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BILINEARITY AND CARTESIAN CLOSED MONADS

ANDERS KOCK

Introduction.

The observation that universal algebra can be treated ‘“‘in a coordinate
free way’’, using monads, together with the observation that many tech-
niques available in the category of sets are available in any symmetric
monoidal closed category ¥, makes it possible, by combined use of the
monad language and the closed category language, to describe some of
the elementary notions of universal algebra in an element-free way.
Syntactically, such a description no longer has variables ranging over
the set of elements in an algebra, but rather over the class of algebras
itself. In particular, though the monad-theoretic treatment allows for
infinitary algebras, the notions formulated here are all formulated in a
finitary way. For example, one can formulate the notion of ‘“‘algebra,
where every operation is a homomorphism with respect to any operation”.
This was done in [3], [4], and [5].

The notion to be described here is that of a “function in two vari-
ables which is a homomorphism in each variable separately.”

This concept of ‘“bilinearity”’ is used in the main Section 2, which
deals with cartesian closed categories. The main theorem is Theorem 2.6
which says that a monad on a cartesian closed category, whose functor
part commutes with products satisfies:

(i) it carries a unique structure as strong monad; and
(ii) this structure makes the monad commutative in the sense of [3];
and
(iii) the category of algebras for it is cartesian closed.

Monads of this kind we call cartesian closed (Definition 2.7). They can
also be characterized as commutative monads for which a map “is bi-
linear if and only if it is linear”” (Theorem 2.5). The two implications in
this “if and only if” are investigated separately in Theorem 2.1 and
Proposition 2.3, the first describing the notion of “affine monad”.

A remark on the scope of universal algebra in the setting of strong
monads on symmetric monoidal closed categories ¥": This scope is quite
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limited, if ¥~ is not cartesian closed; for instance, “tensor algebra con-
struction” (with respect to the ® of ¥7) will, if it exists, not in general
be a strong monad (but will probably distribute over any strong commu-
tative monad). On cocomplete cartesian closed categories, however, there
will be a strong monad corresponding at least to each finitary algebraic
theory. A hint of this fact may be found in [1].

Note that in Sections 1 and 2, the symmetric monoidal closed category
¥ is not assumed to be cartesian closed. Thus we write ® for what
later is replaced by x.

We often suppress mention of which T-structure we have in mind;
we just write “f: AQB — C is bilinear” instead of “‘f is bilinear with
respect to the T-structures «: AT — 4, f: BT - B, y: CT -~ C on 4, B,
and C, respectively”.

1. Partial linearity and bilinearity.
Let ¥~ be any symmetric monoidal closed category [2], and let 7' be
a ¥ -functor (‘“strong functor”) from the ¥ -category ¥~ to itself,
T: vV —>v

that is, 7' is a functor ¥’y — ¥7,, and there is given a family of maps
(“the strength of 7°):
styp: AhB—> AT & BT .

These data satisfy the axions VF1, VF2 of [2]. Recall [3] that out of
these data we can construct a natural transformation
ty p: A®BT — (A®B)T .
In fact, st can be reconstructed from 7': ¥; —~ ¥; and ¢/, by [6].
Using the symmetry ¢ of ¥~, we also construct the natural
ty p=cg 4¢T: ATQB—~ (AQB)T .

Now assume that T' is the functor part of a strong monad T=(T,#,u)
(meaning that n and u are ¥ -natural transformations in the sense of
[2, p. 466]). Then according to [3] we get two monoidal structures y

and ¢ on T, with
w45 ATQBT - (ARBT)T X% (AQB)T* > (ARB)T
and with
$ap=cygacl: ATOBT > (AQB)T

or equivalently, $, p=t""+t'T-u. Recall [3] that the monad is called
commutative if y, p=19 4 p for all 4,B.
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Let (4,x) and (C,y) be algebras for T, and let B be arbitrary. A map
f: A®B — C is called 1-linear if the following pentagon commutes

AT®B "% (AeB)T I~ oT

l’

AQB 7 c

If g is a T-structure on B, one defines similarly the notion of a 2-linear
map using ¢”’. Finally, call f y-bilinear if the following pentagon com-
mutes:

a@®1

AT®BT *28 (AoB)T L. 0T

(1.1) a®ﬂ[ Iv

AQB 7 C

Such a definition of bilinearity has been suggested by Linton [7].

Using 94 p instead of y, p in the above diagram gives similarly the
notion of f being -bilinear. It turns out, however, that y-bilinearity
is the same notion as y-bilinearity (Theorem 1.1 below); so we may just
describe the notion by the word “bilinearity”.

THEOREM 1.1. For a map f: AQB — C, the following three conditions
are equivalent:

(i) f is p-bilinear,
(ii) f is 1-linear and 2-linear,
(iii) f 18 p-bilinear.

Proor. We shall prove (i) <> (ii); since the condition (ii) is “left-
right symmetric”, the proof that (iii) <= (ii) will then be similar. So let f
be y-bilinear. Multiply the commutative pentagon (1.1) on the left by

1Qng: ATQB - ATQBT .
The lower composite of (1.1) yields x®@1-f. To see that the upper com-
posite yields ¢'-fT'-y, we have to prove that
(1.2) 1@y = t'.

But this is an easy consequence of the definition of y and of 1 ,@nz-t" =
N4@p (Lemma 2.2 in [3]). So 1-linearity of f is proved. Similarly, 2-
linearity is proved using

na®ly =t",

which again is a consequence of Lemma 2.2 in [3].
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Conversely, assume that f is 1-linear and 2-linear. By definition of v,
to prove (1.1) commutative means proving

tt"T-p-fTy = aQB-f.
Now the left hand side here equals
vVt T-fT2 u-y by naturality of u

=¢-¢t"T-fT?yT-y by “associative law” for y
v-(1/)T-fT'-y by 2-linearity of f

= 1QB-t'-fT-y by naturality of ¢’

= 1Qp a1 -f by 1-linearity of f,
which is the right hand side of the desired equation. The theorem is
proved.

Il

REMARK 1.2. There is an element-free version of Theorem 1.1 provided
¥, has equalizers; we can then define subobjects Lin,, Lin,, Bilin, and
Bilin™ of (A®B) A C, whose “elements’ are the 1-linear, 2-linear, y-
bilinear, §-bilinear maps AQB — C; the sharpened form of the theorem
says: Lin, n Lin, = Bilin = Bilin" .
The proof of this is somewhat more complicated, and we omit it, since
the sharpened form plays no role in the present paper.

In the following, we assume that ¥; has equalizers. Since B and C
have T-algebra structures (§ and y, respectively), we may, as is well
known (by [4], say), form a subobject B dh C of B A C, »the subobject
of homomorphisms”’, namely as the equalizer of st-1hy and A1, st
being the strength of 7'. Also, we may make B A C into a T-algebra
by means of

BAOYT-LBhoT 2 BAC,

where 4 is the combinator constructed out of the strength of 7' as in [4]
or [5]. ;

Consider f: AQB - C as before, and let f denote the transpose,
f: A > BhC. We then have

PrOPOSITION 1.3. The map f is bilinear if and only if f is a T-homo-
morphism and factors through B 4k C.
Proor. We shall in fact argue that
(i) fis 1-linear iff fi is a T-homomorphism and
(ii) f is 2-linear iff f factors through B 4h C,
from which the Proposition will follow, using Theorem 1.2.
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The proof of (i) depends of course on knowing the interrelations be-
tween ¢’ and 2. From Lemma 1.2 in [4], one can deduce, by ®-h ad-
jointness, that 1: (B & C)T' — B & CT can be expressed as the following
composite (where % and ev denote front and end adjunctions for the
®-h adjointness):

(1.3) (BAOTSBA[(BAC)TRB]-
N BA(BAO)RBT 2L Bhor.
So if f is 1-linear, we have
t-fTy=0@l-f: ATRB -~ C;
by ®-4 adjointness we get
wlht' 1hfT-1hy=a-f: AT -~ BhC.

The left hand side here is easy to rewrite as fT' followed by 1 y, and
so equals fT'-1-1 Ay which proves (i).
The proof of (ii) does not involve information about A, but only the
equality
uBT-1 At = uB-st,

which is immediate from the definition of ¢’ in terms of st, as in [3].
We omit the details.

REMARK 1.4. In case T is commutative, B dh C is a sub- T-algebra of
B A C, according to [4]. So we can make sense to the expression
A M (BdhC). In the terminology of Remark 1.2, one can then prove
that the subobject Bilin of (4®B) & C corresponds under ®-h adjoint-
ness to 4 4h (B 4h C). Also, there will be induced a canonical isomor-
phism A 4k (Bdh C)=B d (A4 4 O), reflecting the fact that Bilin=
Bilin~.

We conjecture that, as soon as a reasonable definition of “‘(non-
monoidal) symmetric closed category” (as hinted at in [5]) has been
found, the isomorphism A 4k (Bdh C)~B dh (4 & C) will make the
closed category generated by a commutative monad T (as in [4]) into a
symmetric closed category.

We list here some examples of 1-, 2-, and bilinear maps. Let X and Y
be arbitrary objects in ¥;, and make X7, YT, (X®Y)T into algebras
for T by means of the appropriate x. Then

ty,y: XT®Y - (X®Y)T is1-linear
tx,y: XQYT > (XQY)T' is 2-linear
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(1.4) vx.v: XTQYT - (XQY)T is l-linear
(1.5) Px,v: XTQYT - (XQY)T is 2-linear.
These facts are easy to see using Lemma 1.1 and Lemma 1.2 in [3].

Proposrition 1.5. Let T be a strong monad and v, § the two associated
monoidal structures on the functor part T. Then for any objects X, Y, the
following two conditions are equivalent:

1) vx,r=vxv;

(i) yx, y 8 bilinear or Px y is bilinear.

Further, the following conditions are equivalent

(iii) T ¢s commutative (that is, p=1p);

(iv) vx, v 18 bilinear for all X,Y, or px, y is bilinear for all X, Y ;
(v) u is a y-monoidal transformation or a p-monoidal transformation.

Proor. Assume (i). Then by (1.4) and (1.5), yx, p is 1-linear and 2-
linear, hence bilinear by Theorem 1.1, proving (ii). Assume (ii), for in-
stance, assume that yx y is bilinear. By Theorem 1.1, we may take
this to mean “p-bilinear”’, which means that

{/:'XT,YT"‘/)X,YT'”X®Y = uxQuy " ¥x,v -

If we multiply this equation on the left by 5xT®%y T, the right hand
side gives yx y. The left hand side gives, by naturality of ¢,

P (xQny)T 9T u.

Now the proof of Theorem 3.2 in [3] shows that (without assumption of

commutativity of the monad) 7x®7y yx, ¥y =7x®y, so that the above
becomes

'T’x, v’ (7]X®Y)T'/‘X®Y

which by monad laws is just §x p. This proves (i). (Similarly, if our
assumption in (ii) were “px y bilinear”’, we would take “bilinear” to
mean ‘‘p-bilinear”.)

The proof of (iii) <= (iv) is trivial from (i) <= (ii). Finally, (iv) < (v)
is immediate, noting that the diagram saying that yx p is y-bilinear is
the same as a general one out of the family establishing that u is y-
monoidal. This proves Proposition 1.5.

When the tensor product of more than two algebras are involved in
the domain, e.g.

(1.6) fr A,®... @4, >4, ,



























