INVARIANT THEORY OF FINITE GROUPS

THOMAS FANGEL

1. INTRODUCTION: SYMMETRIC POLYNOMIALS
Symmetric polynomials arise when we study the roots of a polynomial in one variable. Consider
for example f = 23 + bx? + cx + d and let ay, a9, ay be its roots. Then:
b ber+d= (x =)z —a9)(x — a3)
=z — (o) + s + 0'3)1‘2 + (ajas + ajag + asas )z — (NP ren
And by equating coefficients we get:
b= —(a +ay+ az), c=may + ajaz + ey, d = oyapas,

L.e. the coefficients are polynomials in the roots, and further more these polynomials are symme-
tric, that is they are invariant under permutation of the oy, &, a3. This motivates the following;:

Definition 1.1. A polynomial f € k[zy,...,x,]is symmetric if Floatiys < oy Batay) = @1y <1 E%)
for any 0 € &,,.

In this definition and in the rest of the paper k is a field. Again following the observation
above let f be the polynomial in one variable X given by

FIX) = (X —2)(X - 22) -+ (X —22)
If we expand the righthand side we get:
X)=X" -1 X" 400 X" 2o 4 (1) o1 X + (=1)"0,
where o; € k[z1,...,2,]. It is not hard to write out the o,’s:
01 =2+ 4Ty
gy =21+ 1123+ F Ty 1Ts

In general the pattern is: for each i, we choose i of the brackets from which we do not take X
as a factor and sum over all the possible ways of doing that. In general we get:

Or = E Ly Lgy m o Ty,

1<) <ia<<ip<n
Le. the sum of all monomials of order r where each x; appears with degree 1. Since xy,..., o,

are the roots of f we expect the ;'s to be symmetric which is of course the case: if we permute
the z;’s f does not change, and therefore the coefficients o; does not change.

Definition 1.2. ¢;,1 < i < n, is the elementary symmetric function of degree i. When we want
to stress the fact that we have n variables we write ar.

It is obvious that by forming polynomials in o1,..., 0, we get new symmetric polynomials.
Surprisingly this gives us all symmetric polynomials. In other words we are now able to answer
the question proposed by Niels in the beginning of the course:

Theorem 1.3. Any symmetric polynomial f € k[xy, ... x,] can be written in a unique way as
a polynomial g(oy,...,0,) in the elementary symmetric functions o1, ..., 0,.
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The proof given here is in the spirit of the course constructive.

Proof. We use lex order with 7 > 19 > -+ > x,. Let f € klzi,...,a4] be non-zero and
symmetric, and let LT(f) = ax®. If @ = (ay,...,a,) we claim that ay > ay > --- > ap.
Suppose not. Then a; < ;i for some . Now let 3 = (Ot ooy @15 O Ty Q5 Bigens 55 ;0D
Since az® is a term of f, ax” must be a term of flxy,. o xign @iy o 20) = fo1,. .., 2,) since
[ is symmietric and thus az” is a term of f. By construction 4 > a, but this is impossible since
ax™ was the leading term of f.

We may therefore define a polynomial h as

— 102 _Oy—ay O] —0n _ay,
h = a4 T3 T 0n—1 On

Note that LT(s,) = x;---x, for 1 < r < n, hence by the calculational rules for leading terms

we get:

= LT(01)™ ~**LT(03)*2 ™% ... LT(gy,)*"

— k12
=1

LT(h) = LT(a]' "™ gy? ™% ... g "1 T " gn)

(Za@a)* 2™ v (@py o < By J2 1 TE (g, o552 ) O
=P el gl = g®

So LT(f) = LT(ah) and thus

multideg(f — ah) < multideg(f),

when f—ah # 0. Now set f| = f—ah and note that f; is symmetric since f and ah are. If f; # 0
we can repeat the proces and form fy = f; — ajh; where a; is a constant and hy is a product
of o1,...,7, to various powers. Furthermore LT(f>) < LT(f1) whenever f; # 0. Continuing we
get a sequence of polynomials f, fi, fa,... with

multideg(f) > multideg( f,) > multideg(fs) > ...

Since lex order is a well-ordering the sequence must terminate at some point. But this is only
possible when fy 1 = 0 for some ¢. Keeping track of what we have done we then see that

f= ah+a1h1 + - +Clgh.t
which shows that f is a polynomial in the elementary symmetric functions.
Now for the uniqueness. Suppose a symmetric polynomial f can be written in two ways:
f=9(o1,...,00) = ga(oy, - .. On)s 91,92 € k‘[yl, wo 5 Q)

If we let g = g1 — g2 then g(o1,...,04) = f— f = 0 in klzy,...,z,]). We want to show that
. . . B

g =0in kfy,...,yn]. Write g = Zﬁaﬁyﬁ = g(o1,...,00) = Zﬁa.gcrfl ceon” = Y gaa98,

where 3 = (8,...,,). As above we get:

[ w3, P S Iy
LT(g5) = a‘ﬂ‘r.lli'l-H’?ﬁ" +i "Jfgﬁ- +8n | -'Eg" )

The mapn
(}'jla---ndn) =¥ (/3] 3 # wd +J‘3n!"‘!ﬁﬂ)
is injective (given by the invertible matrix with 1's on and above the diagonal and zeros under) so
the g’s have distinct leading terms. Now choose gs among the summands in g(o4,...,0,) with

maximal leading term i.e. LT(g3) > LT(gy) for any other summand gy- Then there is nothing to
cancel out LT(gs) and g(oy,...,0,) cannot be zero in klzy,...,2,). This is a contradiction. [

Since the proof gives us an algorithm for writing a symmetric polynomial as a polynomial in
T1,...,0, we better give an example:
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Example 1.4. Let f = 2%y + 2%z + 2y + y?z + 222 + y22. We find LT(f) = 2%y = LT(0103).
We calculate oy09:

g109 = (r+y+ z)(xy + 22 + y2)
— e SR 2, .52 2 e
=axYytxzt+ry tyz+az®+yz" +3zyz
And then f) = f — 0102 = =32yz = —303. So we are done and we get:
[ =0100 = 303

Actually we need not do as above. Grobuer bases gives us a general method for checking if a
polynomial is symmetric and if it is, how to write it in Oliyrer 55 @t

Proposition 1.5. In k[zy....,20,y1,...,yn] fit a monomial order where any monomiael invol-
ving any of x;,...,x, is greater than any monomial involving only the y;’s. Let G be a Gribner
basis for the ideal < oy —yy,...,00 —yn >. Given f € klzy,...,xp], let g = TG be the remamder
on division by G. Then

(i) f is symmetric iff g € k[y1,...,yn).
(i) If f is symmetric then f = g(oy,...,0,) is the unigque expression of f as a polynomial in
s DRI

Proof. Let G = {g1,...,9m}. We can assume that all 9i # 0. Otherwise just remove those that
Are zero.

First suppose the remainder g on division of f by G is in Ely1,...,yn]. Then:
f =Aig1+---+ -‘lmg‘m £

for some Ay, ... .. Am € k[x1,..., 20,41, ..., ya). If we substitute o; for y; all the g;’s go to zero
since they are in the ideal < oy —yy,...,0, —y, > and f 1s not changed since f € k[zy,. .. o
Therefore we get f = g(oy,...,0,) i.e. f is symmetric.

Now suppose f € k[zy,...,x,] is symmetric. Then f = g(o1,...,0,) for some g € Elyr, ... ya).
We want to show that g is the remainder on division of f by G. First note that any g; involves
some x;. If not gi(oy,...,0,) = 0in k[zy,. .. , Tn| since g; is in the ideal < o —y, ... O —Yn >.
But the uniqueness part of Theorem 1.3 then implies that gi = 0ink[y1,...,yn] contradicting our
assumption. Therefore no LT(g;) divide g by the choice of the monomial order. By Proposition 1
of chapter 2, §6 of [1] it only remains to show that f=h+gforsomeh e<oi—y,...,00—yn >.
Observe that in k[xy,...,2n,y1,...,%,] a monomial in T1y...,0, can be written

aftropm = (Y1 + (01— y1))™ - (Y + (00 — ya))™
=y Y+ Bi(or —y1) + - + Bu(on — yn)

where B; € k[xy,..., TnyY1,y-- -5 Yn]. We have written out the brackets and collected the terms
involving only yy,...,y, and observed that all other terms involve some (o; — yi). By collecting
terms and adding coefficients this implies that
9(o1,- -y 0m) = g(y1, ..., Ya) + Ci(or —y1) + -+ + Cn(on = Yn)
But then
f - Cl(o'l - yl) e ¢ Cn(gn - yn) + g(yl~ s |yu)

and we are done since the first n terms are in the ideal.

Now part (ii) follows immediately from the above. O

One could argue, that a drawback of the above proposition is, that we have to calculate a
Grobner basis for the ideal < oy — y1,...,0, — y, >. However this is taking care of by the
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following proposition which we state without proof. Given variables thyyes o5 iy, let

hiluy. ..., Ug) = Z u®

|a|=t
be the sum of all monomials of total degree i in uq....,us. Then we have:
Proposition 1.6. Fir lex order on kleg, .o @n, y1ee .., Ynl With Ty > -+ > 20 >y > o+ >y,
Then the polynomials
k
9’.{:’1&(11 ...... l,',)-l-Z(%l)lhkﬁ,(i] ...... I‘.n)i'j, k=1,..., T
1=

form a Grobner basis for the ideal < oy — Ui oss 5 T =Ty Ts

2. FINITE MATRIX GROUPS AND THE RING OF INVARIANTS

For the rest of the paper we assume that our field £ is of characteristic 0.
Now we want to construct a general setup of invariant polynomials for finite matrix groups.
It turns out that the symmetric polynomials are just an example of this.

Definition 2.1. Denote by GL,(k) the group of invertible n x n matrices with entries in k. A
(finite) matriz group G is a (finite) subgroup of GL,, (k).

Consider the polynomial ring k[&:l....,.r,,]. We may view the n variables 4 NUCIERY, R\
vector x = (xy,--- ,2,). f G < GL,(k), 4 € G and f(x) is a polynomial in k[z,... . Tn] we may
consider the polynomial g € k[zy, ..., x,] given by:

9(x) = f(A™'x)
This actually introduces a group action of a matrix group on k[xy,...,x,):

Definition 2.2. Let G < GL, (k) be a matrix group. We have an action of G on klZys = 58]
given by:
(4 f)x) = f(A7'x)
for A€ G, f € klxy,...,z,]
Remark 2.3. It is left to the reader to check, that this is actually a group action. In [1] (4- f)(x)
is defined 1o be f(Ax) but this is not an action since (AB)-f = B-(A- f). This is the reason
for the A='. Actually the action has a lot more stucture: For an A € G we can think of A- as
a map from k[zy,...,z,] to itself and actually A- € Aut(k[zy,...,2,]), the automorphisms of
klzy,...,z,], since we have the following properties that are almost trivial:
A-(f+g)=A-f+A.g
A-(fg)=(A-f)(A-g)
ATV (AF)=(A4) - f=I.f=f
This observation will prove its value below.
What we are going to study is the set of polynomials that are left invariant under this action.

Definition 2.4. Let G < GL,(k) be a matrix group. A polynomial f € k[zy,...,x,] is invariant
under G if A- f = f for all A € G. The set of all invariant polynomials is denoted k[zy, ..., x,]%.
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Example 2.5. With this new notion we can now describe the symraetric polynomials as the
fixed set of some matrix group. Let e; denote the standard i’th basis vector of k™. Define ¢ -
X, — GL,(k) to be the map:

@(0’) = | €a(1) Caf2y --- €a(n)
So ¢ permutes the columns of the identity matrix. It is not hard to see, that ¢ is a group
homomorphism since ¢(o7) = ¢(a)o(7), and of course ¢ is mjective since only ¢(Id) = I. This
means that ¢ : £, — ¢(%,) is an isomorphism. We call #(X,) = S,, the group of matrix
permutations. For convenience we set M, = ¢(o). Now let x € k™, then

Mox = (2g(1);-- -+ Ta(n))

that is M, permutes the coordinates of x. Now we see that the symmetric polynomials is nothing
but the set of invariants of k[xy,... , Zy] under the action of S,,. The statement in Theorem 1.3
can now be written as

klz1; .5 534]% = klot, ... 00
l.e. every invariant can be written as a polynomial in oy, ..., 7, and furthermore this represen-
tation is unique.

This example suggests that we should pursue two questions:

e Is any set of invariants of a finite matrix group finitely generated?

o Ifit is, is the representation of invariants in the generators unique?
To answer these questions we need some basic observations and definitions.

Proposition 2.6. Let G < GL,(k) be a matriz group. Then the set klz1,...,74])% is a subring
of k[xy,... 2,

Proof. This follows from the remark above that 4. € Aut(k[zy,...,x,]). Because if A - f =

J, A-g =g then it follows that A-(f +g) = f+ g and A - (fg) = fg, and of course all the
constant polynomials are invariant. O

Definition 2.7. Given a set F = {fi,-- s fm} C klzy,...,z,] we introduce the evaluation
homomorphism Evp : k[y1,...,ym] — k[z1,...,x,] given by

Evr(g) = g(f1,. .-, fm)

That this is a homomorphism is obvious. The image of Ev - is the set of all polynomial expressions
in fi,....fm : Im(Evp) = Evp(k(yr,...,ym]) = klfi,--., fm] and is of course a subring of
klzy,...,2,] generated by F; actually it is the smallest subring of k[zy,...,2,] containing F.
The reason for introducing this homomorphism is, that if a set of invariants of a given matrix
group is generated by a set F' then it is the image of Evp.

Definition 2.8. Given G < GL,(k), |G| < oo, the Reynolds operator of G is the map Rg :
klzy,...,z.] = k[zy,...,2,] given by:

RG(fJ=ﬁZA'f

AeG
for f € k[xy,...,z,).

One may think of R¢ as averaging the effect of G on f. Note that we use the fact that k
has characteristic zero by dividing by |G|l # 0. It is almost ovious that R has some more
structure than just being a map (otherwise we would not bother introducing it!). Naively one
could think that Rg is a homomorphism, but this is not so since R¢ does not preserve the



6 THOMAS FANGEL

multiplicative structure of klzy,...,2.]: Ra(fg) is not in general equal to Rg(f) Rg(g). But the

additive structure is clearly preserved. The follwing proposition reveals the properties of Re;.
Proposition 2.9. Let Rg be the Reynolds operator of a finite matriz group G. Then:

(i) Rg s kfzy,...,: va|®-linear in f, i.e. Ra(fig1 + faga) = fiRa(g1) + faRa(f2) for fi €

. klzy,...,z,)C, g; € klmyye o ymq]y 1=1,2.

(it) If f € k[xy,..., 2] then Rg(f) € kfy, ... s )@

(iii) Re aets as the wdentity on k[zy,...,2,]%.
Proof. The adcliti'vity in (i) is trivial, it is the linearity in k[, ... ,.r,,]G that is non-trivial. Let
I ¥z o ,20]8, g € K@i o %)

1
Ra(f9) = ram D A-(fg)

Aelr

1
= 1GIL, (A f)A-g)
Aeq@

1
= e f(A-g)
|G|1 %

1
=fr— > A-g=fR
(G|1k oot ) f C—‘((f)

Now let f € k[zy,...,2,] and B € G:

1 4
B-Ro(f) =B (zr-2 4-)

AeG

1 L
= e .és-u f)

o
= &, %%(BA) f
1
= — _Ll' -
|G :L;r_, !
= Re(f)

since multiplication by B is a bijective map of G into itself, so the sum is the same just permuted
in some way. This proves (ii). (iii) is actually a consequence of (i). Just let g = Lifsy,...z,] and
note that R(;(lk[wh_"'m"]) = gz,

The proposition tells us how to create invariants, and actually (ii) and (iii) shows that Rg maps
klzy, ..., z,] onto k[zy,... ,2,]¢. Note that klzyi,...,a,] carries a natural klzy,...,2,])% module
structure. The 3 statements in the proposition can then be rephrased as the single statement
that Rg is a k[z1,. .., 2,]% module homomorphism from k[zy, ..., x,] onto 5 TR 5 L

Definition 2.10. A polynomial f € klz1,...,2,] is homogeneous of degree m if all terms in if
has degree m, or equivalently if f(ax) = a™ f(x) for any a € k.

For a monomial z it is not hard to see, that 4-2® is (when different form zero) a homogeneous
polynomial of degree |a|. This is because the “coordinates” of A~'x involve only terms in
Ty oy of degree 1. All terms of (A~'x)® will then have degree |a|. This again implies that
R (2®) is a homogeneous invariant of degree |a| when different from zero, and therefore Reg(h)
is zero or homogeneous of the same total degree as h when h is homogeneous. The following
theorem due to Emily Noether answers the first of our questions.
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Theorem 2.11. Given G < GL,(k), |G| < 0o, we have
k[z1,...,20)€ = k[{Ra(z®) : |a| < |G}
In particular k[zy,...,2,]% is generated by finitely many homogeneous invariants.

A proof of this theorem can be found in [1]. Besides the fact that the theorem gives an upper
bound for the number of generators it is constructive: it gives us a set of generators for the
mvariant set. But there are some drawbacks: first of all this set is probably far too big i.e.
there might be a much smaller set of generators. And secondly the number of monomials for
which we have to compute the Reynolds operator increases rapidly. The number of monomials

with degree < |G| is "H.C’E . For example consider the symmetric polynomials in 3 variables
g = G| P ) pol)

klz,y,z]%. |S3| = 3! = 6 and (31.'6) = (g) = 84 but we already know that k[z,y, z]%* is generated
by ouly 3 clements, namely the three elementary symmetric functions in three variables.

Therefore Noether’s theorem is not an effecient way for calculating generators. Fortunately
there are improvements of Noether’s theorem. Molien’s Theorem, which enables us to guess the
number of linearly independent homogeneous invariants of a certain degree in advance, makes
it possible to find more efficient methods of calculating generators.

Totally against the spirit of the course we will state Hilbert’s nonconstructive version of the
theorem above and give a nonconstructive proof:

Theorem 2.12. Given G < GL,(k), |G| < ¢, then k[zy, ... 24] is generated by finitely many
homogeneous invariants.

Proof. Let I C k[xy,...,x,] be the ideal generated by all homogeneous invariants of positive
(> 1) total degree. By Hilbert's Basis Theorem this ideal is generated by a finite number of
polynomials g;,...,¢9,.. But since gi €I, g; = Z:l’l hj fj; for some h;, € klzy,...,z,] and
homogeneous invariants f;,. If we collect all the homogeneous invariants, fi,,..., frm. » in these
expressions of g1,..., ¢, then these homogeneous invariants will generate I since they generate
a generating set. So we may assume that I =< f;,..., f,, >, where each fi 1s a homogeneaous
invariant.

The strategy is to show that k[Z1,.. . @n]C = k(fi,..., fm]. Since f; is an invariant the
inclusion k[xq,... ,xn]G 2 k(f1,..., fm] is trivial since A- is a homomorphism:

Aglfise i fm) =9(A- fr,o A f) = 9(f1, -, f)

Now suppose k[.rl,...,;rn](" & k[fi,..., fm]. Choose a f" € k[z1,...,2,])% with positive total
degree such that f' & k[fy,..., fn]. Observe that a polynomial is invariant if and only if all
of its homogeneous components are invariant. All homogeneous components of f' are therefore
Invariant and at least one of them is not in k[f1,--., fm]. Among all homogeneous invariants not
in k[f1,..., fm] choose one with minimal total degree [ > 1. This is possible since the constant
polynomials are contained in both sets. Call it f. Since [ is homogeneous and invariant f € I.
Then f =37, hif.

Suppose that for some i, h;f; # 0 is not homogeneous of degree I. Then h; cannot be homoge-
neous since f; is. The terms of h; f; which are not of degree | must cancel with other h; f; or parts
of these that are not of degree /. We can therefore assume that all hi fi are zero or homogeneous
of degree [. This implies that h; must be zero or homogeneous of degree strictly less than [ since
fi has at least degree 1. By (i) of Proposition 2.9 we get

f=Ra(f) =) Ra(hi)fi

and by the observation following Definition 2.10 Re(hi) is zero or a homogeneous invariant of
the same degree as h;. By choice of ! this implies that Rg(h;) € E[f1,- .., fm] for all i. But then
f =2 Relhi)fi € k[fi...., fm] contradicting the choice of f. This proves the theorem. O
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Now that we know, that klry,....2,)% for a finite matrix group is finitely generated . one can
ask how we represent an invariant in terms of the generators. As in the case of syminetric
polynomials we use Grébner bases to solve this problem. Without proof we state the following
more general version of Proposition 1.5. The proof is very much the same as in the case of
symmetric polynomials.

Proposition 2.13. Suppose froooo fm € kfzyy.. . 2] are given. Fiz a monomial order in
[ ST s Yl Ym] where a monomial wmvolving any x; is greater than a monimal muvol-
ving only the y;'s. Let G be a Gribner basis of < fr=U1see v frn—Ym >. Given I € &1y o ya0q)
=G . o
let g = [ be the remainder on division by G. Then
(1) fek[fi,..., fm] if and only if g € klyrs. ... i) -

(ii) of f € k[fy,... Jm] then f = g(fi,..., fm) is an expression of f as a polynomial in
fioeoiy fme

Note that (ii) says nothing about uniqueness of the expression. This leads us to the next
section.

3. RELATIONS AMONG GENERATORS

We have seen, that for a finite matrix group there is a finite set of generators for the invariant
set of polynomials: k[zy,...,2,]% = k[f1,..., fim]. This solves the first question of the last section.
The second question was that of unique representation of an invariant in terms of the generators.
Suppose f € k[zy,...,z,]%, f= 91(f1se ooy fm) = g2(f1, .« s fn), then h(fi,... fm) = 0, where
h=g —g2 Andif h € klyr,-..,ym), h 3 0 is such that h(fi,..., fin) = 0 then any element
in k[f1,..., f] can be written as both 9(f1yee-yfm) and ¢'(f1,..., fn), where g = g+ h.
It follows, that uniqueness fails if there is a nonzero polynomial h € k[y,,..., Ym] such that

h(fi....,fm) =0.Such a polynomial is called a non-trivial algebraic relation among fi,..., fin.
Ifwelet F={fi,...,fn} then
Ip = {h € k‘[yh---aym] : h(fly--- 1fm) =0in k[-l'j.---,.lfn]}
records all algebraic relations among fi,. .., fm. The following proposition justifies that I Fois
called the ideal of relations:
Proposition 3.1. If k[zy,...,2,]% = k(fi,. oy frm] let Ix C klyis. .., ym| be as above. Then:
(i) Ir is a prime ideal of ] TS p— T
(i) Suppose f € k[zy,... ,2a]% and f = 9(f1s---, fm) 1s one representation of f. Then aniy
other representation of f is given by
f :g(flr"'vfm) + h(fls--wa)!
where h € Ip.
Proof. 1t is easy to see that Ip is an ideal. Now suppose g1, g2 € Ip. Then g,;(f;,...‘fm).yé
0, 7 = 1,2. This implies that g1g» # 0 i.e. 9192 € Ir since k[zy,...,z,] is an integral domain,
Le. it has no non-trivial zero-divisors. This shows that I £ 18 a prime ideal.
Now suppose ga(fi,..., fm) is another representation of f.-Then h = g3 — g € I and
F=0lfi-...fm)=02(fis. o Fm)=9(f1s e o )+ (frr ey frn) = 9oy fm)+h(frae o )
O

In the last section we introduced, when given a set F' = {f;,..., fn} C klzy,...,2,], the
evaluation homomorphism Evg : klyi,«. . ym] — klz1,...,2,]. If F is the set of genera-
tors of k[z,,...,2,]% of a finite matrix group then we see that Im(Evyp) = k(fi,.... fm] =
klzi,...,2,]% The kernel of Ev is all the polynomials mapped to zero in k[xy,... ,Zn]; these
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are precisely the polymials in the ideal of relations. From the fundamental homomorphism the-
orem we then get this nice description of the invariant ring:
Proposition 3.2. If k[zy,...,z,)% = k[f1..... fm] let Ip be the ideal of relations. Then there
ts an isomorphism:
k[yl .e by y-m]/IF = ’\'[.l‘] Py .I.',,]G
The ideal of relations can be found using elimination theory:
Proposition 3.3. If k[zy,...,2,]% = k[f1,..., fi] consider the ideal

Je=<fi—vi,...ifm = ¥m > C klxy,... T T Y]
(1) Ip s the nth elimination ideal of Jp, Iy = Jp Nkly,. .., Yrm)-

(ii) Fiz a monomial order in k[x1, ..., Tn,y1,. .., Ym] as in Proposition 2.13 and let G be a
Grobmer basis of Jp. Then G N Klyi,...,um] is a Grébner basis for Ip in the induced

monomial order on klyy, ..., ym].
Proof. Observe that for p € k[xy,...,Zn, y1,... . Ym| we have:

PEJIp & Ly vy Pise s 5 Fon) =0
The implication to the right is trivial. The other uses the fact that:

P@1s s Ty Y Ym) = P21 T fr = (L= 31)s s fn = (fon = Yom))
- p(-'l:la' v v'rﬂ.sflv'-' afﬂ'l) + Al(fl - .UI) = e o -‘Ln(fm o y'm)
for some A; € k[xy,..., 20, y1,... +¥m]. The last equality is obtained as in the proot of Proposi-
tion 1.5. If p(z1,...,%n, f1,-.., fm) =0 then p €< fi=wi,eoos frn — Ym >.
Using this we see, that if p € JrUk[y1, ..., ym] then p(fy,... +fm) =01.e. p € Ir. The second

part now follows from elimination theory, more precisely from the in exercise 5 of chapter 3, §1
generelized version of Theorem 2 of the same section in [1]. o

This solves the uniqueness problem. But if [ # 0 is there then in some other sense a “unique”
way of representing an invariant? Grébner bases solve this. Given a Grébner basis for I'r with
respect to some monomial order on k[y1,...,ym], and g € k[yy, ..., ym) let & be the remainder
on divison by G. We have seen in chapter 5 of [1] that the remainders g© uniquely represent
elements of k[yy, ... s Ym]/Ir, so when we have chosen a monomial order there is in some sense
a unique way of writing an invariant in terms of the generators.

Note that Proposition 3.3 gives us a way of testing whether a set of polynomials are algebraic
independent. We simply calculate the ideal of relations and see if it is trivial or not.

4. THE GEOMETRY OF ORBITS

So far we have studied purely algebraic properties of invariant theory. Now for the geometric
aspects.

If G < GLa(k), |G| < o0, and k[z1,...,24]% = [f1,..., fu] let Ir be the ideal of relations.
Denote by V the affine variety
Ve =V{Iz) Cc k™
We have the following.
Proposition 4.1. In the situation as above we have:
(i) Vi is the smallest variety containing the parametrization:

Yy = fl(.l.-']....,;t‘n)

Ym = fm(-l:]a v 1-1:n)
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(ii) Ir = I(VE), that is Ip is the ideal of all polynomials vanishing on Vp.
(i) Vi 15 an irreductble variety.
(iv) Let k[VF] be the coordinate ring of V. Then there is an wsomorphism:

7 Lof e &
k[VE] 2 k21, « 5 2]
In the proof we use a lot of our previously deduced results on affine varieties.

Proof. First note that the stated parametrization in (i) is actually a paramatrization since for
any g € Ip, g(f1,... . fm) = 0 in kfzy,...,20) = g(y1,... ym) = 0 with yi as in (i). From
Proposition 3.3 we know that [ is the nth elimination ideal of Jr=< fi—-y1..... frn—Um >. The
statement in (i) now follows from the Polynomial Implizitation Theorem (Theorem 1, chapter 3
§3 of [1]).

For (ii) note that Ir C I(V(IF)) = I(VF) so one inclusion is trivial. Now suppose h € I(Vp).
Given any (ay,..., ay,) € k™ (i) implies that

(filar,e-os@n)ye oy frnlars. .. an)) € Vip

And since h vanishes on Vi we get that

h(fl(ﬂ-l‘----an)s--‘wfm((’»]----’an)) =0

Since k has characteristic 0 and hence is infinite only the zero polynomial vanishes on all of k™.
Therefore h(fy,...,fm)=0¢€ klz1,....x,] and thus h € Ip.

From (ii) and Proposition 3.1 we get that [(Vp) = Ir is a prime ideal and by proposition 4 of
chapter 5, §1 of [1] VF is irreducible.

Also in chapter 5 of [1] we saw that

’\[1}-‘] g !‘{[y[, s .y,,,]/I(Vp) = }Lly] ..... y-m]/Ip o k[.?,‘] 5 ety .l,'n]("

where the last isomorphism is by Proposition 3.2. This proves (iv). 0
It is clear that a generating set of klzy,...,2,4])¢ is by no means unique. So what happens to
Vi if we change the generating set? By (iv) of the above proposition we expect them to bhe
isomorphic. From Theorem 9, chapter 5, §4 we know that two varieties are 1somorphic if and
only if there is an isomorphism between their coordinate rings, which is the identity on the
constant functions. It is obvious that the isomorphism in (iv) above is the identity on constant
functions since the map is defined by evaluation on Sf1s..., fin, and constant functions are the
same in k[ry,...,z,] and k[yi,...,Ym). Suppose now that F’ is another generating set. Then

k[VF] = klz1,...,2,)¢ = k[Vp:] and the isomorphisms are the identity on constant functions,
i.e. VF is isomorphic to Ve, We have proved:

Corollary 4.2. Suppose k[z1,...,2,]% = k[f1,..., fm] = k[fi,....fl,] then the varieties Vi C
k™ and Ve € k™ are tsomorphic.

Finally we want to relate the orbit space of G to the variety Vp.
We started by letting a finite matrix group G act on kfzy, ... , ], but we could also let it act
on the space k" by setting A-a=Aafor Ac G, a= (ayy...,8,) € k.

Definition 4.3. The orbit G -a of a € k™ is the set
G-a={4d-a: AeG}
The set of all G-orbits in k™ is denoted " /G and is called the orbit space.
It is not hard to verify that

a~b<< b= Aa for some 4 € &
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defines an equivalence relation on k™. This shows that the orbits of a and a' are either equal or
disjoint.

Our last theorem shows that &"/G has the structure of an affine variety in the sense that
there is a bijective map from k" /G to Vp:

Theorem 4.4. Let G < GL,(k), |G| < c0. and k be an algebrazcally closed field. Suppose that
k50 o0 Ba]F = k5, oo . fm]. Then
(i) The polynomial mapping F : k" — Vi defined by

Flay,...,a,) = (fl(ﬂ.l....,a,l}...,,fm(a[,....u,,))
1s surjective i.e. it covers all of V.
(ii) The map sending the G-orbit G -a to the point F(a) € VF is a bijective map from k' /G to
V.

Note that the map in (ii) is welldefined since [fi is invariant, and hence it takes on the same
value on all points of a G-orbit G -a. The proof is rather technical so we leave it out here. It can
be found in [1]. Note that Corollary 4.2 implies that the variety structure of the orbit space is
unique up to isomorphism. Observe that we assume that our field is algebraically closed. This
15 because we use the Extension Theorem to prove the surjectivity in (i). Since I is the nth
elimination ideal of Jp a point b on Vi is a partial solution to an equation. The Extension
Theorem is then used to extend this to a solution and produce a point a such that F(a) = b.
See [1] for the details.
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