the polytope with vertices (0, 0), (d, 0), (d, e+rd), (0, e)
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Fig. 3. For all possible codes obtained by Theorem 1.5 a point is marked in the usual xy-diagram,

where x for a given code is the rate of the code, that is the fraction d";;i%, and y is the relative
g . minimal distance
minimal distance Jength .

case g = 32

The left diagram is for the case ¢ = 16 and the right is for the
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2 The Method of Toric Varieties

The toric codes are obtained from evaluating certain rational functions in ratio-
nal points on toric varieties. For the general theory of toric varieties we refer to
[1] and [7]. Here we will be using toric surfaces and we recollect their theory.

In 2.2 we present the method using toric varieties, their cohomology and in-
tersection theory to obtain bounds for the number of rational zeroes of a rational
function. In 2.3 this is used to prove the theorems on dimension and minimal
distance of the codes C presented above.

2.1 Toric Surfaces and Their Cohomology

Let M be an integer lattice M =~ Z?.Let N = Homgz(M, Z) be the dual lattice

with canonical Z —bilinear pairing < , >: M XN — Z.LetMr = M®zR
and Ngp = N ®zR with canonical R — bilinear pairing < , >: Mrx Nr —
R.

Given a 2-dimensional integral convex polytope O in M. The support func-
tion hg : Ng — R is defined as hg(n) := inf{< m,n > |m € O} and O can
be reconstructed:

O, ={meM| <m,n>> h(n) Vne N} 2)

The support function A is piecewise linear in the sense that N is the
union of a non-empty finite collection of strongly convex polyhedral cones in
Ng such that hg is linear on each cone. A fan is a collection A of strongly
convex polyhedral cones in Nk such that every face of ¢ € A is contained in
Aando No’ € Aforall 0,0’ € A.

The normal fan A is the coarsest fan such that A is linear on each o € A,
i.e. for all o € A there exists [, € M such that

ho(n) =<lIl,,n> VYneo. 3)

The 1-dimensional cones p € A are generated by unique primitive elements
n(p) € N N p such that p = R>on(p).

Upon refinement of the normal fan, we can assume that two successive pairs
of n(p)’s generate the lattice and we obtain the refined normal fan. The refined
normal fans of the polytopes in Fig. 1 are shown in Fig. 4.

Example 2.1. Consider the polytope of Theorem 1.2. We have that n(p;) =

<(1)>, n(py) = (_1]>, n(ps) = <_01> and n(p4) = (:}) Let o1 be the cone
generated by n(p;) and n(p,), 0, be the cone generated by n(p,) and n(ps3), 03

the cone generated by n(p3) and n(p4) and o4 the cone generated by n(p4) and
n(py).
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Fig. 4. The refined normal fans of the polytopes in Fig. 1

Fig. 5. The normal fan of the polytope in Fig. 2

The support function is:
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Example 2.2. Next consider the polytope of Theorem 1.3. We have thatn(p,) =

QU

S
[\S]
S
)

S S
= S
=3
~—  ~— T N~— N~

<(1)>,n(p2) = <(1)),l’l(,03) = (:i).Let o1 be the cone generated by n(p;) and

n(p2), o, be the cone generated by n(p,) and n(p3;) and o3 the cone generated
by n(p3) and n(p;). The support function is:
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) () o
. if € oy,
0 ny ny
d
hg<’“):4 ).(”]> if (") € 0.
np 0 np ny
0
).(”1> it (") € os.
d ny ny
Example 2.3. Also consider the (polytope of Theorem 1.4. We have thatn(p;) =

((l)), n(py) = <(1)>, n(p3) = _Ol) and n(p4) = (_01> Let o be the cone

generated by n(p;) and n(p,), 0, be the cone generated by n(p,) and n(ps3), o3
the cone generated by n(p03) and n(p4) and o4 the cone generated by n(p4) and

n(p1). The support function is:
0
)("1> it ") € o,
0 ny ny

d n\ ..(m
. if € 07,
B (nl) 0 np ny
D =
n2 d ni .
. if € 03,
e ny ny
0 ni [
. if € 04.
e ny ny

Example 2.4. Finally consider the polyt()()e of Theorem 1.5. We have that

and n(p4) = . Let 01

o = (o) nw = (7). no0 = (3 i

be the cone generated by n(p;) and n(p,), o, be the cone generated by n(p,)
and n(p3), o3 the cone generated by n(p3) and n(p4) and o4 the cone generated
by n(p4) and n(p;). The support function is:

0 ny .. [ 11
0 ny nj
d

™ it (") € o,

he (nl) _ 0 na ny
" d S T R =
. 03,
e+rd no ny }

. if € 0y.
e ny np
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The 2-dimensional algebraic torus Ty =~ FZ X FZ is defined by Ty :=
Homy (M, FZ). The multiplicative character e(m), m € M is the homomor-
phism e(m) : T — FZ defined by e(m)(t) = t(m) for t € Ty. Specifi-
cally, if {n, n,} and {m, m,} are dual Z-bases of N and M fmd we denote
uj:=e(m;), j = 1,2, then we have an isomorphism 7 =~ Fq X Fq sending
t to (u1(t), ur(t)). Form = Aym| + A,m, we have

e(m) (1) = uy ()" uz(1)™.
The toric surface X associated to the refined normal fan A of O is
XD = Ugea Ua
where U, is the Fq-valued points of the affine scheme Spec(Fq[Sg]), 1.e.
Uy, ={u:5S — Fq|u(0) =1L um+m)=umum)Vm, m' € S,},
where S, is the additive subsemigroup of M
Se ={meM|<m,y>>0Vy €o}.

The toric surface X is irreducible, non-singular and complete, see [7, Chapter
1]. If o, T € A and 7 is a face of o, then U, is an open subset of U,,. Obviously
Sp = M and Uy = Ty such that the algebraic torus T} is an open subset of Xp.

Ty acts algebraically on X. Onu € U, the action of ¢ € Ty is obtained as

(tu)(m) :=t(m)u(m) me S,

such that ru € U, and U, is Ty-stable. The orbits of this action is in one-to-one
correspondance with A. For each o € A let

orb(o) :={u:- MNo — FZW is a group homomorphismj}.

Then orb(o) is a Ty orbitin Xq. Define V (o) to be the closure of orb(c) in X.
A A-linear support function /4 gives rise to the Cartier divisor Dy,. Let A(1)
be the 1-dimensional cones in A then

Dy =~ ) h(n(p) V(p).
peA(l)

In particular
D,, = div(e(—m)) me M.

Following [7, Lemma 2.3] we have the lemma.

Lemma 2.5. Let h be a A-linear support function with associated Cartier
divisor Dy, and convex polytope 0, defined in (2). The vector space H(X,
Ox (Dy)) of global sections of Ox(Dy,), i.e. rational functions f on Xy such
that div(f) + Dj, > 0 has dimension #(M N Oy,) and has {e(m)|m € M N 0O}
as a basis.
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Remark 2.6. In Example 2.1
D=~ ) hn(p) V(p) =d V(ps) +2d V(ps)

peA(l)
and

dimH(X, Ox(Dy)) = (d + 1)

In Example 2.2
Dy =~ ) h((p) V(p) =dV(p3)
peA(l)

and

dimH(X, Ox(Dy)) = W.

2
In Example 2.3
D=~ ) hn(p) V(p) =dV(ps)+eV(ps)
peA(l)
and
dim H(X, Ox(Dy)) = (d + )(e + 1).
In Example 2.4
Dy =~ ) h((p) V(p) =d V(p3) +eV(ps)
peA(l)
and
d(d+1)

dimH*(X, Ox (D) = (d + 1)(e + D) +r——

2.2 Intersection Theory and the Number of Rational Zeroes
of a Rational Function

For a fixed linebundle £ on X, given an effective divisor D such that £ =
Ox (D), the fundamental question to answer is: How many points from a fixed
set P of rational points are in the support of D. This question is treated in
general in [5] using intersection theory, see [2]. Here we will apply the same
methods when X is a toric surface.

For a A-linear support function  and a 1-dimensional cone p € A(1) we
will determine the intersection number (Dy,; V (p)) between the Cartier divisor
Dy, and V (p)) = P!. This number is obtained in [7, Lemma 2.11]. The cone p is
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the common face of two 2-dimensional cones o/, 0" € A(2). Choose primitive
elements n’, n” € N such that

n+n" €Rp
o' +Rp =Ron' +Rp
0" +Rp =Rson” +Rp

Lemma 2.7. Foranyl, € M, such that h coincides withl, on p, leth = h —1,.
Then

(Dy; V(p)) = —(h(n') + h(n").

In the 2-dimensional non-singular case let n(p) be a primitive generator for
the 1-dimensional cone p. There exists an integer a such that

n'+n"+an(p) =0,
V (p) is itself a Cartier divisor and the above gives the self-intersection number
(V(p); V(p)) = a.
More generally the self-intersection number of a Cartier divisor Dy, is
obtained in [7, Prop. 2.10].
Lemma 2.8. Let Dy, be a Cartier divisor and let Oy, be the polytope associated
to h, see (2). Then
(Dp; Dy) = 2voly(0y),

where vol, is the normalized Lesbesgue-measure.

In case of Theorem 1.5 the intersection table becomes

| V(o) Vi(p) V(p3) Vi(ps)

V(p1) —r 1 0 1
V(p2) 1 0 1 0
V(p3) 0 1 r 1
V(p4) 1 0 1 0

2.3 Determination of Parameters

We start by exhibiting the toric codes as evaluation codes.
ol . . .
Foreacht € T ~ IFq X Fq, we can evaluate the rational functions in
HY(X, Ox (Dy))

H'(X, Ox (Dn)) — F,

f=f@.
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Let H (X, Ox (Dy))F denote the rational functions in H(X, Ox (Dy,)) that
are invariant under the action of Frobenius, that is functions that are [, linear
combinations of the functions (e)(m) of Definition 1.1.

Evaluating in all points in T'(F,) we obtain the code C:

H (X, Ox (Dp)™® — C € (F))FT )

f e (F)erw,)
and the generators of the code is obtained as the image of the basis:

e(m) — (e(m)(1))ierF,)-

as in (1).

Letm; = (1, 0). The [F,-rational points of T >~ FZ X FZ belongtothe g — 1
lines on X given by Hnqu (e(my) —n) =0.Let 0 # f € HY(X, Ox(Dp))
and assume that f is zero along precisely a of these lines. As e(m;) — n and
e(m) have the same divisors of poles, they have equivalent divisors of zeroes,
SO

(div(e(my) — n))o ~ (div(e(m)))o.
Therefore
div(f) + Dy — a(div(e(m)))o = 0
or equivalently
f e H'(X, Ox (Dy — a(div(e(my)))o).

In the cases of all the theorems this implies thata < d according to Lemma 2.5.
On any of the other ¢ — 1 — a lines the number of zeroes of f is according to
[5] at most the intersection number:

(D — a(div(e(my)))o; (div(e(m,)))o). “4)

This number can be calculated using Lemma 2.7 and Lemma 2.8. In the situa-
tion of Theorem 1.2 the numberis2d —a -2 - (% -1-2) =2d — 2a and in the
situation of Theorem 1.3 itisd —a -2 - (% -1-1) = d — a (in both cases the
volume-element is shown as gray in figure 1). In the situation of Theorem 1.4
the volume-element is the line segment shown in bold in figure 1 and the num-
beris e. As 0 < a < d the total number of zeroes for f in the three cases is at
most:

al@—1)+(@—-1—-a)2d —2a) < (g — 12
al@q—1)+(@—-1—a)d—a)<dg—1)

alg— 1D+ @—1—a)e<dg—1D+(@q—1—de
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In case of Theorem 1.5 the intersection number (4) is easily calculated using
the intersection table above and that (div(e(n1)))o = V (p1) + 7V (p4). We get

(D, — a(div(e(my)))o; (div(e(my)))o) = e + (d — a)r.
As 0 < a < d the total number of zeroes for f is at most
al@—1)+(@—1—-a)e+(d—a))

<max{d(g— 1)+ (g —1—d)e, (g — 1)(e +dr)}.

This implies in all cases that the evaluation maps

HY(X, Ox (D)™ — Co C ED*
f = (f@)er@,)

are injective and that the dimensions and the lower bounds for the minimal
distances of the toric codes are as claimed.

To see that the lower bounds for the minimal distances are in fact the true
minimal distances we exhibit codewords of minimal weight.

In the case of Theorem 1.2, we let by, ..., byy € IF; be pairwise different
elements. Then the function

(y=b)----- (y — baa) € H'(X, Ox (D))"
evaluates to zero in the (¢ — 1)(2d) points
(x,b)), erFZ,jzl,...,Zd

and gives a codeword of weight (¢ — 1) — 2d(q — 1).
In the case of Theorem 1.3, we let by, ...,b,; € IE‘; be pairwise different
elements. Then the function

(y =b1) -+ (y = ba) € HU(X, Ox (D)™
evaluates to zero in the (¢ — 1)d points
(x,bj), xelF,j=1,....d

and gives a codeword of weight (g — 1)> — 2d(q — 1).
In the case of Theorem 1.4 and Theorem 1.5, we let by, ..., betrq € I be
pairwise different elements. Then the function

Xy =b1) - (= besra) € H'(X, Ox (Dy))™™
evaluates to zero in the (¢ — 1)(e + rd) points

(x, b)), xeFZ,j:l,...,e—l—rd
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and gives a codeword of weight (g — 1) — (g — 1)(e +rd) = (g — 1)(q —

1 — (e + rd)). On the other hand, we let a;, ...,a; € ]FZ be pairwise differ-
ent elements and let by, ..., b, € FZ be pairwise different elements. Then the
function

(x—ap) - (x—an)(y —bp) - (y — be) € HY(X, Ox (Dp)™

evaluates to zero in the d(q — 1) + (¢ — 1)e — de points
(ai,y), (x,bj), x,yelF i=1...ej=1,....d
and gives a codeword of weight (4 — 1 —d)(g — 1 —e).
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