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Introduction

The present report describes most of the subjects | have studed during the
rst two years of my PhD program. As quite a number of branches are in-
volved, and as | have tried to make the report as self-contain ed as possible
within reasonable limits, the report has become rather long , and perhaps
longer than it should be. The length is justi ed by the observ ation that it is
much harder for the novice to read a text that does not properl y introduce
its basic notions, than it is for the expert to skip the parts i rrelevant to him.
Moreover, | am reluctant to write that a subject X is well-kno wn, if | person-
ally do not understand X well. For this reason, | decided to tr y to write down
as much as (I think) | have understood of the various subjects, with the hope
that my fellow students will bene t from this excess of detai Is. The more
experienced reader may well skip certain sections, or just skim them lightly
to catch the notation introduced.

This leads to a description of the structure of the report. Th e notion
of group cohomology turns out to appear in two different cont exts: As a
model for the tangent space to the moduli space, and as an obstruction to
the uniqueness of an invariant star product on the moduli spa ce. For this
reason, the rst chapter is a brief introduction to the theor y of homology
and cohomology of groups. All but the last section are rather elementary.
In Section 1.5 we state two theorems which are not needed until the nal
chapter, where we try to attack the aforementioned obstruct ion.

The second chapter is devoted to the mapping class group of a surface.
We recall the most important facts about mapping class group s, introduce the
important Dehn twist diffeomorphisms and prove various sim ple relations
among these. We also mention the famous Dehn-Nielsen theorem relating
the mapping class group of a surface with the outer automorph ism group of
the fundamental group.

In the rst two sections of the third chapter, we introduce th e notions of
Poisson algebras and deformation quantizations of these. This is particularly
interesting in the case where the Poisson algebra is the algéra of smooth
functions on a (symplectic) manifold. In this case, one ofte n requires that
the star product is differential In Section 3.3 we recall some of the proper-
ties of differential star products and (differential) equi valence classes of these
on a symplectic manifold, based on the well-written article [GR99 by Gutt
and Rawnsley. In the presence of a symmetry group of the sympl ectic man-
ifold, it is natural to seek star products invariant under th ese symmetries;
furthermore, if the group is large enough, one might expect t hat invariance
implies uniqueness. In Subsection 3.3.3 we state and prove a propaosition
by Andersen, which serves as motivation for studying the coh omology of



the symmetry group with the space of smooth functions on the m anifold as
coef cients.

Section 3.4 deals with geometric quantization. Choosing a pre-quantum
line bundle and a Kahler structure on the symplectic manifol d allow one
to de ne the so-called Toeplitz operators, which are endomo rphisms of the
holomorphic sections of the pre-quantum line bundle. By wor k of (among
others) Schlichenmaier, the product of two Toeplitz operat ors may be written
as an asymptotic expansion in terms of Toeplitz operators. T he coef cients
arising from this asymptotic expansion turn out to de ne a di fferentiable
star product on the symplectic manifold, known as the Berezi n-Toeplitz star
product.

By varying the Kahler structure, we obtain through geometri ¢ quantiza-
tion a host of differentiable star products on the original s ymplectic manifold.
This is the main idea in the last section of Chapter 3, where we assume that
some auxiliary manifold parametrizes almost complex struc tures in a con-
trollable manner. Generalizing work by Hitchin, Andersen d e nes a formal
Hitchin connection in a bundle which is a generalization of t he Verlinde bun-
dle over Teichmdller space. With suitable assumptions, the existence of an
invariant star product can be proved.

In Chapter 4, we de ne the moduli space of at connections in a princi-
pal bundle over a surface. This moduli space is where the fun t akes place:
It is the symplectic manifold, to which the methods of Chapte r 3 are to be
applied. The rst section and its subsections introduce the basic notions such
as principal and associated bundles, connections, and curvature, and may
be considered rather elementary. After these preparations, we are ready to
de ne the moduli space. We take the opportunity to explain wh 'y the moduli
space is sometimes de ned as the set of homomorphisms of the fundamental
group of the base into the structure group, modulo conjugati on, and, in fact,
this other viewpoint is often quite useful. The tangent spac es of the moduli
space can be described as certain cohomology groups, and using known op-
erations on cohomology, this allows us to describe the sympl ectic structure.
We end the chapter with a description of the Teichmudller spac e and how
it parametrizes almost complex structures on the moduli spa ce, and with a
brief section explaining why (some of) the conditions for qu antization, using
the theory from Chapter 3, are ful lled in the moduli space setting.

The nal chapter is meant to be an attempt to calculate the coh omology of
the mapping class group with appropriate coef cients. As th e moduli space,
and hence the space of smooth functions on it, is a quite complicated gad-
get, we rst try to nd an isomorphic coef cient module which is easier to
handle. The main idea is to represent functions on the moduli space by geo-
metric objects on the surface, making the action of the mapping class group
more transparent. However, we only know of a suf ciently sim  ple model in
the case where the Lie group is SL,(C), and, even in this case, we cannot give
a complete calculation of the cohomology group we are actual ly interested
in. An algorithm for computing a related cohomology group (w ith a “larger”
coef cient module) is described, and we hope that we may obta in useful in-
formation about the original cohomology group by understan ding the map
induced in cohomology by the inclusion of coef cient module s. Hence, al-
ready in this introduction we obtain the rst main result of t he progress
report: There are still many loose ends to tie up.



In the last section, we discuss various possible continuations of the project.
The list is of course not meant to be all inclusive, as other in teresting paths
may well appear; nor do | have any hope of dealing thoroughly w ith all of
the suggested problems, at least not within the next two year s. Also, it is
well-known that some questions are simply not the right ones to ask.

I wish to thank Magnus Roed Lauridsen for proof-reading the p seudo-
nished report with very short notice. | also thank Lars daleif Madsen for
typographical hints and T pXnichal assistance along the way. Finally, | wish
to thank my advisor, Jgrgen Ellegaard Andersen, for paving t he way for this
project, and for patiently answering my naive questions aga in and again.

Enjoy reading.

Arhus, May 2007 Rasmus Villemoes



Chapter

Homology and Cohomology of
Groups

This chapter serves as a brief introduction to homology and ¢ ochomology
of groups. It is not intended to be a thorough presentation, s 0 no proofs are
given. Roughly speaking, we only develop as much of the theor y as is needed
to “recognize a cocycle when we see one”. A more detailed exposition can
be found in [ Bro87], which this chapter is based on.

1.1 Necessary Algebra

1.1.1 Group Rings

Let G be a group. The integral group ring (or simply group ring) Z G is the
set of formal sums & 3 agg where ag 2 Z are 0 except for nitely many
g 2 G, with obvious addition and multiplication given by extendi ng the
group multiplication Z -bilinearly. Clearly, then, G is a subgroup of the group
of units (Z G) . Given aring R and a group homomorphism f: G! R ,it
is easy to verify that there is a unique homomorphism of rings ZG ! R
extending f. The bijection

is easily seen to be natural in G and R, so the integral group ring functor
Z:Grp ! Ring is left adjoint to the “units functor” Ring ! Grp.

In particular, for any group G we have a ring homomorphism # zZ2G! Z
given by g 7! 1 for g 2 G, called the augmentation map

1.1.2 Modules and Resolutions

Let G be a group. A (left) G-module is an abelian group M together with a
group homomorphism G! Aut(M). Inview of ( 1.1) above, this is equivalent
to requiring that M is an ordinary (left) module over the group ring Z G.

Given an H-module M and a homomorphism a: G! H of groups, M
becomes aG-module by setting gm = a(g)m. This is referred to as restriction
of scalarsalthough a need not be an injection.



1.1.3 Invariants and Coinvariants 2

A resolutionof a G-module M is an exact sequence

fos fn f f
1 R, 2 R, 1 RO # M 0

of G-modules R;. We will use the notaton R! M ! 0 as a shorthand
notation for a resolution. If the modules R; are all projective (respectively

free), the resolution is called projective (respectively free). Free, and hence
projective, resolutions exist for any module M by an obviuos step-by-step

method; namely choose a free module Ry surjecting to M, and inductively

free modules R; surjecting to the kernel of the homomorphism from R; 4 for

i1

The important fact is that if P! © M ! 0 and PO ? M1 0 are wo
projective resolutions of M, there is an augmentation-preserving homotopy
equivalencej : P! PO ie. a collection of mapsj ;: P, ! Piosuch that

Py Po M 0
lj 1 li 0 Jid M
S N V—

commutes. Furthermore, j is unique up to homotopy of chain maps.

1.1.3 Invariants and Coinvariants

For a G-module M, we de ne the group of invariants M® to be the submodule
fm2 M jgm= mforall g2 Gg consisting of elements invariant under the
action of G. We may think of M€ as the largest submodule of M on which G
acts trivially, and the Z G-structure on M€ is simply given by xm = #x)m for
x 2 ZG, m2 MC. Considering Z as a trivial Z G-module, we may identify
M€ with Hom 7 (Z,M).

As the name suggests, a dual concept is that of the group of co-invariants
which is obtained from M by “dividing out the G-action”. Formally this
means that Mg is the quotient of M by the subgroup generated by elements
of the form m gmfor m2 M, g 2 G. This means we may think of Mg as
the largest quotient of M on which G acts trivially.

1.1.4 Tensor Products

We may de ne a right G-module to mean a right module over the group ring
Z G. Then as usual, if M is a right module and N is a left module over G, we
may form the tensor product M 7z g N (which is only an abelian group) from
the tensor product M N = M 7 N by introducing the relations mx n =
m xn for x 2 Z G. But since the relationsalm n) = ma n= m anfor
a2 Z alreadyholdin M N, we need only add the relations mg n= m gn
for g2 G. As an example, consider Z as a trivial right Z G-module. Then we
have an isomorphism Mg = Z 7 M given by [m] 7! 1 m, with inverse
givenby a m7! am], where [m] denotes the image of m2 M in Mg.

For a commutative ring R, one need not distinguish between left and
right modules, because a left module X becomes a right module by de ning
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X.r = rx, and vice versa (in fact, this de nes an isomorphism between the
categories of left and right R-modules). However, for a non-commutative
ring, such as the group ring of a non-abelian group, this proc edure fails. But
if j : R! R is an anti-automorphism, we may turn a left module X into a
right module by the formula x r = j (r)x (the construction above may be
seen as a special case, because a ring is commutative if and oly if id g is an
anti-automorphism!).

In particular, for a group ring Z G, the anti-automorphism g 7! g ! of G
extends to an anti-automorphism of Z G, and in this way we can make sense
of the tensor product of two left G-modules M and N. Concretely this means
that we obtain M g N from the abelian group M N by introducing the
relations (g 'm) n=mg n=m gn, and, replacing m by gm this may be
written m n= gm gn. Thuswe haveM gN =(M N)g, where G acts
diagonally on M N: g(m n) = gm gn. This shows that the usual natu-
ral commutativity of the tensor product of abelian groups in duces a natural
commutativity of the tensor product of left G-modules, M gN =N gM.

1.2 Homology

We are now ready to de ne the homology of a group G with coef cients
in a G-module M. Choose a projective resolution P ! Z of the trivial left
Z G-module Z, and consider P as a non-negative chain complex. Then apply-
ing the functor c M dimension-wise, or equivalently forming the tensor
product of P with the chain complex consisting of M concentrated in dimen-
sion 0, yields a sequence of abelian groups:

—— P cM——P gM——0

Since c M is additive, this is clearly a (non-negative) chain complex , de-
noted P g M. We de ne the homology of G with coef cientsin M to be the
homology of this chain complex, and we write H (G;M)= H (P g M).

Since any two projective resolutions of Z are homotopy equivalent, and
since the additive functor c M preserves homotopy equivalences of chain
complexes, we see that another choice of projective resoluion P°would result
in isomorphic homology groups H (P gM) = H (P° g M). Furthermore,
this isomorphism is canonical, because any two augmentatio n-preserving ho-
motopy equivalences are homotopic, and homotopic chain map s induce the
same map on homology.

The right exactness of the functor c M makes it easy to compute
Ho(G; M), because the nal segment of the resolution P! Z ! 0 becomes
the exact sequence

P, ¢M—5P cM—-3Mg——0

by using the isomorphism from subsection 1.1.4 between the co-invariants
functor ( )gcandZ g . Thenbydenition Hg(G;M)= Py gM/im j =
Py ¢ M/ker y = Mg by the surjectivity of y.

If M = Z with trivial G-action, the homology H (G, Z) is simply denoted
H (G).
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1.3 Cohomology

Instead of tensoring the G-chain complexes P and M, we may consider the
chain complex Horg (P, M) of G-chain maps P! M, the n'th chain group of
which consists of the chain maps P! M of degreen. SinceM is concentrated
in degree 0 and P is a non-negative complex, we see that Horg(P, M) is a
non-positive chain complex with  Hom(P,M)n, = Homg(P n,M). By the
usual procedure of re-indexing, we obtain a non-negative cochaincomplex by
putting Horg(P,M)" = Homg(P, M) = Homg(Pn, M).

As [Bro87 points out, although the chain groups of this complex are
the same as those obtained by simply applying the contravari ant functor
Homg( , M) dimension-wise to P, the (co)differential is not quite the same.
In fact, in the latter case the differential would simply be g iven by (d"u)(x) =
u(Th+1x) for u 2 Homg(Py, M), x 2 P+ 1, but with the de nition above, one
has instead (d"u)(x) = ( 1)"u(Tn+1X).

We de ne the cohomology of G with coef cients in M to be the coho-
mology of this cochain complex, H (G;M) = H (Homg(P,M)). As in the
case of homology, two different projective resolutions giv e rise to canon-
ically isomorphic cohomologies. Also, the left exactness of Homg( , M)
immediately yields a computation of H9(G; M), because the nal segment

Pi! Py! Z ! 0 ofthe resolution becomes the exact sequence @ MY J

Hom g(Po, M)! ¥ Hom c(P1, M), using the isomorphism M€ = Homg(Z, M)
from subsection 1.1.3 Then by de niton HO(G;M) = kery = imj = M©®
sincej is injective.

As in the case of homology, if M = Z with trivial action we denote
H (G,Z) simply by H (G).

1.4 Standard Resolutions and Chain Groups

There is a free resolution of Z over Z G de ned for any group G, called the
standard resolution. Namely, we let F, denote the free Z-module gener-
ated by (n+ 1)-tuples (go, . ..,0n) of elements of G, and let G act diagonally,
g (d,---,0n) = (9%, ...,9%). Wedene T: R ! F by 1= &L,d,
where d; is de ned on a generator by omitting the i'th term, di(go,...,0n) =
(g0, -.-,Gi,...,9n). We have iy = Z G, and the augmentation # Ry ! Z is
simply the augmentation map de ned by #(g) = 1.

As a basis for i, as aZ G-module we may take the (n+ 1)-tuples whose
rst elementis 1 2 G. Such a tuple may uniquely be written in the form
(1,91,9192,.--,91  gn), and we introduce the bar notation

[92)92) Jonl=(1,00,0102,-.-,01  On)-

In terms of the bar notation, the components d; of the boundary operator
may be written

8
201[02] ] on] i=0

difga]  Jonl= [ G 1)GG+1)Gi+2] o] O<i<n
“lonl o Jon 4l i=n
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The bar notation is handy when we consider the chain complex F gM =
M ¢ F associated to the standard resolution, which we denote by C (G, M).
An element of the n'th chain group Cn(G,M) = M g K, may be written as
a nite sum of elements of the form m® (g9, ¢?,...,g2), but since the tensor
product is over Z G, we may write such an element uniquely in the form
M [g1] j 9n]- The boundary operator in the chain complex C (G, M) is,
in terms of the bar notation, given by

(m [g1] JaD=mau [g2] ] onl

n 1 . ) ) ) )

+ A D'm [o1] Jgig+r] Joanl
i=1

+( D"m [g1) o al

Similarly, the cochain complex Horg(F, M) associated to the standard
resolution is denoted C (G, M), and the n'th cochain group of this com-
plex is simply C"(G,M) = Homg(F,, M). Hence an element of C"(G, M) is
uniquely determined by its values on the Z G-basis elements[g:j | gn], SO
we may identify C"(G, M) with the set of allmaps G"! M. This description
is also valid when n = 0, because in this casely = Z G, generated by the
empty symbol [], and G? is by convention a one-point set, so CO(G, M) = M.
Using this identi cation, the coboundary operator d may be written

(df)(9o,---9n) = 9of(91,...,0n)

n 1 .
+ & ( D"(0,....0Gi+1,---On)
i=0

+( 1)n+lf(901"'1gn l)-

For later use, we mention that a 1-cochain is then simply a fun ction G! M,
a 1-cocycle is a function f satisfying df(g,h) = Oforall g,h 2 G, ie.

f(gh) = f(g)+ gf(h), (1.2)
and the coboundary of an element m 2 M is the 1-cocycledm given by

(dm)(g) = gm m. (1.3)

1.4.1 Special Cases

We already calculated Ho(G, M) and H%(G, M) using the abstract de nition
in terms of projective resolutions. These results are easily recovered using
the standard resolution constructed above. In fact, Co(G, M) = Zp(G, M) =
M gZG= M, andtheboundaryof m [g]2 Ci(G,M)ismg [] m []=
(mg m) [], conrming the identication of Hg(G, M) with the group of
coinvariants M. Similarly, a 0-cocycle is an elementm 2 M satisfying dm =
0,ie. dn(g) = gm m= 0forall g2 G, soH(G,M) = 2%G,M) = MC,
the invariant elements of M.

Next, consider H{(G), the homology of G with trivial Z coef cients. In
this case it is easy to see thatg 7! [g] de nes a surjective group homomor-
phism G! H1(G), with kernel the commutator subgroup [G, G] of G. Hence
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we may identify H;(G) with the abelianization of G, and in fact H; and
abelianization are naturally isomorphic as functors from g roups to abelian
groups. More generally, if M is any trivial G-module, H1(G, M) = Gz, 7z M.

Still assuming M is a trivial G-module, a 1-cocycle f: G! M is by (1.2
simply a group homomorphism, and by ( 1.3) all coboundaries are 0. Hence
we get HY(G,M) = Hom (G, M) = Hom (H1(G), M) since M is abelian.

1.5 Useful Theorems

In order to calculate, or at least obtain information about, the cohomology
group occuring in Proposition 3.11 below, we need a couple of powerful
tools. The rst we quote from [ Bro87], Proposition 111.6.2.

Theorem 1.1 (Shapiro's Lemma). Let H be a subgroup of G and M an H-module.
Then there are isomorphisms

H (H,M)=H (G,Ind§ M) (1.4)
H (H,M) = H (G,Coind& M). (1.5)

Here Indﬁ is the so-called inducedmodule ZG 74 M, where Z G is consid-
ered as a right H-module via the right action of H on G, and the (left) G-
module structure is givenby g (¢g° m)= gg® mfor g,g°2 G, m2 M. Sim-
ilarly, Coind E,‘ M is the co-induced module Hom z 4 (Z G, M) of H-equivariant
maps from the (left) H-module Z Gto M. The (left) action of G is de ned by

(9 1)()= f(d%)
for g,g°2 G, f 2 Homz 4 (Z G, M).

Remark 1.2. If the action of H on M is trivial, there is a canonical bijection
Homzn(ZG,M) ! Map(H \G,M) given by f 7! (Hg 7! f(g)); equipping
the latter with the G-action (g f)(Hg9 = f(Hg%) this becomes an iso-
morphism of G-modules. The usual bijection between the sets of left and
right cosets given by Hg 7! g 'H induces a bijection Map(H \G,M) !
Map (G/ H, M), and the latter also carries a natural left G-action making this
a G-isomorphism, namely (g f)(gH) = f(g g™H).

We summarize the special case of Shapiro's Lemma we will need in a corol-
lary:

Corollary 1.3. Let M be an abelian group, and G a group which acts transiivel
on a set R. Consider the G-modW&ap (R, M) of all maps R!I' M with action
given by(g f)(r) = f(g r). Letrp 2 R be any element, and H G;, G the
stabilizer subgroup ofgr Then there is an isomorphism

H (G,Map(R,M)) = H (H,M) (1.6)
where M is considered as a trivial H-module.

Proof. The bijection G/ H! Rgiven by gH 7! grg clearly induces an isomor-
phism of G-modules Map(G/ H,M) ! Map(R,M). Then from Shapiro's
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Lemma and the isomorphisms mentioned in the above remark we h ave a
sequence of isomorphisms

H (H,M) H (G,Homz4(Z G, M))
H (G,Map(H \G, M))
H (G,Map(G/ H, M))

H (G,Map(R, M)).

We are also going to need a theorem linking the low-dimension al homol-
ogy groups of the groups appearing in a short exact sequence. Again quoting
from [ Bro82] (Corollary VI11.6.4)

Theorem 1.4. Let1! A! B! C! 1be ashortexact sequence of groups, and
M a B-module. Then there is an exact sequence of low-dinmathéiomology groups

H2(B,M) ! Hz(C,Ma)! (1.7)
Hi(A,M)c! Hi(B,M)! Hy(C,Mpa)! 0. '
Here we regard M as an A-module via restriction of scalars, and then clearly
C = B/ A acts on the co-invariants group M, making sense of H (C,M,).
Since A is a normal in B, conjugation by b2 B de nes an action on A by au-
tomorphisms, so there is an induced action on homology c¢(b) : H (A,M)!
H (A, M). One may show that A acts trivially, so there is an induced action
of C, and we have H{(A,M)g = Hi(A, M)c.



Chapter 2

Mapping Class Groups

Let S = Sy denote a compact, oriented surface of genus g with r boundary
components, g,r 0. The mapping class group G= Gs of S is de ned to be
the quotient group Diff (S;1S)/Diff o(S;1S), where Diff (S; 1S) is the group
of orientation-preserving diffeomorphisms of S xing the boundary point-
wise, and Diff o(S; 1S) is the subgroup consisting of diffeomorphisms isotopic
(smoothly homotopic through diffeomorphisms xed on the bo undary) to
the identity. Equivalently, Gis the group of components pg Diff (S;{S). We
will often denote an orientation-preserving diffeomorphi sm f: S! S and
its mapping class f 2 Gby the same symbol, when there is little or no chance
of confusion.

Remark 2.1. Since any homeomorphism of S is isotopic (through homeo-
morphisms) to a diffeomorphism, and since any continuous is otopy between
two diffeomorphisms may be smoothed, we could also have de n ed the map-
ping class group in terms of the orientation-preserving hom eomorphisms
of S. Thus we may occasionally talk about the mapping class of a home-
omorphism or represent elements of G by homeomorphisms; this does not
cause any ambiguity.

Remark 2.2. Note that in caser 1, any diffeomorphism xing the bound-
ary is automatically orientation-preserving.

The reader is probably aware that different, but related gro ups are also
known as “the” mapping class group. For instance, by allowin g the diffeo-
morphisms to permute the boundary components (and making no require-
ments on the isotopies with respect to the boundary), one obt ains a group
which is sometimes denoted Mod s = Diff (S)/Diff ¢(S), called the modular
group. The subgroup Diff (S;poTS)/Diff ¢(S) corresponding to diffeomor-

phisms xing the boundary set-wiseis, by analogy with braid groups, de-

noted PMod g, and is also known as the pure modular group. Of course, for

a closed surface,Gs = Mods = PModg, and if r = 1, Modgs = PMods. By
dropping the requirement that the diffeomorphisms preserv e the orientation
we obtain the extendednapping class groups Mod g, PModg, clearly contain-
ing Mod s and PMod g as index 2 subgroups. See Section2.3 below for an
alternative interpretation of the group Mod .
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Yet another variation is to mark s points on Sqr and then require the dif-
feomorphisms and the isotopies to preserve these points either individually
or as a set. In the former case, the group is usually denoted G

2.1 Dehn Twists

An important class of diffeomorphisms are the so-called Dehn twists A Dehn
twist is roughly speaking obtained by xing one end of a cylin der and ro-
tating the other through 360 , smoothly. More formally, let j : R ! R be a
smooth function such that j (x) = O0for x 1,j(x) = 2p for x 2, and
jqx) Oforall x 2 R. Let A denote the annulus given in the standard polar
coordinates (r,q) on R2by 1 r 2. Then(r,q) 7! (r,q+ j (r)) denes a
diffeomorphism T: Al A. This diffeomorphism maps the horizontal arc to
the left in Figure 2.1to the twisted path to the right, and is the identity on
the boundary of the annulus. In fact, up to an isotopy xed ont he boundary
of A, T is the unique diffeomorphism of A taking the horizontal arc to an
arc isotopic to the twisted arc. We call T the standard twist diffeomorphism
of A.

Figure 2.1: An annulus and a diffeomorphism.

Now assume e: A ! S is an orientation-preserving embedding of A
into S (A has the usual orientation from the plane). This may be used to
transplant T from Ato S; e T e 1:gA) ! ¢A) is a diffeomorphism,
which we may extend by the identity to the rest of S to obtain the twist dif-
feomorphism dof S. Strictly speaking, this is only a homeomorphism, but
clearly it may be “smoothed”, for instance by requiring the m ap j above to
satisfy j (x) = Oforall x 1+ #andj(x)= 2p forall x 2 # for some
small #> 0. Obviously, the isotopy class of Te depends only on the isotopy
class of the embedding e In fact, the isotopy class of Te is determined by
the isotopy class of the image &1 A) of the inner boundary component of A
(and the orientation of S).

For any simple closed curve g in S, a Dehn twist alongg is a diffeo-
morphism of the type Te, Where eis any orientation-preserving embedding
Al Swith &.A) = g. We also call the isotopy class of such a diffeomor-
phism the Dehn twist along g, denoted tg4. Occasionally we will also use tg
to denote an actual Dehn twist representing tq.

If ais a curve in S intersecting the annulus € A) transversely, the effect
of applying the Dehn twist tg to ais to “turn left” when a enters &(A) (from
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either side); this should be clear from Figure 2.1 on the previous page. For
this reason, the twists de ned above are sometimes called left Dehn twists.
Of course, the notions of left and right are derived from the o rientation of the
surface, and in the gures we employ the usual orientation of the plane.

2.1.1 Generators

A fundamental result is that the mapping class group is gener ated by Dehn
twists. For g 2 andr 1, Humphries [ Hum79] has shown that the min-
imal number of twists needed is 2 g+ 1, and this number is realizable. In
fact, Wajnryb [\Waj83] gives a complete presentation in terms of generators
and relations of the mapping class group Gy, for r 1. Be aware, however,
that [\Waj83] contains some errors which are corrected in [ B\W94]. More re-
cently, Gervais [Ger01] gave a completely general nite (but non-minimal)
presentation of Gy, for g 1 and any number of boundary components. The
number of generators in [ Ger01] is rather large (of the order (g+ r)?), but this
disadvantage is outweighed by the simplicity and symmetry o f the relations.
A Dehn twist along a non-trivial loop has in nite order (this s intuitively
clear, but not so easy to prove). In the other direction, more recent results
show that most mapping class groups are also generated by torsion elements.
For instance, Theorem 1 of [BF04 states that for a closed surface of genus at
least 1, three elements of nite order sufce. Lemma 4 of the s ame paper,
combined with Corollary 2.8 below shows that for g 3 and any number of
boundary components, the mapping class group is generated by involutions.

2.2 Basic Relations

We will not need a complete presentation of the mapping class group, but
we will need the fact that it is generated by Dehn twists, and s ome simple
relations among such twists. The rst is geometrically obvi ous:

Lemma 2.3. Dehn twists on non-intersecting curves commute.

Lemma 2.4. If h is an isotopy class of diffeomorphismSopthe relation tgh 1=
thg holdsinG

Proof. If eis an embedding A ! S such that Te representstg and H is a
diffeomorphism representing h, we clearly have H Te H 1= Ty o The
lemma follows.

Lemma 2.5. If a and b are (isotopy classes of) simple closed curves intersecting
transversely in a single point, the associated Dehn twisesbsaided, ie. satisfy
tatbtaz tbtatb

Proof. First we show that tab is (isotopically) the same curve as t la. Con-
sider Figure 2.2 on the following page. The leftmost picture is simply a local

picture of the intersection point, whereas the two other pic tures show the
(local) results of applying tato bandt, L to a, respectively. Notice that t, !
is the right Dehn twist on b. The regions bounded by the dotted lines are
of course the local parts of the annuli in which the twists occ ur. From the



2.2 Basic Relations 11

—

Figure 2.2: The isotopy classestab and t, 1a are identical.

pictures it is clear that tab and t a agree up to isotopy. Thus the Dehn
twists t¢,p and t¢ 15 are identical, and according to Lemma 2.4we then have
tatpty 1= t, 'tatp. Rearranging, the braid relation follows.

Lemma 2.6. Consider the surfac8g 4, ie. a sphere with four holes. Lgt denote
the i'th boundary componen@ i 3, andgj; a loop enclosing the ith and jth
boundary componentd, i< j 3(cf. Figure2.3h. Lett; = tg andtj; = tg,.
Then

tot1tots = tiot13tos. (2.1)
This is known as the lantern relation

Proof. We may also regard Sg 4 as a disc with three open discs removed as in
Figure 2.3a Connectgg with g; by asmall arc lj,i = 1,2, 3, such that the three
arcs are disjoint. Then Sg 4 cut along these arcs is a disc (with corners), and
since the mapping class group of a disc is trivial, a diffeomo rphism of Sg4
xed on Sp 4 is determined (up to an isotopy xed on 1S 4) by its action
on the arcs I, I, 13. Thus one need only calculate the effect of both sides
of (2.1 on I|; and see that the results agree up to isotopy xed on {Sg 4. For
simplicity, we only draw the pictures relevant for I4; the reader can easily
draw the corresponding pictures for the other two arcs.

(a) A sphere with four (b) Loops enclosing (c) Arcs connecting
holes. boundary components. boundary components.

Figure 2.3: The lantern relation.

Now if we choose |, to be the horizontal line segment of Figure 2.3¢ we
see thattg, ty, and t,3 act trivially on 1;. Thus we need only to show that
tot1 and t 5t 13 has the same effect onl,. This is clear from the two rows of
pictures in Figure 2.4 on the following page.
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Figure 2.4: The effect oftgt, and t 15t 13 0n |1 agree up to isotopy.

Corollary 2.7. If g 2, the Dehn twist on a boundary component&y, can be
written in terms of Dehn twists on non-separating curves.

Proof. The assumption on the genus implies that we may nd an embeddi ng
of Sp.a! Sgr such that gg is mapped to the boundary component in question

and the remaining six curves involved in the lantern relatio n are mapped
to non-separating curves (think of Sy, as being obtained by gluing three
boundary components of Sy ,,+2 t0 g1, 92 and gz, respectively). Then the

relation to = tytiatasts 't, 't; * also holds in Gyy.

Corollary 2.8. When g 3, Gy, is generated by Dehn twists aron-separating
curves.

Proof. We already know that the mapping class group is generated by D ehn
twists. If g is a separating curve in S, cut S along g and apply Corollary 2.7
to the component which has genus 2, showing that tgy can be written in
terms of twists on non-separating curves in S.

2.3 Automorphisms of the Fundamental Group

The extended mapping class group Mod g is closely related to the automor-
phisms of the fundamental group. To describe this relations hip, choose some
xed base point p 2 S, and let p = p4(S,p). For a diffeomorphism f,
choose some pathg: [0,1]! S from pto f(p). As usual this gives an iso-
morphism bg: p1(S, f(p)) ! pi(S,p) de ned by pre- and post-composing
a loop based at f(p) with g and g, respectively. Here g denotes the path g
traversed backwards. The composed map

p1(S.p) ——p1(S. F(P)) —+p1(S. p) (2.2)
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is thus an automorphism of p, depending on the chosen g.

For an element a 2 p, let c; denote the automorphism given by conju-
gation by a, ie. ca(x) = axa 1. The group of inner automorphisms of p is
de ned to be the subgroup Inn p of Aut p generated by the c; for a 2 p.
This subgroup is obviously normal in Aut p, becausej cq j 1= Ci (a)»
and the quotient group Out p = Aut p/Inn p is called the group of outer
automorphisms. One may note that a 7! c; de nes a surjective group homo-
morphism p ! Inn p, with kernel the center of p.

The above dependence of the isomorphism (2.2) on the choice of g disap-
pears if we pass to the quotient Out p, because two isomorphisms bg,, bg,
corresponding to two paths gi;,g, from p to f(p) differ by an inner auto-
morphism of p (in fact, we have by, = ¢4, g, g, Where [g1 0] denotes
the homotopy class of the composed path g; g, in p). Thus we have a
well-de ned group homomorphism Diff ~ (S) ! Outp. Clearly the image of
a diffeomorphism f depends only on its isotopy class, so in fact we have a
natural homomorphism Mod ¢! Out(p).

We quote Theorem 2.9.A from [Iva02]. It is a combination of results by
Dehn, Nielsen, Seifert, Baer, Magnus, and Zieschang.

Theorem 2.9. If S is closed and is not a sphere, then the natural homomorphism
Modg ! Out(p) is an isomorphism. If S has non-empty boundary and negative
Euler characteristic (ie. is not a disc or an annulus), thdodg ! Out(p) is

an isomorphism onto the subgroup®@fit(p) consisting of elements preserving the
peripheral structure.

The peripheral structure of a surface with boundary is de ne d as follows:
Each simple closed curve in Sy, determines a conjugacy class inp1(S) (by
connecting some point of the curve with the chosen base point p). The ori-
ented peripheral structuris the set of r conjugacy classes determined by loops
going once around the boundary components of S in the direction deter-
mined by the orientation of the boundary induced from the sur face. The
peripheral structureis obtained by adding to this set the r conjugacy classes
determined by loops going the other way.

One may also give a description of the image of Mod g under this isomor-
phism; see [lva02] for details and for a list of references.



Chapter 3

Quantization

In this chapter we will introduce two notions of “quantizati  on”, deformation
quantization and geometric quantization. The former of the se is also known
as a star product. Under some general assumptions, one can oliain a star
product on so-called prequantizable K&hler manifolds usin g Berezin-Toeplitz
operators and geometric quantization.

Throughout this chapter, it may be helpful to think of M as (a dense open
subset of) the moduli space of at connections in a principle G-bundle over
a surface S, Gas the mapping class group of S and, in Section 3.5 T as the
Teichmiller space of S. In Chapter 4 we will see how the constructions from
this chapter apply to that situation.

3.1 Poisson Algebras and Manifolds

Let A be an algebra over R or C. A Poisson brackebn A is a linear map
f ,g:A A! A making A into a Lie algebra, with the further re-
quirement that the bracket is a derivation in the rst variab le (thus by an-
tisymmetry in both). This means that for x,y,z 2 A we have fxy,zg =
xfy,zg+ fx,zgy along with the usual Lie algebra axioms. A Poisson algebra
is, of course, an algebra equipped with a Poisson bracket. A simple example
of a Poisson algebra is the usual way of turning an associative algebra into a
Lie algebra; one easily checks that the commutator [x,y] = xy yx in factis
a derivation in each variable. However, since the algebras we will consider
are commutative, this does not yield an interesting structu re.

A special case is when A is the algebra C¥ (M) of smooth functions on
a manifold M. A Poisson manifolds a smooth manifold M equipped with a
Poisson bracket on C¥ (M). The most common source of Poisson manifolds
are symplectic manifolds.

De nition 3.1. A symplectic form on a manifold M is a closed, non-degene-
rate 2-form w 2 W2(M).

Here non-degenerate means that at each pointp 2 M, wy is non-degenerate,
and hence a symplectic form w de nes an isomorphism w: TM ! T M
between the tangent and cotangent bundles, given by X 7! ixw. A manifold

equipped with a symplectic form if called a symplectic manif old. Itis easy to

14
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see that a manifold admitting a symplectic form is even-dime nsional. Letting
dim M = 2m, one may show that w™ = w"™ is an orientation form on M, so
symplectic manifolds are orientable.

For any smooth function f 2 C¥ (M), the differential df is a smooth
section of the cotangent bundle, so the composition with the inverse of the
isomorphism & gives a smooth section of the tangent bundle, ie. a vector
eld. This vector eld is denoted Xy, and is called the Hamiltonian of f.
It is characterized by ix,w = df, or equivalently w(X;,Y) = df(Y) = Yf
for any smooth vector eld Y on M. Conversely, if for a vector eld X the
1-form ixw is exact, we call X a Hamiltonian vector eld. If ixw is closed, we
call X a symplecticvector eld. A symplectic vector eld is characterized by
preserving the symplectic form; we have Lxw = dixw sincew is closed, soX
is symplectic if and only if the Lie derivative of w along X vanishes. By the
Poincaré lemma, a symplectic vector eld is locally the Hami Itonian vector
eld for some smooth function, so symplectic vector elds ar e also called
locally Hamiltonian

We note that for symplectic vector elds X,Y, we have

i[X,Y]W = Lyiyw iyLxw = ixdiyw + dixiyw = d(w(Y, X)) (3.2)

showing that the Lie bracket of symplectic vector elds is Ha miltonian.
Given two smooth functions f, g, the pairing w(X¢, Xg) is a smooth func-
tion on M.

Lemma 3.2. The assignment f,gg = w(Xs, Xg) determines a Poisson structure

on C* (M).
Proof. Clearly f , g is bilinear and anti-symmetric. To see that it is a deriva-
tion, we use the interpretation of the Hamiltonian as a direc tional derivative:
ffg,hg= w(Xtg, Xn) = Xn(fg) = Xn(f) g+ f Xn(g)
= w(X¢,Xp) g+ f w(Xg, Xp) = ff,hgg+ ffg,hg.

Before proving that is satisifes the Jacobi identity, we rs t observe that for
two functions f, g we have

i[Xf,Xg]W = d(W(Xg,Xf)) = df g, fg

by (3.1), since Hamiltonian vector elds are in particular symplec tic. This
shows that the vector eld [X;, Xg] is the Hamiltonian vector eld associated
to fg, fg. Next, let X; = ij be the Hamiltonians of the smooth function fj,
j=1,2,3. Then
X1wW(X2, X3) = Xif f2, f3g = W(X¢ 1,59 X1)
= ff f2, 30, f10 = w([X3, X2], X1) = W(X1,[X2,X3]).  (3.2)

Sincew is closed, we have

0= dW(Xl,Xz,Xg)
= Xiw(X2,X3)  Xow(Xy, X3) + Xaw(Xy, X2)
w([Xy1, X2], X3) + W([X1, X3], X2)  w([Xz, X3], X1). (3.3)
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Combining ( 3.2) and (3.3) (and cyclic permutations of the former) we obtain
ff fp, fag, f19+ ff f3, f10, fag+ ff £y, f29, f3g= 0,
which is exactly the Jacobi identity.

Note that the proof in particular shows that, up to a sign, the map f 7! X;
is a homomorphism of Lie algebras C¥ (M) ! X (M). The kernel consists of
the locally constant functions on M.

We used the closedness of the symplectic form to deduce the Jaobi iden-
tity. One may in fact show that for any non-degenerate 2-form a, the pairing
(f,g) = a(a 'df,a dg) is a Lie bracket on C¥ (M) if and only if ais closed.

Remark 3.3. A Poisson structure on the algebra C¥ (M, R) may be uniquely
extended to a Poisson structure on the algebra of complex-valued functions
C¥(M,C) = C¥(M,R) R C by complex linearity. Hence the above con-
struction of a Poisson structure via a symplectic structure also applies to
C¥ (M, C). We shall primarily be interested in the complex valued func tions,
but our Poisson brackets are usually a priori only de ned on t he real func-
tions. From this remark on, it is understood that such a Poiss on bracket is
extended to the complex valued functions.

A Poisson bracket de ned on C¥ (M, C) need not in general restrict to a Pois-
son bracket on C¥ (M, R), since nothing in the axioms prevents the bracket
of two real-valued functions from taking non-real values.

3.2 Deformation Quantization

Given a commutative complex Poisson algebra A, one may wish to “deform”
the product in A to be “less commutative”. This is formalized by the notion
of a deformation quantization. We let Cy = C[[h]] denote the ring of formal
power series with complex coef cients, and similarly A, = A[[h]] the algebra
of formal power series with coef cientsin  A. Clearly Ay is a C,-module and
we think of Ay as a ltered module using the h- ltration Ay hAy

By extending the Poisson bracket on A Cy-linearly it also becomes a Poisson
algebra.

De nition 3.4. A deformation quantizatiowf (or star producton) A is an asso-
ciative product : A ¢, An! Apsuch that

a b=ab (mod h) and (3.4a)
a b b a=fabgh (mod h?) (3.4b)

forall aab2 A Ay.

The condition ( 3.49 states that the zeroth order term of the star product is the
usual product in A, whereas (3.4b) states that, to rst order, the failure of  to
be commutative is measured by the Poisson bracket. Often, for normalization
reasons, the right-hand side of (3.4b) is replaced by some complex constant
times f a, bgh such asi or % If the algebra A has a unit, this is usually also
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required to be a two-sided unit for ; whether or not it is required, it will be
the case in all of the examples we shall encounter.

A star product is uniquely determined by its coef cients which are the
bilinear maps ¢;: A A! A dened by

¥
a b= 3§ c(abh'.
r=0

In terms of the coef cients, the axioms ( 3.4) read
co(ab) = ab (3.5a)
ca(ab) c(ba)= fahbg (3.5b)

along with a lot of relations arising from the associativity of

3.2.1 Equivalence of Star Products

Intuitively, an equivalence between two star products , %on A should be a
vector space automorphism of A intertwining the two star products, ie. a
map (An, ) ! (An 9 which is an isomorphism of Cy-algebras. Pursuing
the idea that a star product is a deformation of the ordinary p roduct in A,
it is natural to demand that this automorphism is the identit y on A. Us-
ing that for any two complex vector spaces V,W, there is an isomorphism
Homc(V,W)[[h]] = Hom¢, (Vh, Wy) of Ch-modules, which is even an iso-
morphism of Cp-algebras if V. = W, we arrive at the following de nition.

De nition 3.5.  Two star products , ?are said to be equivalentif there is a
sequenceT; 2 Homc(A, A) of linear maps, j 2 N, such that To = id s and

such thatthe map T = & T, hi: Ap! Ap satis es

T(x y)=T(x) °T(y) (3.6)
forall x,y 2 Ap.

3.3 Star Products on Symplectic Manifolds

In the special case of a symplectic manifold (M,w), we may impose further
conditions on star products. Throughout this section, A denotes the algebra
C¥ (M) = C¥ (M, C) equipped with the Poisson structure determined by w,
and A, = C¥ (M)[[h]]. With a slight abuse of terminology, we will also refer
to a star product on A as a star product on M.

3.3.1 Differential Operators

Recall that on a manifold M, a differential operator D is a linear map from
the space of smooth functions to itself, such that in a chart (U, x), D may be

written as an element in C¥ (U,R)[%(—l, e ’TEF]' More precisely, the action

of D on a smooth function f can be written

il]
Dfjy = & D|ﬂ f

Y
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where the sum is over some nite set of multiindices | = (j1,...,jn), D
. L . gl _ g1 qin
are smooth functions on U, jlj = j; + + jp and oo ."711 P The

usual notion of order of a differential operator on R" as the maximal number
of partial derivatives occuring does not carry over directl y to the manifold
setting because a local chart is involved. Instead, we de ne the local order
of D at p 2 M to be the minimal k 2 N such that for all f 2 C¥ (M) with
f(p) = 0, we have D(f**1)(p) = 0. The order of D is then de ned to be the
maximum of the local orders over all p 2 M. For non-compact manifolds, this
may be in nite. A differential operator of order 0 is simply m ultiplication by
a smooth function, and a differential operator of (constant ) order 1 is a vector
eld on M. A theorem of Peetre states that a differential operator is t he same
as a local operator, ie. an operator such that for every point p2 M, (Df)(p)
only depends on the germ of f at p. The space of all differential operators on
M is denoted D (M).

3.3.2 Differential Star Products

Returning to deformation quantizations, a star productis s aid to be differential
if the coef cients ¢ : C¥ (M) C¥(M)! C¥ (M) are bidifferential operators,
meaning that for xed f 2 C*¥ (M), c(f, ) andc( ,f) are differential oper-
ators. In particular, a differential star product is comput able locally, which
need not be the case for a general star product.

An equivalence T = id + &; 1 T; of star products is said to be a differential
equivalencd the T; are differential operators. Fortunately, for differentia | star
products, there is no difference between being equivalent and differentially
equivalent:

Theorem 3.6. Assume that T is an equivalence between the differentialpsta-
ucts and @ Then T is a differential equivalence.

This is Theorem 2.22 in [GR99. In fact Gutt and Rawnsley gives a complete
classi cation of the equivalence classes of differential star products on a sym-
plectic manifold: It turns out that the equivalences classe s of differential star
products are in bijective correspondence with the elements of the af ne vec-
tor space [w] h 1+ H2(M,R)[[h]], so in particular if H%(M,R) = 0, there
is a unique differential star product up to equivalence. How ever, for compact
symplectic manifolds, H2(M,R) never vanishes (the symplectic form repre-
sents a non-zero class), so informally speaking there are “many” equivalence
classes of differential star products.

We will need a few more results and de nitions from [ GR99. First,
the associativity of a star product allows us to introduce th e -commutator,
[a,b] = a b b afor aab2 Ay, making A into a Lie algebra. By (3.4b),
this Lie algebra structure is to rst order h times the one obtained by extend-
ing the Poisson bracket on A Cy-linearly to Ap. The same equation shows
that [a,b] is a multiple of h, so that taking iterated -brackets leads to for-
mal series with higher and higher initial terms. This we expr ess by saying
that (An,[ , ] ) is apro-nilpotentLie-algebra. The adjoint representation of
this Lie algebra on itself is denoted ad , so for any element a we have an
endomorphism ad aof A, dened by ad a(b) =[ab] for b2 A;,. That
[ , ] ispro-nilpotent implies that the exponential of ad ais a well-de ned
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automorphism of Ay, given by the usual formula

¥ .
exp(ad a)= jl!(ad a)=id+ad a+ Jad a ad a+
=0

since applying this to any element b 2 A} yields an in nite (formal) series
with only nitely many terms in each degree.

Lemma 3.7. If M is connectedexp(ad a) = id if and only if a= &; aj-hj 2
C[[h]], ie. each function;as constant.

Another important fact is that the composition of two such au tomorphisms
may be described as the exponential of another Lie algebra element. Namely,
dene a bas the usual Baker-Campbell-Hausdorff composition

a b=a+b+ jlabl + H(alabl] +[b[ba])+
Again quoting from [ GR9Y, we have
Lemma 3.8. The composition is associative and satis es

expad (a b)=(expad a) (expad b) 3.7)
a b ( a= exp(ad a)(b). (3.8)

In studying the equivalence classes of differential star pr oducts, it is useful
to know the self-equivalences of a star product. For manifol ds with vanishing
rst de Rham cohomology, these are easy to describe.

Theorem 3.9. Let be a star product on the symplectic manif¢M,w), and as-
sume I—}}R(M,R) = 0. Then any automorphism ¥ id + &; NT; of s inner,
ie. of the form T= exp(ad a) for some & Ay,

As we will need to know how this a looks like, we recall the proof from
[GR99 , Proposition 3.3. However, we rst need a lemma describing the
derivations of the Poisson bracket.

Lemma 3.10. Let X be a vector eld offiM,w) which is a derivation of the Poisson
bracket. Then X is a symplectic vector eld. If in additiorﬁFQ-(M) = 0, Xisan
inner derivation, meaning that X £ f a, fg for some smooth function a.

Proof. The derivation assumption means that Xf f,gg = fXf,gg+ f f, Xgg
for all f,g 2 C¥(M). This may be rewritten W (Xt f,gg X) = Xgw(Xs, X)
Xtw(Xg, X), which in turn can be written

d(ixw)(X¢, Xg) = O (3.9)

for all f,g 2 C¥(M). Now, for any given tangent vectors v,w 2 TpoM one
may nd smooth functions f, g such that (X;)p = v and (Xg)p = w, so (3.9
implies that ixw is closed, soX is symplectic.

The assumption H(}R(M) = 0 then implies that ixw = d( a) for some
smooth function a, so X is the Hamiltonian vector eld associatedto  a. But
then Xf = X af = w(X¢,X 5) = fa fo.
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Proof (of Theorer.9). We will build a= §; Oaj-hj recursively. Writing out the
assumption T(f g) = T(f) T(g) and equating the coef cients of h gives

c(f,9)+ Ta(fg) = cu(f,9)+ Ta(f)g+ fT1(0)

implying that T; is a vector eld. Equating the coef cients of h? we obtain
(omitting the term c(f, g) on both sides)

Ti(c(f @)+ To(fg) = cu(Ta(F), 9) + cu(F, To(9)) + To(F)g+ T2(g).

Skew-symmetrization of this relation (ie. subtracting the same formula with
f and g interchanged) combined with ( 3.5b) yields

Ty(ff,99) = fTa(f), 99+ f f, Ta(0)g

so we see that, by Lemma3.1Q T; is a Hamiltonian vector eld. Write Tyf =
f ag, g for some smooth function ay. Then the composition exp( ad a) T
is of the form id + O(h?) as is easily seen by applying it to some smooth
function f and using that [ag, f{] = fag, fgh+ O(h?).
These considerations both form the start of an induction and the idea for
the inductive step. Namely, assume that we have found alk ) = g+ ajh+
+ g, 1h* 1such that

TO= exp( ad a* V) T=id+ h*1TS  + O(h+?).

Then, since TVis also an automorphism of , we may repeat the above argu-
ment: Taking the coef cient of h**1in the equation T{f g)= Tqf) TYqg)
gives

G 1(f @)+ TS (o) = cw1(f, @)+ TS ((F)g+ fTL, 1(0)

showing that T|9+1 is a vector eld. Similarly, skew-symmetrizing the expres-
sions for the coef cients of h**2 we obtain

TS 1(Ff,99) = FTO 1(f), 99+ £, T 1(9)g

o) T|?+1 is a Hamiltonian vector eld. Choosing &, such that T£+1f = fa, fg,
we may put a® = alk D+ ghk Then exp( ad a®) T = id + O(hk*?),
completing the inductive step, and a= lim y a® is the desired a

3.3.3 Invariant Star Products

Assume a group G acts on the symplectic manifold (M,w) via symplecto-
morphisms, ie. g: M ! M is a diffeomorphismand g w = w forall g 2 G
This action clearly induces an action on C¥ (M) by (g f)(x) = f(g x),
which we may extend h-linearly to C¥ (M)[[h]]. We say that a star product
is Ginvariantif g (f g)=(g f) (g g)forall f,g2 C¥(M).

Assume and 9 are equivalent differential Ginvariant star products
on M. Thus, by Theorem 3.6, we have an equivalence T = id + 5?‘:1Tj H,

where Tj: C¥ (M) | C¥ (M) are differential operators, such that

T(f )= T(f) °T(g) (3.10)
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forall f,g2 C¥(M). We may now ask if we can nd another equivalence T°
which is Ginvariant, in the sense that g T%= T9 g forall g 2 G If the
group Gis “large enough”, this would give strong limitations on the  possible
differential operators TC and in some cases one might even conclude that
TO= id, implying that a Ginvariant differential star product within a given
equivalence class is uniquely determined. Before getting carried away, we
quote Proposition 6 from [ And06Db].

Proposition 3.11 (Andersen). Assume that the group cohomology vector space
H1(GC§ (M)) and the rst de Rham cohomology spacg M, R) both vanish.
Then there is &-invariant equivalence betweenand ©

Here C§ (M) denotes the subspace ofC¥ (M) consisting of smooth functions
with mean value 0, ie. functions for which

1Z

— fw™= 0.
m' m

Since G acts by symplectomorphisms, the action on C¥ (M) preserves this
subspace, soC§ (M) is a Gmodule.

Proof. Let T be any equivalence. Then .10 implies that for f,g 2 C¥ (M)
we have f g = T Y(T(f) °T(g)), and replacing f and g by T 1(f) and
T 1(g), respectively, we obtain T 1(f) T 1(g)= T 1(f Og) (thatis, T 1
is an equivalence from %to ). Then using the Ginvariance of and Cwe
have

T'g T(f 9g=T"* g T(H) °T(g)

T 1 gT(f) %°T(9g)
T gT(f) T 'gT(g)

showingthat T 1 g Tis an automorphism of , except for the fact that
it is of the form g + é?‘:lsj hl. Precomposing with g * we obtain a genuine
automorphism of , so that, by Theorem 3.9, we have

T g T=exp(ad a5) g (3.11)

for some ag 2 C¥ (M)[[h]]. Writing ag = é?‘zoag)hj, we may without loss
of generality assume that each ag) 2 Cé‘ (M), since by Lemma 3.7 we may
replace a,(gj) by ag) cg), where cg) 2 C is the mean value of ag). By the same
lemma, gq is then uniquely determined by ( 3.11). Clearly we have aéo) =0
forall g2 G

Assume inductively that T is an equivalence for which ag (determined by
(3.17) and ag 2 C§ (M)[[h]]) vanishes modulo hk Lforall g 2 G We observe
that

exp(ad agn) gh= exp(ad a) g exp(ad an) h,
implying that

exp(ad agh) = exp(ad ag) exp(ad (gan)) = exp(ad ag g(an)) (3.12)
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forall g,h 2 G Now since ag) = 0 for all j < k, we have by the properties of
that ag  g(an) = ( agk) + gad)hk+ O(h** 1), so we see that .12 implies

A = o+ gl?

for all g,h 2 G But this precisely means that faék) Jg2G is a 1-cocycleG!

C§ (M) (cf. (1.2), so that by assumption it is a coboundary a,(gk) =

gt for some smooth function 0 2 C¥(M). Now replacing T by T
exp(ad f(WhK) in (3.11), we obtain

exp( ad fWh) T 1 g T exp(ad fMnK
= exp( ad fOhK) exp(ad ag) g exp(ad fWhK) g 1 g
= exp( ad fWhK) exp(ad ag) exp(ad gf¥h*) g
= exp(ad (fOh g gf®n) g

so we see thatT exp(ad f(WhK) is a new equivalence between and ©
whose corresponding “ ag” is f(Whk ag g f(Kh* which by construction
vanishes modulo hX.

Inductively, we obtain an equivalence T suchthatT 1 g T = g for all
g 2 G ie. an invariant equivalence.

As written in the introduction to this chapter, one should th ink of M as the
moduli space of at connections in a principal bundle over a s urface, and G
as the mapping class group of the surface. It is the purpose of Chapter 5 to
investigate whether the assumption on the cohomology group H(G C§ (M))
is reasonable; however, we are so far only able to give a rather vague answer
to this question.

3.4 Geometric Quantization

Until now we have only discussed abstract properties of star products on
symplectic manifolds. In this section we will present a gene ral method to
obtain a star product on a symplectic manifold (M, w). For more details, see
e.g. [5ch9g and [KSO1. The method requires two additional assumptions:
The existence of a pre-quantum line bundle and a Kahler struc ture on (M, w).
These concepts are the topics of the following two subsections.

3.4.1 Pre-quantization

De nition 3.12. A pre-quantum line bundlever (M, w) is a triple (L,(, ),r )
consisting of a complex line bundle L over M, an Hermitian structure (, ) on
L and a compatible connection r in L whose curvature K is ZLW. If there
exists a pre-quantum line bundle over (M, w) we call (M, w) pre-quantizable.

That r is compatible with the Hermitian structure means that for an y vec-
tor eld X on M and sections s;, s, of L, we have X(s1,%) = (r xS1,%) +
(s1,r xS2) as complex-valued functions on M. The curvature of a connec-
tion in a line bundle (or more generally a vector bundle) is by de nition the
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2-form on M with values in the endomorphism bundle End (L) de ned by
F(X)Y)s= 1T xrysr yrxsr [xy)sforvector elds X,Y on M and a
section s of L. In the case of a line bundle, the endomorphism bundle is
simply the trivial line bundle M C, so we may identify the curvature with
a (complex-valued) 2-form on M.

It turns out that the existence of a pre-quantum line bundle d epends on
the symplectic form w. In fact, identifying de Rham cohomology with Cech
cohomology via the canonical isomorphism H (M) = H (M,R), (M,w) is
pre-quantizable if and only if [w]is an element of of the image of H(M,Z) !
H2(M,R). Also, the inequivalent choices of a pre-quantum line bundl e,
when they exist, are parametrized by HY(M,R/ Z) (see [W0092] for details).

Assume (M,w) is pre-quantizable and x a pre-quantum line bundle
(L,(,),r ). For any positive integer k, we denote by LK the kth iterated
tensor product L K of L with itself. It is again a complex line bundle over M

with a Hermitian structure (, )X and connection r X, whose curvature is %W.

Thus L Kis a pre-quantum line bundle over the symplectic manifold (M, kw).
If f:U ! Lis alocal orthonormal frame for L (ie. (f, f) = 1), any section
of L over U may be written s= sf for a unique complex-valued function s
on U. Then (s,t) = (sf,t f) = sT, and given 2k sections sy, ...,St1,...,t
of L over U, we may describe (, )<and r K by

(s1 Sk t1 t) = 51 sl1 Tk
K
rx(s; S)= a s rxs Sk-

It is easy to see that the Hermitian structure is independent of the chosen
local frame, and that the connection is compatible with the H ermitian struc-
ture.

3.4.2 Kahler Structure

In order to be able to make sense of “holomorphic sections” of a complex
vector bundle, the base space needs to have some sort of compéx structure.
A particularly nice way of formalizing this is to choose an almost complex
structure Jon M, making (M,w, J,g) into an almost Kéhler manifold This
means that J2 C¥ (M, End(TM)) is a smooth section of the endomorphism
bundle of TM such that # = id, and such that the assignment g(X,Y) =
w(X, JY) for X,Y vector eldson M is a Riemannian metric, called the Kahler
metric. The symmetry of gis equivalentto w(X,Y) = w(JX, JY) for all vector
elds X,Y.

Extending the almost complex structure J complex linearly to the com-
plexi ed tangentbundle TMc=TM C=TM iTM, we obtain a splitting
TMc = T T into the holomorphicand anti-holomorphigarts, respec-
tively, given by the i and i eigenspaces

TM = ker(J ild) = im(ld iJ) (3.13a)
TOM = ker(3+ ild) = im(id + iJ). (3.13b)

For a tangent vector X, we denote by X = X9+ X%its splitting into its holo-
morphic and antiholomorphic parts; it is easy to see that the se are given by
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X0= (X iJX) and X9%= 3(X + iJX). Similarly, we let L LM denote the
complexi ed cotangent bundle, and de ne the subbundles

TEON = 1oy
TOOM = LOm

fx2 LEMjx(X)= 08X 2 T%Mg (3.14a)
fx2 LEM jx(X)= 08X 2 T™g. (3.14b)

We let L POM and L ©PM denote the p'th exterior power of LM and L %M,
respectively, and L PdM = LPOM L 9%9M. Then we have a splitting of the
bundle LEM
M
LEM = L PAM. (3.15)
p+ =k

The sections of L P9M are called the forms of type (p,g), and are denoted
WPA(M). Clearly (3.15 implies that WK{(M,C) = ~ ;o=\ WPA(M). Let ppq
denote the projection onto the forms of type (p,q). For a xed (p,q), we
de ne the operators 1,Mby 1= pp+1q dand = ppq+1 d. Restricting the
exterior derivative dto WP9, we may write it as the SUm 8,4 s prqr1Prs d=

i+ 7+

Proposition 3.13. Let J be an almost complex structure on a manifold M. Then the
following are equivalent.

(1) The Lie bracket of two holomorphic vector elds is a holotongector eld.

(2) The exterior derivative of a form of tyg®, ) only has components of type
(pt+ 1,9 and(p,g+ 1),ie. d= T+ 1.

(3) TheNijenhuis tensor N3, given by Ny(X,Y) = [ X, Y]+ JJIX Y]+ JX, VY]
[JX, JY] for smooth vector elds XY, vanishes identically.

(4) The almost complex structure is induced by a complex strectie. a holomor-
phic atlas making M a complex manifold.

If J satis es any of these conditions, it is called integrable All the almost
complex structures we shall consider are assumed to be integrable, so that
(M,w, J,g) is a Kéhler manifold. The symplectic form of a Kahler mani-
fold (or rather, its extension to the complexi ed tangent bu ndle) is of type
(1,1), because if X and Y are both (anti-)holomorphic, we have w(X,Y) =
w(JIX JY) = w( iX, iY)=( D2w(X,Y)=  w(X,Y).

The Riemannian metric g on a Kéhler manifold gives rise to the Ricci
curvature R, which is a symmetric 2-tensor on the tangent bundle; as usual
we implicitly extend it to the complexi ed tangent bundle. T  he Ricci formof
the Kéhler manifold is the (1, 1)-form Ric de ned by Ric (X,Y) = R(JIXY).
This is a closed form, and Hodge decomposition allows us to wr ite it as
Ric = RicM + 2i11F where Ric! is the harmonic part, and F is some smooth
function on M. ghe unique function satisfying this equation with average
zero over M, ie. ,, Fw™ = 0, is called the Ricci potential

3.4.3 Toeplitz Operators

We now x the following data: A pre-quantizable symplectic m anifold (M, w),
a pre-quantum line bundle (L,(, ),r ) over M, and a Kahler strucure Jon M.
Also, x some integer k, and consider the line bundle LX with the Hermitian
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metric (, )X and compatible connection r . For simplicity, we will denote
these by (, ) and r , respectively. This should not cause any confusion.
We denote by H(K the complex vector space of smooth sectionsM ! LK,

The connection r (or rather its extension to the complexi ed tangent bundle
of M) splitsinto r 20+ r %1 wherer 2%=r yoandr %= r yoq according to
the splitting of tangent vectors into holomorphic and antih  olomorphic parts
determined by J. So for a smooth sections of LX, r 1.0 (respectively r 91s)
measures the derivative of s in the holomorphic (respectively, antiholomor-

phic) directions. We de ne
H® = fs2H®jr 0ls= og (3.16)

and call H® the space of holomorphic sectionsf LK. By the general the-
ory for elliptic operators, H() is a nite-dimensional subspace of H(K; see
e.g. [Welg0].

There is a Hermitian inner product on H(K de ned by integrating the
bre-wise inner product of two sections with respect to the v olume form
determined by the symplectic form, ie.

z

ool = o (sus)w”

This is not a Hilbert space structure, since H (¥ is not complete. However,

the subspace HK inherits this inner product and is, of course, both closed
and complete, since it is nite-dimensional. We also have an orthogonal
projection p®W: H® 1 H® and the inner product induces an operator
norm k kin End(H®).

In general, multiplying a holomorphic section of LK by a smooth function
does not give a holomorphic section. We may however project i t back to the
holomorphic sections.

De nition 3.14. Let f 2 C¥(M,C) be a smooth complex-valued function
on M. The Toeplitz operator ‘ﬁk) is the map HK 1 H( de ned by

K
T (9= pW(ts) (3.17)
for a smooth section s of L¥. Restricting it to H(®, we may also think of Tf(k)
as an endomorphism of H(K),

As an end?(morphism of H®, there is a simple expression for the operator
norm of T§ )ask! ¥.

Lemma 3.15 (Schlichenmaier). lim y kTﬁk)k = sup,, i F(X)].

There is now reason to expect that the composition of two Toep litz oper-
ators is again a Toeplitz operator. But by the results of Schlichenmaier, there
is an asymptotic expansion in terms of Toeplitz operators.
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Theorem 3.16 (Schlichenmaier). Let f,g 2 C¥ (M, C). Then there is an asymp-
totic expansion

K) (K
070

11’ Qo «

) )
0T(:‘(fyg)k (3.18)

for uniquely determined-¢f,g) 2 C¥ (M, C). Moreover, g(f,g) = fg.

In the statement above, means that

L
k) o 1k 1= L+1
KT/ Tg ‘@OTO(T’g)k k= 0o(k (t*1) (3.19)
for all positive integers L. The usefulness of this asymptotic expansion, for
our purposes, stems from the fact that these ¢ are actually (almost) the coef-
cients of a differentiable star producton M.

Theorem 3.17. The product? on C* (M, C)[[h]] de ned by

¥ ~ ~
f?g=a( 1 c(f,gh
%

for f,g 2 C¥ (M, C) is a differentiable star product on M.

We call ? the Berezin-Toeplitstar product on (M, w).

3.5 The Formal Hitchin Connection

In the previous section, we saw how the choice of an integrabl e complex
structure on M and a pre-quantum line bundle induces a star product on M.
In the presence of a symmetry group Gacting on M by symplectomorphisms,
we have also discussed a group cohomological obstruction to the uniqueness
of a Ginvariant star product. To show the existenceof a Ginvariant star
product, we could either try to single out a speci c complex s tructure with

suf ciently nice properties, or we could consider a whole fa mily of complex

structures and try to patch the corresponding family of star products together
to a single, Ginvariant star product on M. The latter strategy is used in
[AndO6b], and we will recall the most important results.

Remark 3.18. For a smooth vector bundle W over M, a smooth map f: N !

C¥ (M, W) from a smooth manifold N to the space of sections of W is by
de nition a smooth section of the pullback bundle p,,W over N M. This
is motivated by observing that for x 2 N,y 2 M, f(x)(y) should be an
element of Wy, the bre of W over y. Similarly, a k-form on N with values in

C¥ (M, W) means a smooth section ofp (L KT N) pyWover N M.

We assume that T is a manifold which smoothly parametrizes Kahler
structures on (M,w), which means that there is a smooth map J: T !
C¥ (M, End(TM)) such that J(s) = J is an integrable complex structure on
M making (M, w, k%, gs) a Kahler manifold. We will impose further assump-
tions along the way. The various constructions on M in Section 3.4 above
which depend on the choice of almost complex structure now ma kes sense
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for each s 2 T, and we will denote the dependence on s by adding it as a
subscript. For example, the holomorphic tangent bundle wit h respect to J%
will be denoted TOM.

For eachs 2 T the construction in section 3.4.3gives a nite dimen-
sional vector space Hék) C¥ (M, L¥). Considering the trivial bundle Hk =
T C¥(M,LK over T, we shall assume that the Hék) form a ( nite rank)
subbundle of H (¥ denoted H(K.

3.5.1 The Hitchin Connection

We wish to nd a connection in  H () which preserves the subbundle H(¥.
Denoting the trivial connectionin H (¥ by r t and the vector space of differen-
tial operators in C¥ (M, LX) by D(M, LX), it turns out that there is a 1-form u
on T with values in D(M, LX), such that the connection r in H® de ned by

rv=ri uVv)

preserves the subbundle H(, provided Jand M satisfy a few additional
conditions, one of which is that H1(M) = 0. Another assumption is that the
rst Chern class of the symplectic manifold (M, w) is n[w] 2 H3(M,Z) for
somen 2 Z. This connection is called the Hitchin connection

This particular 1-form u may be described explicitly: Let V be a vector
eldon T. Considering JasamapT ! C¥(M,End(TM¢)) (still denoted J),
the directional derivative V[J]isasmoothmap T ! C¥ (M, End(TM¢)), and
by differentiating the equation J = id we see that Jand V[J] anti-commute.
It follows that V[J]s interchanges holomorphic and antiholomorphic tangent
vectors, ie. V[J]s is actually an element of

ct M, (T8M 9%y (TPPMm TOMm)

where we have used the isomorphism End (TM¢c) = (TM¢)  TMc and
the splittings (3.13 and (3.14) to write End (TM¢) as a direct sum of four
components (depending on s). We let V[J = V[J]°%4 V[J]°denote the corre-
sponding splitting such that

VI c¥ (M, T8OM %), vl 2 ¥ (M, M TOm).

We shall also assume thatT is a complex manifold, and that Jis a holomor-
phic map in the sense that

vy = viJ° and VO = v[I%°  (3.20)

where, of course, V%and V%denotes the holomorphic and antiholomorphic
parts of the vector eld V.

Next, we consider the 1-forms & and G on T with values in the space of
(complex) symmetric bivector elds C¥ (M, S%(TM¢)) and the space of holo-
morphic symmetric bivector elds C¥ (M, S%(TIM)), respectively, de ned by
the equations

Vigl=w w(6(V))
6(V) = G(V)+ G(V)
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where V[g](X,Y) = g(X,V[J]Y) is the directional derivative of the Kahler
metric g.

If Z 2 C¥(M,S%(TIM)) is any symmetric holomorphic b|vector eld,
contraction with a holomorphic covector de nes abundle map Z: T( M !
TOM and we de ne the operator Dz by the composition

(1,0 .
M, L1 s cr v, TEOM L2 ¥, T LYy

(1,0 . . (1,0
fo e T o TR0 TOM Ly ¥ (ML),

where € (19 js (the holomorphic part of) the Levi-Civita connection, an d the
last operation is simply contraction. Also, for any smooth f unction f we get
a holomorphic vector eld Z{sf.

We let F denote the smooth function from T to Cé‘ (M) such that Fs is
the Ricci potential of the Kahler manifold (M, w, %, gs). Then combining the
above constructions, we de ne u by the equation

1 1
u(v) = 5 —o(V) EVO[F] (3.21)
where
O(V) = DG(V) 2r G(V)dF+ anF] (322)

3.5.2 Formal Connections and Formal Trivializations

The projections p&: ¥ (M, L9 1 H¥ form a smooth map p® from T
to the space of bounded operators on (the Lp-completion of) C¥ (M, LK). The
Toeplitz operator Tﬁk) associated to a smooth function f on M is then a section
of the bundle Hom (H® H®) denedat s 2T by

(9 = p{d(f9)

fors2 H gk). We may also regard these operators as sections of the bundle
End(H®).

Theorem 3.16gives a sequence of coef cients ¢® for eachs 2 T . It may
be shown that the estimate (3.19 holds uniformly over compact subsets of T.
Hence we get a T -parametrized family ?s of star products on M.

In order to glue these star products together to determine a single star
product on M, we consider the trivial bundle C,= T  C¥ (M)[[h]] over T.
The space of sections of this bundle carries a product ? de ned by (f ?g)s =
fs ?s Os.

De nition 3.19. A formal connection D is a connection in C, over T of the
form
Dy f = V[f]+ B(V)(f)

for smooth vector elds V on T and a smooth section f of C,. Here B is a
smooth 1-form on T with values in D(M)[[h]].
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We may think of a formal connection as the trivial connection in the bundle
Ch, plus a correction term B, given by a formal series of differential operators

¥
B(V)= & BO(V)h.
=0

We wish to use a formal connection to connect the different b res of Cy,
and thus relate the different star products. Theorem 12 in [ And06b] states
that there is a unique formal connection which is well-suite d for our pur-
pose. Before stating the theorem, note that the Hitchin connection roin H®
induces a connection r ©in the endomorphism bundle. Since the star prod-
ucts are de ned in terms of the Toeplitz operators, which are sections of the
bundle H(®, it is natural that the desired connection behaves nicely wi th
respect to the Toeplitz operators and the connection re.

Theorem 3.20. There is a unique formal connection D which satis es that

~e (k) (k)
roTy Tioy 1)(1/ (2k+ n))

for all smooth sections f of,@nd smooth vector elds V of . Moreover,
@(0) = 0.
In the statement above, means that

L
rer(® 0 L g 10 1 - (L+1)
rvT; Tt ‘elTS)f(2k+ ) O(k )
uniformly over compact subsets of T, for all smooth sections f of Cy,. This
connection is called the formal Hitchin connection One of the nice properties

of this connection is that it is a derivation of the product ? of sections:

Lemma 3.21. For any sections,fg of G, and vector eld V onT , we have
Dy(f?g)= Dv(f)?g+ f?Dv(9).

Another nice property is that D is at if Hitchin's connection ris projectively
at, and this is indeed the case in the moduli space setting, w here Hitchin
originally constructed his connection.

The nal ingredient we need to construct an invariant star pr oduct is the
notion of a formal trivialization of a formal connection.

De nition 3.22. A formal trivialization of a formal connection D is a smooth
map P: T D (M)[[h]], written Ps = &¥_,Psh, such that P{ is an isomor-
phism C*¥ (M) ! C¥ (M) forall s 2 T, and such that

Dv(Ps(f))= 0
for all vector elds V on T and all f 2 C*¥ (M)[[h]].

Under suf ciently strong assumptions, we may nd a  G-equivariant formal
trivialization.

29
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Proposition 3.23. Assume the formal connection D is at and th8(®) = 0. Then

locally there exists a formal trivialization of,C If HY(T,R) = 0, there exists a
globally de ned formal trivialization. If, moreover, %ﬂT ,D(M)) = 0, the formal

trivialization can be chosen to le@equivariant.

Using this proposition for the formal Hitchin connection fr om Theorem 3.2Q
we may de ne a new star product  on C¥ (M)[[h]] by

f g= Py Y(Ps(f) ?s Ps(g)). (3.23)

On the left, f and g are simply formal functions on M, ie. elements of
C¥ (M)[[h]], whereas on the right we consider them as (constant) sections
of the trivial bundle C;, evaluated ats 2 T . This de nition of ? is actually
independent of the s 2 T used to compute it, as can be seen by differentiat-
ing the right-hand side along a vector eld on T and using the properties of
the formal Hitchin connection and the formal trivializatio n (see Proposition 5
of [And06h]).
If Pis Gequivariant, (3.23 de nes a Ginvariant star product on M.



Chapter 4

The Moduli Space

The purpose of this chapter is to give a precise de nition of t he moduli space
of at connections mentioned in the introduction to the prev ious chapter.
Actually, there are two different ways to de ne the moduli sp ace, a “geomet-
ric” and an “algebraic”, in much the same way that there are tw o ways to
de ne the mapping class group of a surface either as the group of connected
components of the diffeomorphism group of the surface (geom etric), or as
the group of outer automorphisms of the fundamental group (a Igebraic), cf.
Section 2.3 Both viewpoints are useful, and we will try to explain how th ey
are related as we proceed.

In both cases, it turns out that the “in nitesimal structure ” of the moduli
space can suitably be described in terms of certain cohomology groups; in the
geometric setting de Rham cohomology, and in the algebraic setting group
cohomology, both with “twisted coef cients” in the Lie alge bra of the Lie
group, where the twist depends on the particular point in the moduli space.

4.1 Principal Bundles and Connections

Let G be a Lie group and B a manifold. Recall that a principal G-bundle
over B consists of a smooth mapp: P! B, where P is a smooth manifold
equipped with a smooth right action of G, such that the G-orbits are exactly
the bres of p. Moreover, P is locally trivial in the sense that there exists an
open covering f Uag of B and G-equivariant diffeomorphisms j a: p (Ua) !
Ua G mapping the bre over xtofxg Gforall x2 U,.

Fixing a point p 2 P, the differential of the right action g 7! p g at the
identity in G is a linear map vp: g! TyP. Itis easy to see that the sequence

Vp

0 9 TP L Tp(nB——0 (4.1)

is exact. Vectors in the subspaceV, = vp(g) are called the vertical vectors
at p. A connectionin P is a one-form w 2 W!(P,g) on P with values in
the vector space g, such that wp vp = idg for all p 2 P, and such that

Rgw = Ad(g 1) w, where Ry denotes the right multiplication by g 2 G

on P, and Ad (g 1) is the adjoint action of g 1 on g. The latter requirement
implies (and is in fact equivalent to) that the horizontalsubspacesH, = ker wp
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are permuted by the right action, ie. Ry Hp = Hpg. An element A 2 g gives
rise to a vectoreld A on P given by A, = vp(A), called the fundamental
vector eld associated to A. The fundamental vector elds satisfy [A ,B]=
[A, B] , where the left-hand side is the bracket of vector elds on P, and the
right-hand side is the Lie bracket in g. Thus the vertical bundle VP TP
is integrable in the Frobenius sense. A connection can also ke specied by
a giving a complementary subbundle HP TP invariant under the right

action of G; ie. a smooth distribution such that at each point p 2 P, TpP =
VpP  HpPand Hyg = Ry (Hp). Foravector eld Zon P, letZ = X+ Y be
the decomposition in horizontal and vertical vector elds d etermined by HP.
Then the form w is reconstructed aswp(Z) = vpl(Yp).

The form q 2 WX(G,g) dened by qg = (Lg 1) is called the Maurer-
Cartanformon G. Inatrivialbundle P= B G, thereis a connection de ned
by w = p,q, where p,: B G! G is projection on the second factor. The
horizontal bundle is simply the tangent spaces TxB T, q(B G). Thus
connections always exist locally, and since the two de ning conditions are
af ne, we see that we may use a partition of unity to glue local connections
together to obtain a global connection. Hence any principal G-bundle admits
a connection. We denote the set of all connections by A.

Given a connection w, the wedge product w” w 2 W2(P,g @) is a 2-form
on P with values in the vector space g g. The Lie bracket[ , ]is alinear
map from g gto g, and we denote by [w” w] 2 W2(P,g) the composition
of w” w with this linear map. For tangent vectors X,Y 2 TpP, we have
W wl(X,Y) =[w(X) w(Y) w(Y) w(X)]= 2w(X),w(Y)].

The curvature form of w is the g-valued 2-form F, de ned by

Fw = dw+ 3[w” w]. 4.2)

If the form Fy is identically O, w is called a at connection. We denote the
subspace of A consisting of at connections by F.

4.1.1 Holonomy

A connection w in P enables us to lift paths in B to P in a canonical way.
Namely, given a smooth curve g: | ! B with g(a) = x and any point
p2 p %(x), there is a unique horizontalcurve @: | | P such that g(a) = p
and p @ = g. Horizontal means that the tangent vectors to @ are hori-
zontal. Fixing a b 2 I, @(b) is a point in the bre over y = g(b) called
the parallel translate of p along g (with respect to w). Since the horizon-
tal subspaces are permuted by the right action of G, the action commutes
with parallel translation. Thus, varying the point pin p (x) establishes a
bijection p 1(x) ! p (y), called parallel translation

For p,q 2 P, write p g if p and g can be joined by a (piece-wise)
smooth horizontal curve (which by the above is always the lif t starting at p
of some curve in B joining p(p) and p(q)). This is clearly an equivalence
relation (if one does not allow piece-wise smooth curves, on e may replace
a piece-wise smooth curve by a smooth one by reparametrizing the curve
so that it has vanishing derivatives to all orders at the sing ular points). We
denote by P(p) the holonomy bundlghrough p, ie. the set of g 2 P such that
p g In particular, focusing on the points in the same ber as p which
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can be joined to p by a horizontal curve, we de ne the holonomy groupwith
reference point pto be Hol(p) = fg2 Gjp pgg. If we allow only null-
homotopic horizontal curves, we obtain the restricted holonomy groudol o(p).
For a closed curve g on Bwith g(0) = g(1) = x = p(p), the horizontal lift @
with @(0) = p has (1) = pg for some g 2 G, called the holonomy of w
along g.

If we want to emphasize the dependence on the connection, we use the
notation P(p;w), Hol(p;w), and Holy(p;w) for the holonomy bundle and
(restricted) holonomy group, respectively.

We list a couple of the most important facts about the holonom y groups
and holonomy bundles. For proofs, see [KMS93] and [ KN96].

Theorem 4.1. The holonomy bundles and (restricted) holonomy groups atisif:

(1) The holonomy groups with reference points in the same ber amjugate:

Hol (pg) = g *Hol (p)g andHolo(pg) = g *Holo(p)g.
(2) Hol(p) is a Lie subgroup of G whose connected component of thetydanti

Hol o(p).

(3) The common Lie algebraldbl (p; w) andHol o( p; w), denotechol(p;w) g
is the linear span of the vectdir§, (X,Y) j X,Y 2 TpPg.

(4) If the base space B is connecte(lp,®) contains at least one point from each
bre. In fact, the restriction ofp to P(p,w) is a principal bundle over B with
structure groupHol (p; w).

(5) Moreover, P is foliated by the holonomy bundl¢p)? and the map R: P(p) !
P(pg) is an isomorphism of principadol (p) andHol (pg)-bundles, whose cor-
responding isomorphism of the structure groups is conjiogaby g 1.

(6) Leti: P(p) ! P denote the inclusion. The pull-backi of the connection form
w is a connection on the principgol (p; w)-bundle R p) (in particular, it takes
values inhol(p)).

(7) Combining @) and @), a connection is at if and only iHol o(p) = feg, ie. if
and only if the parallel transport along any contractibl@jois the identity. In
this caseHol (p; w) is an (at most) countable subgroup of G.

In general, Hol (p) is not an embedded (ie. closed) subgroup of G. Like-
wise, the holonomy bundle P(p) through p is not necessarily an embedded
submanifold of P, so in general the topology on P(p) making it a principal
bundle over B is ner than the one induced from P. For instance, when the
connection is at, Hol (p) is given the discrete topology, so each holonomy
bundle P(p) is a covering of B. This remark has an important consequence.

Lemma 4.2. If the connectionw is at, the holonomy along a closed logpin B
depends only on the homotopy class (rel endpointg) of

Proof. Let gs be a homotopy xing the endpoints, so that gs(0) = gs(1) = x =
p (p) for all s. For eachs, let g@s denote the horizontal lift of gs starting at p.
Then, by looking at local trivializations, one easily sees t hat gs is a homotopy
(ie. is continuous in the parameter ). In particular gs(1) is continuous, hence
de nes a continuous map h: 1! Hol(p;w) by the equation gs(1) = p h(s).
But the group Hol (p;w) is discrete, soh is constant.

Remark 4.3. One may easily verify that the holonomy along the compositio n
of two paths in B is the product of the holonomies along the paths; provided
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one adopts the convention that the product gh in p; means rst traversing h,
then g. Soin the case of a at connection, this lemma shows that if we choose
some point p2 p 1(x), we may view holonomy as a group homomorphism
Ho: p1(B,x) ! Hol(p;w) from the fundamental group of Bto G, depending
on the connection w and the reference point p.

Lemma 4.4. If wis at, the fundamental grougp 1(Hol (p;w), p) of the holonomy
bundle through p is isomorphic to the kernel of Ho1(B,p(p)) ! G.

Proof. Let K = kerH{. We may represent an element of K by a smooth
path g. The horizontal lift of g starting at p also ends at p, since g rep-
resents an element in the kernel. Thus we have a well-de ned m ap K !
p1(Hol(p;w), p). Conversely, the covering map p: Hol(p;w) ! B induces
an injective group homomorphism p : pi(Hol(p;w),p)! pi(B,p(p)), and
we only have to show that it actually maps into K. To see this, consider any
smooth loop a in Hol (p;w) starting and ending in p. Then a, viewed as a
loop in P, is a horizontal curve, hence a is the horizontal lift of the loop p a
in B. But this means precisely that the holonomy along p aistrivial, so p a
represents an element of the kernel of HV%.

An immediate consequence is that such a covering is normal, ie. the group
of deck transformations acts transitively on each bre.

4.1.2 Associated Bundles

Given a representation $: G! Aut (V) of the Lie group G on a vector space
V, we may construct a vector bundle E = Eg = $P over B with standard
bre V as follows: As a set, put E = P gV, where G acts diagonally,
(p,v) g=(pg3$(g Hv). Clearly the map p induces amap pg: E! B. A
local trivialization j :p %(U)! U Ginduces atrivialization f: pEl(U)!
U V given by

r(p.v]) = (p(p), $(p2i (P)V) (4.3)

where p,: U G! G is the projection on the second factor. This is well-
de ned, because if [p,v] = [q,w], we have q = pg for some (uniquely deter-
mined) g2 G, and then w = $(g 1)v, whence

e(aw]) = (p(pg), $(p2j (pPg))w = (p(p).$(p2i (P)9)$(g Hv = k(P V).

A V-valued form a2 WK(P,V) is called $-equivariant, if Rja= $(g ) a
for all g 2 G. In this language, a connection on P is Ad-equivariant. Fur-
thermore, a is called horizontal, if the contraction iya of a with any vertical
vector Y vanishes. A form on P with values in V which is both horizontal and
equivariant is called basic. We denote the space of basick-forms by V\/‘é(P, V).

Lemma 4.5. There is an isomorphism between the space of basic k-formsod
the space ofg=valued k-forms on the base B.
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Proof. Given a basic k-form a 2 WK(P,V), a point x 2 B and k tangent
vektors Xji,...,Xx 2 TxB, choose a point p 2 p 1(x), and lifts R; of X;
(ie., p Xij = Xj). Then dene ax(Xy,...,Xy) to be the equivalence class of
the point (p,a(Xy,...,%y)) in E. This is independent of the choice of lifts X;
becausea is horizontal (and any two lifts differ by a vertical vector) , and it
is independent of the choice of p because of$-equivariance. Using a local
trivialization of P, smooth vector elds on B lift to smooth vector elds on P,
S0 ay is a smooth k-form on B with values in E.

Conversely, given such a form b, we simply proceed as above and let p 2
P be some point, and X4, . .., X tangent vectors at p. Thenb(p X1,...,p Xy)
is a point in the bre of E over p(p), so it has a unique representative of
the form (p,v). Put b#(Xy,...,X,) = v. Clearly b* is horizontal, because p
maps vertical vectors to 0. Itis also equivariant, becausep (Rg X;) = p (X;),
and the representative of (p,v) with rst coordinate pgis (pg $(g H)v).

The two operations just described are easily seen to be inverse to each
other.

4.1.3 Covariant Derivatives

The ordinary exterior differential d: W (P,V) ! W *1(P,V) restricts to a
map on the equivariant forms, because d commutes with pull-back and linear

maps. However, the exterior differential of a horizontal fo rm need not be
horizontal, so d does not restrict to a map on the basic forms. But given a
connection w in P, we may consider the projection operator h: TP | HP
which to a tangent vector X associates the horizontal part hX of X (with
respecttow). Thendene h : WK(P,V) ! WX(P,V) by the formula

h a(Xl, . ,Xk) = a(th, . ,th).

Evidently h is a projection onto the horizontal forms on P. De ne the oper-
ator dy ash d, ie. dya(Xo,...,Xy) = (da)(hXy,...,hX\).

Theorem 4.6. The operator @ maps equivariant forms to equivariant forms, and
hence basic forms to basic forms.

Proof. If a is equivariant, the equivariance of dya follows basically because
the horizontal subspaces are permuted by Ry : It is easy to see that Rg
commutes with h, so Ry commutes with h . Then an easy calculation shows

that Rydwa = Ryh da=h dRja= h d(Ad(g ') w)= Ad(g ') dwa.
On the basic forms, we have another expression for dy .
Lemma 4.7. For a basic forna, the operator g is given by
dwa = da+ $(w) " a. (4.4)

This requires an explanation: The representation $ induces a linear map
$:9! End(V), and $(w) is a 1-form on P with values in the vector space
End(V). Then $(w) * ais ak+ 1-form on P with values in the vector space
End(V) V, and we apply the canonical contraction to obtain a k+ 1-form
with values in V, still denoted $(w) * a. Before we can prove Lemma 4.7, we
need to linearize the equivariance condition on forms.
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Lemma 4.8. For a fundamental vector eld Aon P, the Lie derivativk 5 a of an
equivariant forma is given by

LA a:$( A) a.

Proof. Putting g = exp(tA), Rq, is precisely the ow of A attime t. So by
de nition of the Lie derivative

Laa= g -oRa@= § -o8(exp( tA)) a=$( A) a

Proof (of Lemmd.7). Clearly the left-hand side of ( 4.4) is a horizontal form.
To show that the right-hand side is horizontal, it is clearly enough to show
that the contraction with a fundamental vector eld is 0. So| et A 2 g, and
then by the properties of insertion and Lie derivative, we ob tain

iada+in (B(w)ha)=Laa dipa+igdw)ra $w)"ipa
The second and last term vanish becausea is horizontal. Now,
ia S(w)ra=$w(A))"a=$A) a,

so the remaining two terms cancel by Lemma 4.8 Hence the right-hand side
of (4.4) is also horizontal.

Now let Xg,...,Xg be k+ 1 horizontal vector elds on P. Then the left-
hand side of (4.4) is

dWa(Xo, e ,Xk) = ( h da)(Xo, e ,Xk) = da(Xo, e ,Xk)
whereas the right-hand side is
(da+ $(w) ™ a)(Xo, ..., Xy) = da(Xo, ..., X))+ ( $(w) ™ a)(Xo, - .., Xy).

Expanding the wedge product as a sum over permutations, we se e that each
term is 0, since w(X;) = 0 by de nition of horizontal vectors.

Although dy can now be viewed as a map W, (P,V) I W, *}(P,V), itis
not necessarily a differential, ie. d2, need not be 0. In fact, the curvature of w
is an obstruction to d2, = 0

Theorem 4.9. Fora 2 \N‘é(P,V), we have §a = $(Fy) " a.
Proof. We calculate (using Lemma 4.7)
dwdwa = dy(da+ $(w) " a)

dda+ $(dw) ™ a $(w)” da+ $(w) " da+ $(w) " ($(w) " a)
$(dw) N a+ (B(w) N $(w)) N a.

Comparing this with the de nition of the curvature Ry, = dw + %[W N wl, we
need to prove that

1glw~ w] = $(w) » $(w). (4.5)
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Locally, we may write w = & dx; &, where (X;) is a local coordinate
system on P, and g are elements ing. Then $(w) = & dx; $(a&), so the
right-hand side of ( 4.5 may be written

$(w) "~ $(w) = g dxi~ dx; $(a)H(a)
adx”dx  ($(a)8(a) $(a)Ha))

i<]

a dx "~ dx  $a, a] (4.6)

i<]

since $is a Lie algebra homomorphism. Turning to the left-hand side of (4.5),
wehavew” w = g dx"dx a a,so[w”w]=3adx”"dx [a,a] Thus

SwhAwl= g dx N dx $[a,g]= 24 dx N dx  $[a,a] (4.7)

i<j

sincedx; ® dx; = dx; ™ dx; and [a,8] = [a,a]. Comparing (4.6) and (4.7)
with ( 4.5), this proves the theorem.

So in particular, d2, = 0 if the connection is at.

The curvature of w has another interpretation in terms of the covariant
derivative: By Lemma 4.5 sections of the bundle Eg ! B (which is the same
as 0-forms on B with values in E) correspond to $-equivariant smooth maps
P! V. We may consider the map dy: WO(B,E) ! W(B, E) as a covariant
derivative

r“=r :gB,TB) GB,E)! GB,E)

which we as usual write r (X,s) = r xs for a section s of E and a vector
eld X on B. The curvature R, = R of such a covariant derivative is de ned
by the usual formula

R(X,Y)S=T1 xI yS I yr xS T [xvyS

for vector elds X,Y on B and a section s of E. SinceR is linear over C¥ (B)
in X,Y and s, it is a 2-form on B with values in the vector bundle L(E,E) =
p2s End(Ep) over B (we use the notation L(E, E) to distinguish it from the
vector space End(E) of bundle maps E! E). The bundle L(E, E) is in fact
canonically isomorpic to a bundle associated to another rep resentation of G.
Namely, consider consider the representation $: G! Aut (End(V)) given by

$o)(f)= $(9) f $(g Y.

Lemma 4.10. There is an isomorphism

", 1(EF

of vector bundles over B.

Proof. Recall that $P = P g End(V). Given an element [p, f] in the bre
of $P over x = p(p), we need to produce an endomorphism h[p, f] of the
bre of E over x. This is almost straightforward: Any vector z in this -
bre has a unique representative of the form (p,v), and we put h[p, f](z) =
[p, f(v)]. To see that this is well-de ned, assume that [p, f] = [ g, h] for some
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g2 P,h2 End(V). Then g = pg for a uniquely determined g 2 G, and
h=$g )(f)= $(g 1) f $(g). Now the representative of z with rst
coordinate qis (pg, $(g 1)v), and we calculate

h[g,hl(2) = [ pg,h($(g HV)I =[pg.$(g H)F(V)]=[p, F(V)].

Inverting h follows the same idea. Given an endomorphism f of ($P)y,
we may choose somep 2 p 1(x), and then f can be uniquely written as
f([p,v]) = [ p, fp(v)] for some endomorphism f, of V. We put q(f) = [ p, fp].
To see that this is independent of the choice of p we proceed exactly as before:
Let g= pg. Then

f(la,w]) = f([pg.w]) = f([p,$(g)w])
=[p fp(3(9)W)] = [0, $(g ) fp($(g)W)]

from which we see that fq = $(g 1) f, $(g) = $(g Y)(fp), so[p, fp] =
[a, fg]. Clearly h and g are each other's inverses.

That these maps are smooth may be seen by expressing them usiny local
trivializations induced from local trivializations of P (cf. (4.3) above).

If we identify the bundles P g End(V) and L(E, E) through this lemma,
Lemma 4.5 yields an isomorphism between the L(E, E)-valued forms on B
and the $-equivariant, horizontal forms on P with values in End (V). Now
the relation between the curvature of w and the curvature of r WV is simple.

Theorem 4.11. Under the canonical identi cation of (E, E)-valued2-forms on B
with $-equivariant horizontal forms on P, we have

Rrw = $(Fw),
where$: g! End(V) is the induced representation of the Lie algebra.

For a proof, see [KMS93], Corollary 11.16.

4.1.4 The Adjoint Bundle

An important example of an associated bundle is the adjoint b undle Ad P =

Eaq de ned via the adjoint representation Ad: G! Aut(g) of G on its Lie

algebra. Until now we have only shown that there exists at lea st one connec-
tion, but they are in fact in rich supply.

Theorem 4.12. The set of connections is an af ne space for the sm%(:é, g) of ba-
sic1-forms on P: Given any connectiam and 1-forma, w + a is also a connection,
and all connections are obtained this way.

Proof. Since bothw and a are Ad-equivariant, so is w + a. Sincea is horizon-
tal, (wW+ a)p, vp= wp Vvp=id, sow+ ais a connection. Conversely, given
two connections wg, w1, their difference is clearly Ad-equivariant, and since

wg and w agree on vertical vectors, wg w1 is horizontal.

Using the identi cation given in Lemma  4.50of the Ad P-valued 1-forms on B
and the basic 1-forms on P, the tangent spaceTyA to the space of all connec-
tions is naturally identi ed with ~ W(B, Ad P).
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The sections of AdP are, again by Lemma 4.5 the same as the Ad-
equivariant maps P ! g, ie. maps f satisfying f(pg) = Ad(g 1)f(p) for
all p2 P, g2 G. Since Ad acts on g by Lie automorphisms, the point-
wise bracket of two such functions is again Ad-equivariant. Hence Ad P is a
bundle of Lie algebras over B.

We have already seen a couple of interpretations of the curvature of a
connection. Here are some more useful properties:

Theorem 4.13. Letw be a connection in P, and,fts curvature form. Then

(1) The form | 2 W2(P, g) is horizontal andAd -equivariant, thus basic, and hence
de nes a2-form also denoted,F2 W2(B, Ad P).

(2) We have gw = Fy.

(3) The covariant derivative ofFvanishes, gFRy = 0 (Bianchi's identity).

Proof. We rst prove that the curvature is horizontal, then we use th is to
prove (2), from which it follows from Theorem 4.6that Ry is Ad-equivariant
(since the connection is). Now, to prove that Fy is horizontal, we proceed as
in the proof of Lemma 4.7. Let A 2 g, and consider the contraction of Ky
with A :

ia Fv=iadw+ 3ia [w”w]

Law digw+ 3ia [w?w]

ad( A) w+ 3ia [whw]

by Lemma 4.8 and the fact that w(A ) = A is constant. Now it is easy to
see that the remaining two terms cancel (for instance by contracting with an
arbitrary vector eld).

Now, both sides of the equation in (2) are horizontal forms, s o let X,Y
be arbitrary horizontal vector elds. Then dyw(X,Y) = dw(hX,hY)
dw(X,Y). On the other hand, Fy(X,Y) = dw(X,Y)+ 3[w " w](X,Y)
dw(X,Y). This proves (2) and (1).

Finally, to prove (3), we calculate

dwFw = h dRy = h ddw + 3h dw” w]
= 2h ([dw”w] [w”dw])= h [dw”w]=[h dw” hw]= 0

sinceh w = 0.

Note that by (1) and Lemma 4.7, the Bianchi identity may also be written
dRy + ad(w) * Ry = 0, or equivalently dRy = [FRy”™ w]. Yet another in-
terpretation of the curvature is this: From the proof, for ho rizontal vector
elds X,Y, we have Fy(X,Y) = dw(X,Y) = Xw(Y) Yw(X) w([X,Y]) =
w([X,Y]). From this equation and the fact that Ry is horizontal, we see that
the connection w is at if and only if the horizontal bundle  HP is integrable.

4.1.5 Gauge Transformations

A gauge transformation of P is a bundle automorphism of P, ie. a G-
equivariant bundle map j : P! P covering the identity on B. Because of
the G-equivariance, a gauge transformation is completely deter mined by its



4.1.5 Gauge Transformations 40

action on one point in each bre. In fact, we may identify the g roup of gauge
transformations G with the set of maps g: P! G satisfying

g(ph) = h g(p)h. (4.8)

To a gauge transformation j , we associate the mapg; de ned by the equation
j (p) = pgj(p). Thenfor h2 G, we have j (ph) = phg (ph), but on the other
hand j (ph) = j (p)h = pg; (p)h. This implies that hg; (ph) = g; (p)h, so g;
satis es the condition ( 4.8). On the other hand, given any such map, it is easy
to see that the map p 7! pg(p) is a gauge transformation of P.

Letting c(h) denote the conjugation by h, c(h)(a) = hah ! for a2 G, the
set of maps satisfying (4.8) can also be described as the set ofc-equivariant
maps P! G, analogous to the case of associated vector bundles. Folloving
this analogy further, we obtain a bijection between G and the set of sections
of the bre bundle P.= (P G)/ G over B with standard ber G, where the
action of gon P Gis given by (p,a) g = (pg g 'ag). The bre over a
point x of this bundle may be described as the Lie group of diffeomorp hisms
of the bre p 1(x) that commute with the action of Gonp 1(x), soP.is a
bundle of Lie groups over B.

In general, the right multiplication Rg: P! P by an element g 2 G is
not a gauge transformation; in fact, this is the case if and only if g is central
in G. However, in case P = B G is the trivial bundle, left multiplication
Lg: P! P does commute with the right action of G on P. So in this case
we may also view the gauge group as the group of smooth maps f: B! G
under point-wise multiplication, where the associated gau ge transformation
is given by (x,g) 7! (x, f(x)g)

The pull-back of a connection under a gauge transformation i s again a
connection, and we denote j w by w!. Clearly this de nes a right action
of Gon A. A gauge transformation j may be written as the composition

D 9j

id
P P P

m
P G——P

where D is the diagonal and mis the action of G on P. One may calculate that
the differential of mat a point (p, g) is given by

M (X,Y) = Ry X + VpgQY 2 TpgP

for X 2 TpP, Y 2 Ty4G, where vy is the injection of vertical vectors g! TpgP
and g is the Maurer-Cartan form on G. Using this, we may calculate the
pull-back w! of a connection under a gauge transformation:

(W) p(X)

Wi (i X)
= Wj(p) Ry (p) X+ Vj(plag X)
= (Rg (myW)p(X) *+ (g X)
=(Ad(gi(p) 1) w)p(X)+ gja(X)
from which we deduce that

w = Ad(g ) w+ga (4.9)
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Since pull-back commutes with the various operations invol ved in the
de nition ( 4.2) of the curvature (exterior differentiation, wedgde produ ct and
the linear map induced by the Lie bracket), the action of G on A restricts to
an action on F . In fact, a formula similar to ( 4.9 reads

j Fw=Ad(g Y Fu, (4.10)

and clearly j Fy is the curvature F,i associated to the connectionw! .

In view Theorem 4.1above, it would be natural to say that a connection w
is irreducible if P(p) = P, or equivalently that Hol (p;w) = G, for some
(hence any) p 2 P. However, we are primarily interested in (the moduli space
of) at connections, and by Theorem 4.1(7) no at connection has this prop-
erty. Instead, we shall say that w is irreducibleif the centralizer Zg(Hol (p;w))
in G of the holonomy group Hol (p;w) has the same dimension as the center
Z(G) of G. For instance, connections whose holonomy group is dense in
G are irreducible, and we call such connections strongly irreducible(but this
termininology is not standard).

The irreducibility condition means that the isotropy group of w in G
is “small”. More precisely, let 1, denote the group of gauge transforma-
tions xing w. Then Theorem 2.3 in [Fis87 states that the map | !
Zg(Hol(p;w)) dened by j 7! gj(p) is a group isomorphism. In partic-
ular, the isotropy group of a connection is always a nite-di mensional Lie
group. For any g 2 Z(G), the gauge transformation Ryg: P! P xes any
connection w, becauseRyw = Ad (g 1) 'w = w, sinceg 2 kerAd. Thus we
always have Z(G) | , and irreducibility of w then means that w essen-
tially does not have more automorphisms. We also remark that the action of
the quotient group G/ Z(G) on F is effective, provided there exists at least
one at connection w such that Zg(Hol (p;w)) = Z(G).

4.2 The Two De nitions

Now x some principal G-bundle p: P! S over the surface S. If G is con-
nected and simply connected, any such bundle is in fact trivi al (and in par-
ticular the isomorphism class of P is uniquely determined). This is because
any Lie group has vanishing second homotopy group, so the men tioned as-
sumptions imply that G is 2-connected. But then the classifying spaceBG
is 3-connected, and hence any map from S to BG is null-homotopic. Since
homotopy classes of maps from S to BG classify principal G-bundles over S,
any such bundle is trivial. We will assume that G is connected and simply
connected.

De nition 4.14. The moduli space of at G-connections on S is the space
M g = F/ Gof gauge equivalence classes of at connections in P.

Choose some xed basepoint x 2 S and let p; = p1(S,x). Then, for
some choice of point p 2 p 1(x), Remark 4.3 yields a map Hol P: F !
Hom (p41,G), which to a at connection w associates the homomorphism
HE: p1 ! G, called the holonomy representationf w. There is an action
of G on the set Hom(p1, G) given by conjugation, ie. (g h)(a) = gh(a)g !
for g2 G, h 2 Hom(p1,G) and a2 p;. By Theorem 4.1, the equivalence
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class of HP in Hom (p 1, G)/ G does not depend on the chosen p, so we have
awell-dened map Hol: F! Hom(pq,G)/ G.

Lemma 4.15. Gauge equivalent at connections have conjugate holon@psesen-
tations, so there is a well-de ned méol: M ¢! Hom(p.,G)/ G.

This will follow immediately from

Lemma 4.16. Letg be aloop irsS with g(0) = g(1) = x, w a connection in P and
j a gauge transformation of P. Let p be some poinp int(x), and dene h2 G
by the equation (p) = ph. If thew-holonomy alongy is g, then thew! -holonomy
alongg is h 1gh.

Proof. Let the w-horizontal lift of g starting at p be @. Then (1) = pg. A
small calculation shows that j 1 g is wi -horizontal, and clearly it is a lift
of g sincej !is a gauge transformation. However, j 1 @ does not start
atp, butatj (p)= ph L Then, since right multiplication maps horizontal
subspaces to horizontal subspaces (for any connection), tte path R;, j *
is the wi -horizontal lift of g starting at p. Now

(Rn i ' @)(1)= Ru(j *(pg)= ph 'gh

g

showing that the wl -holonomy along g with reference point pis h 1gh.

With this as motivation, we make another de nition.

De nition 4.17. The moduli space R of G-representations on S is the space
Hom (p1(S, x), G) of homomorphisms p1(S,x) ! G modulo conjugation.

Since the fundamental group of S has a nite presentation on 2 g+ r gener-
ators, Hom(p1, G) may be identi ed with the subset of G29*" consisting of
(2g+ r)-tuples (&g, by, ... ,ag,bg, c1, . . .,cr) satisfying Oig’: Ja.b] Of-,c = 1.
If G is a matrix group, this is a polynomial equation, so R is a quotient of an
algebraic variety, and we call R the representation variety.

Remark 4.18. The spaceR depends on a choice of basepoint of S, which it
in some sense “should not”. But there is a standard “abstract nonsense” way
of dealing with this. For x 2 S, let Ry = Hom(p1(S,x),G)/ G. Then for
X,y 2 S, a path from x to y induces an isomorphism p1(S,y) ! p1(S,x) by
the usual pre- and postcomposing, hence a bijection Hom(p (S, x),G) !

Hom (p1(S,y),G). This bijection depends on the homotopy class of the
chosen path (rel endpoints), but since the bijection arising from another
choice is conjugate to the rst, we have a well-de ned system of bijections
tyx: Rx 'R ysatisfying tyx = idand tzy tyx= tzx. We may then de ne

G
R = R/
x2S

wherefor f2Ryandg2Ry, f gifandonlyif g= tyx(f). Furthermore,
forany x 2 S, the composition

F
Rx“—— y2sRy—»R
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of the inclusion and canonical projection is a bijection, wh ich we denote t.
Thentyy = ty 1 t,. If the Ry were given any kind of extra structure in a

consistent manner (for instance a topology), this structur e will be inherited

by R, and the t s are isomorphims of this structure. The upshot of all this is

that if we wish to de ne a map to or from R, we may choose any point x 2 S
and construct the map to or from Ry, keeping in mind that the ts work in
the background to identify the different results consisten tly.

Theorem 4.19. The mapHol: MR s a bijection.

The proof will consist of a few lemmas.

Lemma 4.20. Given a representatio®: p1(S,x) ! G, there exists a principal
G-bundle Pand a at connectioow®whose holonomy representatiorsis

Proof. Let § be the universal covering space of S (for instance constructed as
the set of homotopy classes of paths starting at x). Consider the trivial bundle
$ G equipped with the trivial connection wg = p,0, where qis the Maurer-
Cartanformon G. Letmgz: & G! € G denote the action of a2 p1(S,x)
given by ma(y,9) = (y,9) a= (ya$(a) 'g), where ya denotes the action
of aon an element y in the universal covering space. We set P°= & , G,
and let p% P91 S denote the induced projection. Since the right action of G
on § G commutes with the action of p,, there is an induced right action
of G on PC clearly making it into a principal G-bundle over S. Since the
Maurer-Cartan form q (by de nition) is left-invariant, the calculation

MaWo = MaPoq= (P2 Ma) 4= (Lgq 1y P2) 9= Polg, 0= P20= Wo

shows that wg is invariant under the action of p4, and hence de nes a 1-
form w%on POwith values in g which is easily seen to be a connection. The
projection | : & G! PPis a local diffeomorphism, so w%is uniquely deter-
mined by the formula | w®= wq. Furthermore, | maps wg-horizontal curves
to whorizontal curves.

Now we are ready to show that the holonomy representation of w%is $.
Namely, choose some point y in € over x 2 S, and let g be a loop at x,
representing the element a2 p (S, x). We wish to determine the horizontal
lift of g starting at [y,€] 2 P Let g denote the lift of g to § starting at y.
Then (@, €) is a wp-horizontal curve in & G, and the image [g, € in PCis the
lift we wanted. Now, @(1) = ya, meaning that the horizontal lift of g ends at
[va e =[y,.$(a]=[y,€ $(a). This shows that the holonomy representation
with reference point [y, €] is exactly $.

The construction of P%above becomes a bit less mysterious when one ob-
serves that the action of p1(S,x) on B= § G actually gives P the structure
of a principal p1(S,x) G-bundle over S, and (P°wy) is then simply the
extension of P to G relative to the projection p.(S,x) G! G.

Given that any principal G-bundle over S is trivial, there exists an iso-
morphism of bundles P! PY Transferring the connection w®to P via this
isomorphism gives a connection in P whose holonomy representation (with
respect to a suitable reference point) is $. Two such bundle isomorphisms
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differ by a gauge transformation of P, so we have established a well-de ned
map Y: Hom(p.,G) ' M

Lemma 4.21. If two connections have conjugate holonomy representgtibe con-
nections are gauge equivalent.

Proof. Let $; = H\,%‘i’ denote the holonomy representation of w; with respect
to po for some xed point pg2 p 1(x),i = 1,2. Choose some elemenhy 2 G
such that $, = ho$:h, !, We wish to de ne a gauge transformation T: P! P
such that T w, = wy. We start by dening T onthe bre P, = p (x) by
the equation T(pg) = pohg and consequently (by G-equivariance) T(pog) =
Pohog = Pg *hog.
Observe that for any point p = ppg in Px we have the following relation

between the holonomy representations:

h T
HE, = o "HiRg= g o *HiShog = HIZ™® = Hyy®

In particular we have Hol (p;w;) = im H\,ﬁl = im H\,Tvgp) = Hol(T(p);wy).
This shows that for any p 2 Py, the map T maps the part P(p;w1)\ Py of the
w1-holonomy bundle through p lying over x to P(T(p);wy) \ Py, since for
any h 2 Hol (p;w1) we have T(ph) = T(p)h, and h 2 Hol (T(p);w>).

Now, the covering spaces P(p;w4) and P(T(p);w,) of S correspond to the
same subgroup of p1(S, x), namely the group K = ker Hf_ = ker Ha\”), so
there is a unique (smooth) isomorphism of covering spaces Tp: P(p;wq) !
P(T(p);w,) determined by Tp(p) = T(p). The map Tp is then given by the
following recipe: Given a point g 2 P(p;w;), choose somew;-horizontal
curve g from pto g Consider the projection p g to S. The point Tp(q) is
then the endpoint of the unique wy-horizontal lift of p g starting at T(p).
In fact, this recipe shows that the map T, does not depend on the particular
point p 2 P(p;wi)\ Px chosen. In other words, we claim that Tp = Tpp
for any h 2 Hol(p;wy). Clearly P(ph;w;) = P(p;wy) and P(T(ph);wy) =
P(T(p)h;wz) = P(T(p);wz), since Hol(p;w1) = Hol (T(p);wz), soTp and Ty,
have the same domain and codomain. Now, let g be aw;-horizontal curve
from pto ph. Then, by de nition, H\,ﬁ’,l([p gl)= h= H\,T\,zp)([p gl), so we
see that Tp(ph) = T(p)h= T(ph) = Tyn(ph).

This means that the collection of maps f Tpgpop, glue together to deter-
mine a map T: P! P, such that the restriction to a leaf P(p;w;) is a dif-
feomorphism onto the leaf P(T(p);w,). Moreover, we know that T is a dif-
feomorphism on Px. The problem is to show that T is smooth globally, and
G-equivariant.

Now, choose some contractible neighbourhood U S of x. Then we may
describe the restriction of Tto p 1(U) as the composition

t .
p (o) 2Pp Ul %P U2 YU

where t is parallel transport with respect to w; into Py, and t,(p,y) is the
parallel transport of p 2 Py to P, with respectto wy. Since parallel transport is
smooth in all parameters, this shows that T is smooth on p 1(U). Moreover,
parallel transport commutes with the action of G, so we also see thatT is
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G-equivariant on p 1(U). Clearly this argument can be extended to show
that T is smooth and G-equivariant on all of P.

Finally we note that a connection is completely determined b y the hor-
izontal bundle it de nes, and by construction T carries the w4-horizontal
bundle into the w»y-horizontal bundle, showing that T wy = wyj.

Now we have established a bijective mapping between the modu li space M
of at connections in a given (trivial) bundle P and the variety of represen-
tations of the fundamental group of S into G, modulo conjugation. Unfor-
tunately, the map in one direction (R ! M ) was non-constructive, because
we had to rely on the fact that the auxiliary principal G-bundle carrying
the connection with the right holonomy representation was t rivial and hence
isomorphic to the given bundle P. This is not really satisfying, but explicitly
writing down a connection in a given bundle P with a given holonomy rep-
resentation is equivalent to solving a certain rst order di fferential equation
on P, which clearly can only be done explicitly in a few special ca ses.

We have not discussed any topology or continuity above, so an other prob-
lem is the word “space”. As a quotient of a subset of an in nite -dimensional
vector space,M might be endowed with more than one “reasonable” topol-
ogy. The representation variety Hom (p 1, G) on the other hand admits only
one reasonable topology, namely the compact-open topology, which is the
same topology obtained by choosing N generators for p; and embedding
Hom (p1, G) in GN. A natural question is if there is some “natural” topology
on M for which the bijection described above is a homeomorphism. This is
indeed the case, but a detailed analysis of the problem would take us too far
a eld. Ignoring these subtleties, we turn to a description o f the in nitesimal
structures of M and R.

4.2.1 Tangent Spaces

We wish to determine the tangent space Tj,jM to the moduli space at a
gauge equivalence class[w] of at connections. As M is a quotient of F,
it seems reasonable to represent the tangent spaceTl},;M as the quotient of
TwF by the subspace “tangent” to the action of G.

Let w be a at connection. As a subset of the af ne space A of all connec-
tions, we may identify TwF with a certain subspace of TyA. Namely, assume
A 2 WXS,Ad P) = WX(P,qg). Differentiating the equation Fy:+ia = O with
respecttot gives

d

gifwrta = gy dw+tA)+ MW+ tA)~ (w+ tA)]

t2

d
dt
% Fv + tdA+ S[AN A]+ tfw " A]

dA+[w”™ A+ t[AN A]

01

and evaluting at t = 0 gives the condition dA+[w”" A] = dywA = 0 for A

to be tangent to F. Thus we identify the tangent space TwF with the vector
space of closed 1-forms onS with values in the adjoint bundle Ad P, with
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respect to the differential dy:
TwF = Z1(S,Ad P;dy) WA(S,Ad P). (4.11)

Now we have to determine the subspace tangent to the action of the gauge
group. Let j { be a one-parameter family of gauge transformations with j ¢ =
id, and let gi: P! G be the corresponding family of G-equivariant maps
(ie. maps satisfying (4.8)) where go = e Fora xed p 2 P, gi(p) is a curve

through e 2 G, and hence % t=o0t isamap f: P! g We note that the
G-equivariance of each g; implies that f is G-equivariant:

d d
f(p9 = 5 _ 9P = & 9 'a(P)g

dt t=0
= %tzo(C(g b g)(p) = Ad(g H(f(p), (4.12)

so f is in fact an element of WO(S, Ad P) = WO(P, g).
We have j ;w = Ad (g, H o ow+ g; g by (4.9, and if we differentiate this
equation with respect to t we obtain

d
Ad(g, ) w+ —  gq

atzojth dt =0 dt t=0

= ad( f) w+g

at oo 3td (4.13)

The last term is in fact equal to df 2 WY(P, g), but it takes some effort to see
this. Let a be a curve in Pwith a(0) = pand a0) = X 2 TpP. Then

d
Gt 1z o %) (Ppgt (X))

_d d
Tt t:Oq d_Ss:ogt(a(S))
d

d
at =0 PaMLam * Gg oo %A

= %tzod%s:o a(p) * g(a(9)
_ dEWO% IO RRICE)
- %s;o f(p)+ f(a(s))

= df(X)

Now continuing ( 4.13, we have

at 2o 9(X)

g t:0j (W=[wAN fl+ df = dyf

so we see that a vector tangent to the gauge group action at w is an ex-
act 1-form in W(S, Ad P;dy). On the other hand, given any G-equivariant
map f: G! P, gi(p) = exp(tf(p)) de nes a 1-parameter family of gauge
transformations which induces the tangent vector dy f at w. Thus Ty (wG) =
B(S,Ad P;dy), and we obtain the important identi cation of the tangent
space to the moduli space with a twisted cohomology group of S.
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Theorem 4.22. Letw be a at connection in a principal G-bundle!P S. Then
T[W]M = Hl(S'Ad P; dw). (4.14)

That is, the tangent spacg,jM at the gauge equivalence cldsg of the moduli
space of at connections is identi ed with the rst (de Rhaeghomology group of
S, with coef cients in the adjoint bundl&d P and differential ¢, induced byw.

We may ask if this identi cation is “natural” in some sense. C learly, the
operator dy, and hence the right-hand-side of (4.14) is not independent of
w 2 [w]. In fact, it is easy to see that for a gauge equivalencej , the oper-
ators dy and d; \ are related by dj w = j dw(j 1) . Hence the pull-back
by j de nes an isomorphism | : H1(S:dy) ! Hl(S;dj w). Then the word
“natural” could be taken to mean that this isomorphism does n ot depend
on the particular gauge equivalence chosen, so that there for each pair of
gauge equivalent connections exist a well-de ned identi c ation of the two
cohomology spaces in question. This is equivalent to asking if every auto-
morphism of the connection w induces the identity mapping on H2(S;dy).
This is, in fact, the case for strongly irreducible connecti ons, or more gen-
erally for connections whose isotropy group is Z(G) G . Indeed, in this
case any self-equivalence is of the form Ry for some g 2 Z(G), and then
the induced isomorphism Ry: HY(S,Ad P;dy) ! HY(S,Ad P;dy) is given
by Rja = Ad (g 1) a= asinceais equivariantand g2 Z(G) kerAd.

Next we consider the problem of determining the tangent spac e to the
representation variety using a similar approach. For simpl icity, x some base-
point x 2 S and let p1 = p1(S,x). Let $; be a smooth 1-parameter family of
maps $: p1 ! G, such that $ = $ is a given homomorphism. Then there
exists a mapu: p; ! gwith the property that for each g 2 p; and jtj small
enough, we have $1(g) = exp tu(g)+ O(t?) $(g) (for a given g, consider the
map t 7! exp 1($(g)$(g) 1) dened for small t; the rst coef cient of its
Taylor expansion around 0 gives the vector u(g)). Now the homomorphism
condition $:(g)$:(h) = $:(gh) can be written

exp tu(g) + O(t?) $(g)exp tu(h)+ O(t?) $(h)
= exp tu(gh) + O(t?) $(gh)
which, using that $is a homomorphism, is equivalent to
exp tu(g) + O(t%) exp tAd($(g))(u(h))+ O(t?) = exp tu(gh)+ O(t?) .
Now, differentiating this with respectto t and evaluting at t = 0, we obtain

u(g) + Ad($(9))(u(h)) = u(gh). (4.15)

We may consider the vector spaceg as a module over p; via the composition
Ad $:pi! G! Aut(g). We denote this module by gagqg. Then (4.15 is
equivalent to saying that u is a 1-cocycle. Conversely, given a mapu satis-
fying (4.19, $; = exp(tu)$ de nes a smooth path through $ which satis es
the homomorphism condition (to rst order), and whose deriv ative att = 0
is u. Hence we identify the tangent space T¢ Hom(p1, G) with the space of

cocyclesZ (p1,0ag 3)-
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To calculate the tangent space to the G-orbit through $, let g; be a curve
through e 2 G, and consider the family $; = g:$g, 1. We may write g =
exp(tug+ O(t?)) for some element ug 2 g. Then the cocycleu corresponding
to the deformation $; is determined by the equation

$t = exp(tug+ O(t?))$exp( tug+ O(t?)) = exp(tu + O(t?)$,
which we rewrite as
exp(tug + O(t?)) exp( tAd($)(ug) + O(t?)) = exp(tu + O(t?)).  (4.16)
Now differentiating ( 4.16 with respect to t and evaluating at t = 0, we obtain
ug Ad($)(ug)=u

so u is the coboundary of the 0-cochain  ug 2 g. This means that Tg(G$) =

B(p 1, 9ag $), SO also in the algebraic setting we may identify the tangent
space with a certain cohomology group.

Theorem 4.23. Let$: p1 ! G be a homomorphism. Then the tangent spa¢#]at
to the representation varietyjom (p1, G)/ G is identi ed with the group cohomol-
ogy vector space Hp1,0dad s)-

Similar to the above description of the tangent space to a gauge equivalence
class of connections, we may ask if this identi cation is nat ural. Again we
may answer this af rmatively if the representation has few a utomorphisms:
If = g$g 1, itis easy to see that Ad(g): gags ! Oad g IS an isomorphism
of pi-modules, and hence induces an isomorphism on cohomology. |f the
image of $ has centralizer equal to Z(G), the only automorphisms of $ are
elements of Z(G), and in this case Ad(g) = id.

Remark 4.24. The two descriptions of the tangent structure of the moduli
space actually agree, which we can see by establishing an isanorphism of
vector spacesHE (P, g;dw) = HY(S,Ad P;dw) ! H(p1,0aq), Where $is the
holonomy representation of w.

Proof (partial). Choose a point p 2 P and let x = p(p) 2 S. Given a basic
1-form a on P with values in g, we will construct a 1-cocycle ua: p1(S,x) !
Oad g- For aloop g in S based atx, let @q denote its horizontal lift endingat
q2 p (x). We now de ne

z

ua(g) = az2g.
8p
By atness, loops homotopic rel x have homotopic lifts rel endpoints, so u,
descends to a mapp; ! g. To see that it is a cocycle, observe that for
loops g, hin S, the lift (§h)p is the concatenation of the paths B 1, and gp
(cf. Remark 4.3), where g = $([g]) is the holonomy along g (with reference
point p). By uniqueness of lifts bg 1= Ry 1 By, since the right-hand side is
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obviously a horizontal lift of h ending at g p. Then

z z
ua([gh]) a+ a

8p R% 1 bBp
wllo)+  (Ry")
ua([g]) + Ad (g)(ua([h]))

since a is equivariant. This shows that ug is a cocycle.
If a= dyf is the covariant derivative of an equivariant function f: P! g,
we hgve

z
a= df+ wrf=1f(p) f(pg )= f(p) Ad(9)(f(p)
€p €p €p
by Stokes' theorem and the fact that w vanishes along the horizontal path gp.
This shows that uj is the coboundary of the 0-cochain f(p) 2 g, so we have
established a well-de ned map HZ(P,g;dw) ! H(p1,9aas). [a] 7! [ua].

R TO prove injectivity, assume U, is the coboundary of an element v 2 g, ie.
g2 = V Ad ($([g]))(v) for all loops g. We will construct an equivariant
map f: P! gsuchthatdyf = a. First, put f(p) = v,sof(pg) = Ad(g H)(v)
for g 2 G. To extend f to all of P, consider any point g 2 P, and choose
a horizontal patf | starting at some point ph and ending at g, then de ne
f(g) = f(ph)+ | a. To see thatthis is well-de ned, suppose | Ois some other
path starting at ph®and ending at ¢®. Then the composed path Byro = | 9
starts at phand ends at ph® and we read of that the holonomy along b=p B
with reference point phis h 1h® so the holonomy with reference point p

is h 1. Hence
z z z z z
a a= a= a= Ry0a
9 g° Bono Rno Bp Bp
= Ad(h® Hv  Ad(hh Hv) = Ad(® H(v)  Ad(h Y(v)

and checking the above de nition of f(q), this is precisely what is needed
for that de nition to make sense. Clearly f is smooth, and a calculation in
the same spirit as the preceding one shows that equivariance follows from
the equivariance of a. To see thatdyf = a, we observe that both sides
are horizontal 1-forms, so the equality need only be checked for horizontal
vectors. But dy f(X) = df(X) = Xf for a horizontal vector X, and by the
fundamental theorem of calculus Xf = a(X).
We omit the proof of surjectivity.

Remark 4.25. From an abstract point of view, a surface (different from a
sphere) is an Eilenberg-MacLane spaceK(p1, 1), and the above isomorphism
may be seen as nothing but an instance of the general fact that (co)homology
of groups could equivalently be (and, in fact, originally we re) de ned as the
(co)homology of a K( ,1) with suitable “twisted” coef cients.

4.2.2 Symplectic Structure

It turns out that under fairly general assumptions on the gro up G, the moduli
space admits a symplectic structure (cf. De nition 3.1), at least on a dense
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open subset which is a genuine manifold; namely, the set of equivalence
classes of irreducible connections. Whenever we speak of stuctures on M
which only make sense on a manifold, we implicitly refer to th is smooth part
of M .

The assumption we need is that g carries a non-degenerate symmetric
bilinear form invariant under the adjoint action of G; ie. aform B:g ¢!
R satisfying B(Ad(g)v,Ad(g)w) = B(v,w) forall g 2 G, v,w 2 g. If for
instance G is a compact group, g has an invariant inner product. For G =
U(n), such an invariant inner product may be given explicitly by hX,Yi =
tr(X Y) = tr(XY) where X,Y 2 u(n) are skew-hermitian matrices. We will
from now on assume that such a form exists.

In [Gol84], Goldman shows how the existence of such a form leads to
a description of the singular points of the variety Hom (p1,G) as precisely
the points where the action of G/ Z(G) fails to be locally free, which are
in turn exactly the non-irreducible representations of p; (naturally, we call a
representation irreducible if the corresponding at conne ction is irreducible).
Thus letting R denote the subvariety corresponding to the irreducible rep -
resentations, R is a manifold. In fact, one may calculate that the dimension
of this manifold is (2g 2)dim G+ 2dim Z(G), where g is the genus of S.

To describe the symplectic structure, we observe that B induces a well-
de ned map B from the bundle Ad P Ad P over S to the trivial R-bundle
over S, which we may simply consider as a bre-linear map B : Ad P
Ad P! R. The symplectic structure form w may now be described at a
point [A] 2 M as follows: Let x,h be da-closed 1-forms on S with values
in the bundle Ad P. Then x” h is a 2-form on S with values in the bundle
Ad P Ad P, and composing it with the map B yields an ordinary, real-
valued 2-form on S. We then de ne

Z
wiap([x], []) = s B (x” h). (4.17)

There are, of course, several things to be checked, and we reér the reader to
[AB83] for details. That w is alternating follows because wedge product in
dimension 1 is antisymmetric and B is symmetric, and non-degeneracy fol-
lows from non-degeneracy of B, but the closedness ofw requires somewhat
more detailed analysis.

The corresponding form in the algebraic setting is de ned us ing cup
product in group cohomology and the pi-homomorphism B :Qags Oads !
R toobtainamap H1(p1,dads) H(P1,dads)! H2(p1,R), and then com-
posing with a canonical isomorphism from the latter vector s pace toR. In
[Kar9Z], Karshon showed in a purely algebraic way that this form is ¢ losed,
without translating it into the geometric language and usin g the proof of
Atiyah and Bott.

4.2.3 The Action of the Mapping Class Group

An orientation-preserving diffeomorphism f: S ! S induces an isomor-
phism f 1 p1(S,x) ! pa(S, f(x)), and hence a bijective map R¢(,) ! R «
between the representation varieties. Identifying the rep resentation varieties
with different basepoints canonically (cf. Remark 4.18), we may simply think
of this as a bijection f : R! R of the moduli space; clearly this de nes a
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(right) action of the diffeomorphism group. It is also clear thatif f is isotopic
to the identity, f is the identity on R, and hence there is an induced action
of the mapping class group G= Diff (S)/Diff ¢(S) on R.

To describe this action in geometric terms, consider a at co nnection w
in P. Then the pull-back bundle f#P is another principal G-bundle over S,
with a at connection f#w. Since f#P is trivial, there exists some bundle iso-
morphism P! {#P, with which we may pull back f#w to P. Another choice
of trivialization or starting with a connection gauge equiv alent to w clearly
gives gauge equivalent connections, so we see that the diffeomorphism group
acts (again from the right) on the moduli space of at connect ions. Since ho-
motopic maps yield pull-back bundles which are isomorphic a s bundles with
connectionthe action descends to an action of the mapping class group. Go-
ing through the de nitions, it is easy to see that passing to t he holonomy
representations, this action is the same as the one describé above.

On the tangent level, the diffeomorphism group acts by pulli ng back a
1-form in WL(S, Ad P) representing a tangent vector. This, however, does
not at rst give a form with values in Ad P, but rather one with values in
the pull-back bundle f (Ad P). Combining with the isomorphism P! f#p
above, we obtain a form with values in Ad P, which is closed with respect to
the differential d; ,,. Working out the details, this description easily implies
that the symplectic structure (4.17) is preserved by the mapping class group.

4.3 Teichmiiller Space

There exist several equivalent de nitions of the Teichmdill er space of an ori-
ented surface. One of these starts with the spaceC(S) of conformal classes of
metrics on S; that is, the space of all Riemannian metrics modulo the mult i-
plicative group C¥ (S) of positive-valued smooth functions on S. Informally
speaking, a conformal class of metrics allows one to measure angles, but not
lengths. The group Diff (S) of orientation-preserving diffeomorphisms acts
on C(S) via pull-back of metrics (clearly this makes sense, becauseif two met-
rics differ by a smooth funtion, their pull-backs differ by t he pull-back of that
function), and the Teichmiller space is the quotient T (S) = C(S)/Diff o(S)
by the subgroup of diffeomorphisms isotopic to the identity

For a closed surface of genusg 2, T (S) is homeomorphic to R 6. The
quotient of T (S) by the rest of the diffeomorphism group, ie. the mapping
class group, is known as the Riemann moduli space of S.

To see how the Teichmuiller space parametrizes complex structures on the
moduli space, we need to recall a few facts from Hodge theory f or vector
valued forms. For details, we refer to [ Rag72, Chapter VII]. In order to make
sense of the Hodge adjunction formula (dx, h) = ( x,dh), we clearly need to
de ne the inner product of Ad P-valued forms on S. This can be done using
the invariant form B used above to de ne the symplectic structure, along
with a usual Hodge star operator arising from a Riemannian me tric on S.

More precisely, recall that a Riemannian metric on S induces a bundle
map :LXT S)! L2ZKTS), suchthat = ( 1)X2 ¥ hence also a
map WK(S) | W2 X(S) with the same square. For later use we observe
that, by a straight-forward calculation, for k = 1 and in the special case of
a surface, this operator only depends on the conformal class of the metric.
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Hence we get a map : WY(S) ! W2(S) with square 1. An Ad P-valued
form x on S may locally be written as j s, where j is a (scalar) form on
S and s is a section of AdP, and by dening x=( j) swe geta map
:WK(S,Ad P) I W2 X(S,Ad P).
For two Ad P-valued k-forms x,h we obtain a 2-form x” h on S with
values in Ad P Ad P, and we may de ne
z
(x,h) = s B (x™ h). (4.18)

Next we de ne the codifferential dy: WK(S,Ad P) | WK (S, Ad P) by the
formula dy = dw . To see that this is the adjoint of dy, with respect to the
pairing (4.18, we need a lemma.

Lemma 4.26. Leta 2 WK(S,Ad P), b 2 W (S,Ad P). The form B(a” b) is an
ordinary k+ "-form onS, whose exterior derivative dBa” b) may be written as
B (dwa”™ b+( 1)ka” dyb) for any at connectiorw.

Proof. We consider a and b as basic forms on P with values in g. Then
d(a® b) = da” b+( 1)*a” db. Using that dy = d+ ad(w) (Lemma 4.7),
this can be written

d(a” b)= dya” b+( DXa”rdyb [w”~a]*b ( 1)¥a”[w” b] (4.19)

and applying B we see that we need to show that the third and fourth term
cancel. Now working in local coordinates (x'), we write w = §;dx wj;,
a= &jj=xdx' aandb= &;;--dx’ b;forvectors wj,a,b;2 g. Now

B ([w”a]®b)= & dx ~dx' ~dx’ B([wj,a], b)) (4.20)

il,J
B (a” [whb])= § dx'~dx ~ dx’ B(a, [wi,bj) (4.21)
il,J

Interchanging dx' and dx' in (4.21) yields a factor of ( 1)l = ( 1)X but
then comparing the formulae ( 4.19, (4.20 and (4.21) proves the lemma, since
the Ad-invariance of Bimplies that B([X,Y],Z)+ B(Y,[X, Z]) = 0 for vectors
X,Y,Z2qg.

If k+ = 1, the integral of dB (a”™ b) over S vanishes by Stokes' theo-
m (here we assume S isgglosed). So in this case we obtain the formula
s B (dwa” b)\: ( 1Dkl s B (a” dyb). Substituting b = h and using
that =( 1) *lonthe  + 1-form dy h this may again be written
z z
B (dwa” h)=( 1 B(a® dy h)
s s

which is simply the adjoint relation (dwa,h) = (a,dyh), since k+ = = 1.
De ning the Laplace operator by the usual formula Dy = dwdy + dydw, this
implies that (Dwx, h) = ( dwx, dwh) + ( dyX, dyh). In particular, (Dx,x) is zero
if and only if X is closed with respect to dy, and dy. The usual Hodge theorem
stating that every closed form is cohomologous to a unique ha rmonic form
carries over to this setting, and we obtain an identi cation of the tangent
space HY(S, Ad P;dy) with the space of harmonic forms ker Dy, = kerdy \
ker dy.
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Remark 4.27. It is not in general true that : WX(S,Ad P) |  WA(S,Ad P)
takes dy-closed forms to dy-closed forms, which is the reason we had to pass
to harmonic representatives.

From the de nition of d, itis clearthat restricts to ker Dy, and it squares
to 1. We endow Ty M = H1(S,Ad P;dy) = kerD,, with the complex
structure . Hence we have described an almost complex structure on M ,
induced from (the conformal class of) a metric on S. This establishes a
map J: C(S) ! C¥(M ,End(TM )), which is easily seen to be equivariant
with respect to the group Diff (S). Since the moduli space is invariant under
the subgroup Diff o(S), Jdescendsto amapJ: T(S)! C¥(M ,End(TM )),
which is equivariant with respect to the mapping class group action.

4.4 Quantizing the Moduli Space

Let us brie y review how the contents of Chapter 3, and in particular Sec-
tion 3.5, apply to the moduli space. The symplectic structure on M is given
by (4.17. The line bundle L together with the hermitian structure and com-
patible connection was constructed in [Fre9q. In [RSW89, it is proved
that the moduli space is simply connected, hence satis es th e assumption
HL(M ) = 0. The family Jof complex structures parametrized by the Teich-
muller space constructed above are all integrable according to a classical re-
sult by Narasimhan and Seshadri ([ NS64]). Comparing (4.17) and (4.18), itis
easy to see that the metricgs(X,Y) = w(X, XY) = w(X, sY) corresponding
to the point s 2 T is simply given by ( 4.18.

The Teichmdiller space has a canonical complex structure, roughly given
as follows: A point s 2 T is represented by an almost complex structure
on S, and for dimensional reasons this is always integrable (the Nijenhuis
tensor vanishes). Denoting the Riemann surface corresponding to this com-
plex structure by Ss, the tangent space toT at s is canonically isomorphic
to the cohomology group H(Ss,T), where T is (the sheaf of sections of) the
holomorphic tangent bundle to S (this is quite analogous to the identi cation
of the tangent spaces to the moduli space with certain cohomology groups of
the base). This is obviously a complex vector space, and hen@ one obtains
an almost complex structure on T. See Kod86] for more details. With re-
spect to this almost complex structure, the map Jis holomorphic in the sense
of (3.20.

The rst Chern class of (M ,w) is, in case G = SU(m), equal to 2m[w] 2
H2(M,Z).



Chapter 5

Calculating Cohomology

In this nal chapter, we will try to calculate the cohomology  group

HYGC5 (M g)) (5.1)

appearing in Proposition 3.11 where Gis the mapping class group of a sur-
face S, and M ¢ is the moduli space of at connections in a principal G-
bundle over S. As it turns out, we are not at this point able to do this compu-
tation completely. Instead, our strategy is to replace the coef cient module
with an “almost isomorphic” one, so that we may obtain some in formation
about the actual cohomology group in question. Currently, t his can only be
done for the group G = SL,(C), because in that case there is a particularly
nice model for the space of smooth functions on the moduli spa ce.

Even in this very special case, the partial information we ob tain is not very
enlightening, in the sense that it leaves very little hope th at the group (5.1) is
trivial.

Before restricting to the case G = SL,(C), we will try to analyze the prob-
lem in as general a setting as possible. We rst observe that C¥ (M g) =
C?)‘ (M g) C, where C denotes the space of constant functions onM g. This
is even a decomposition as Gmodules, since C is obviuosly invariant un-
der G Thus we have a corresponding splitting of the cohomology gr oup
HY(GC¥ (M g)) = HY(GC{ (M g)) HY(GC). Butsince the action of Gon
the constant functions is the trivial action, we have H(GC) = Hom (G C) by
subsection 1.4.1, and since the mapping class group is generated by torsion
elements, this space vanishes. Hence we see thaH(G C¥ (M g)) is isomor-
phic to H(G C§ (M g)), and we may focus on a calculation of the former,
which is of course not much easier.

5.1 Holonomy Functions

When faced with the task calculate H(G C¥ (M g)), for instance by computing
its dimension the main problem seems to be that the objectM g and the action
of Gis de ned in rather abstract terms, making it hard to do any ex plicit
calculations. However, using the geometry of the surface we are able to build
“most” of the functions on M g. Moreover, the action of Gon C¥ (M g)
corresponds exactly to the action of Gon S.

54
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The key observation is the following: A simple closed curve g on S deter-
mines a conjugacy class of elements inp1(S). Hence if w is a at connection
with holonomy representation $, $(g) is a well-de ned conjugacy class of
elements in G, so by taking the trace we get a complex number. This number
clearly depends only on the conjugacy class of $ in the representation variety
(respectively, on the gauge equivalence class ofw), so we get a well-de ned
function fg: M g ! Cgiven by fg([$]) = fg([w]) = tr($(g)). Moreover, fq
depends only on the free homotopy class of g, and we will frequently con-
fuse a curve with its free homotopy class. We call fg the holonomy function
associated tog.

In [Gol86], Goldman shows that if G is a classical matrix group, the Pois-
son bracket of two holonomy functions f,, fy, can be expressed as a (rational)
linear combination of holonomy functions on curves obtaine d in a simple
manner from a and b. For example, if G = GLn(R) or G = GLj(C), the
formula is

ffa, fog= & #p;a b)fap,. (5.2)
p2 a#b

Here a and b are assumed to be in general position; ie. the images are dispint
except for a nite number of transverse intersection points a#b. At such an
intersection point p, #(p;a,b) = 1 is the oriented intersection number (de-
ned in terms of the orientation of S), and apbp denotes the curve obtained
by starting at p and traversing a followed by b. For other groups, similar (but
different) formulae were obtained.

This leads one to consider the free module Zp; on the set p; of free
homotopy classes of loops in S (which is the same as conjugacy classes of
elements of p1, explaining the notation). Equipping this module with the
bracket determined by

[a,b] = & #(p;a,b)apbp, (5.3)
p2 a#b

for (homotopy classes of) loops a, b, the equation (5.2) shows that the map
a7! fais a homomorphism of Lie algebras Zp;! C¥ (M g) (if Gis GLn(R)
or GL,(C)). Itis also clearly equivariant with respect to the action o f the
mapping class group. However, the map is not injective, and t he discussion
in [ Gol86] shows that it is hard to give a nice description of the kernel . More-
over, it would be nice to have a geometrically de ned (that is , in terms of
loops on the surface) Gmodule with a Lie-algebra structure de ned without
reference to the particular Lie group in question.

5.1.1 Chord Diagrams

Following the same idea of assigning functions on the moduli space to loops
on the surface, Andersen, Mattes and Reshetikhin in [AMR96] generalized
Goldman's approach by introducing the algebra of chord diag rams on a sur-
face. This algebra carries a Poisson bracket de ned by a formula similar

to (5.3 above. Coloring the chord diagrams by nite-dimensional r epresen-
tations of G, one obtains a Poisson algebra which in many cases maps surje-
tively to O(M g), the space of algebraic functions on the moduli space. We
recall the de nitions and main results.
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A chord diagramis a nite collection of oriented circles and a nite collec-
tion of chords (unoriented line segments) whose endpoints | ie on the circles.
The chords are assumed to be disjoint, and in particular no tw o endpoints
coincide. The circles of a chord diagram are called the core componentand
together they constitute the skeletorof the diagram.

A geometric chord diagram o is a smooth map from a chord diagram
to S, mapping chords to points. When drawing (parts of) geometri ¢ chord
diagrams, images of chords will be drawn as fat dots. A chord diagram or§
is a homotopy class of geometric chord diagrams. Every chord diagram con-
tains a genericchord diagram: a geometric chord diagram whose skeleton is
immersed in S and which has only transverse double points.

We denote by D(S) the complex vector space with basis the set of chord
diagrams on S. This vector space is graded by the number of chords, and
union of diagrams makes D (S) a commutative graded algebra with unit the
empty diagram.

Consider the (local) relation

L

as well as the relations obtained from this one by reversing o rientation of

core components and changing the sign according to the rule: For every
chord intersecting a core component with reversed orientat ion, the diagram is

multiplied by 1. These relations are called the 4Frelations and the subspace
spanned by them is denoted 4T(S). This is an ideal and homogenous, so the
quotient

C(S) = D(S)/4T (S)

is also a commutative, graded algebra. Furthermore, there is a Poisson struc-
ture on C(S) de ned as follows: Given two chord diagrams on S, choose
geometric chord diagram i;: D; ! S, j = 1,2 representing them such that
their product is a generic chord diagram. For p 2 D#D,we dene Di[ p D>
to be the chord diagram on S obtained by joining ill(p) and i, Y(p) by a
chord mapped to p.

Proposition 5.1 (Andersen, Mattes, Reshetikhin). The bracket

f[D1],[D2]g= & #p; D1, D2)[D1[ p D2l (5.5)
p2 D1#D>

is well-de ned and determines a Poisson structureG{i$).

The algebra C(S) equipped with the bracket ( 5.5 is called the Poisson
algebra of chord diagrams & Requiring that every core component of a di-
agram be colored by a nite dimensional representation of a L ie group G
yields the Poisson algebra C(S; G). In [AMR96], the authors also construct a
Poisson homomorphism Y: C(S;G) ! O (M g). If G is a matrix group, we
may color all core components by the standard representation, and hence Y
de nes a Poisson homomorphism from C(S) to O(M g). This map is sur-
jective for the groups GL n(C), SLy(C), On(C) and Sp,,(C). Furthermore, a
diffeomorphism of S clearly preserves the 4T-relations, hence gives an action
of the mapping class group on C(S), and an easy computation shows that Y
is Gequivariant (see e.g. Theorem 2.22 of Eko0€).
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5.1.2 Loop Algebras

In [ Sko0], Skovborg uses the map Y to describe the Poisson algebraO (M g)
as an explicit quotient of C(S). The kernel of Y of course depends on the
group G. The cases considered all involve the loop algebraz (S) = DO =
cO(s) C (9), the vector space generated by thediagramson S (chord dia-
grams without chords). The name is due to the observation tha t a diagram is
simply a collection of elements of p1, so Z (S) is isomorphic to the polyno-
mial algebra on p1.

For complex numbers s, f, Skovborg considers the (Poisson) ideal I ; in
C(S) generated by the local relation

<=9 [+

and the associated mapRg¢: C(S) ! Z (S) given by replacing each chord

by the right-hand side of ( 5.6). Evidently Rg descends to an algebra iso-
morphism Rg¢: C(S)/ Iss ! Z (S), and by this one may transport the Pois-

son structure on C(S)/ Is¢ to Z (S); with this Poisson strucure, we denote it

Zs¢(S). For G= GLp(C), itis shown that O(M ) is isomorphic to a certain

quotient of Z; ¢(S), and in the caseG = SL,(C), the Poisson algebraO(M )
is isomorphic to a quotient of Z1 1(S).

n

5.1.3 BFK-Diagrams

Based on work by Bullock, Frohman and Kania-Bartoszyhska i n their paper
[BFKB99, Skovborg, in the nal chapter of [ Sko0f, gave a particularly nice
description of O(M ) in the special caseG = SL,(C), and this is the model
we are actually able to use for calculations. From now on, M = M g (c)-

A BFK-diagramon S is an isotopy class of a nite collection of unori-
ented circles embedded into S such that no loop bounds a disk in S. We let
B(S) denote the set of BFK-diagrams on S, and B(S) is the complex vector
space freely generated by B(S). There is a Poisson algebra structure onB(S)
induced by a vector space isomorphism from a certain quotien t of the loop al-
gebraZ1 1(S); see [Fko0q for details. It is easy to see that with this algebra

v 2

structure, a BFK-diagram is equal to the product of its compo nents, and thus
B(S) is generated (though not freely) as an algebra by the isotopy classes of
unoriented, non-trivial loops on S (together with the empty diagram).

There is a Poisson isomorphismn: B(S) ' O (M ) induced by Y. For an
unoriented loop g on S we have

n(g)= fq (5.7)

where g denotes any of the possible oriented versions of g. Recall that this
means that for a gauge equivalence class[A] of at SL 5(C) connections,
n(g)([A]) is equal to minus the trace of the holonomy of A along g§. The
independence of n(g) on the choice of orientation of g stems from the fact
that trace of SL,-matrices is invariant under inversion. With these prepara -
tions, we are ready to attack the cohomology group.
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5.2 Calculations

We remark that the formula ( 5.7) implies that nis equivariant with respect to
the natural action of Gon B(S), or in other words that n is an isomorphism
of Gmodules. Thus we have an induced isomorphism in cohomology ,

n:H (GB(S)! H (GO(M)). (5.8)

We may consider B(S) as the vector space of mapsB! C which vanish
for all but a nite number of BFK-diagrams. This is naturally ~a subspace of
the larger space B(S) of all maps B! C. Choose a setS of representatives
for the Gorbits in B(S), and for each D 2 S, denote by Mp and Mp the
Gmodules of all maps GD ! C and those which vanish for all but a nite
number of diagrams in the orbit GD, respectively. In this way we obtain
decompositions of the Gmodules B(S) and B(S)

M
B(S) = Mp

D2S
B(S)= O Mp

D2S

which induce decompositions in cohomology

H (GB(S) = ' H (GMbp) (5.9)
D2S

H (GB(S)) = O H (GMp). (5.10)
D2S

To understand the cohomology group H1(G B(S)), we could try to under-
stand the summands on the right-hand side of (5.9). To this end, x some
diagram D 2 S. Clearly there is an inclusion of Gmodules Mp | Mp in-
ducing a map on cohomology, H (GMp) ! H (G Mp), which in general
is neither injective nor surjective. However, if a cocycle w ith values in Mp
represents a non-zero element in H (G Mp), it certainly does not represent
zero in H (G Mp), and in case aMp-cocycle is a M p-coboundary, we may
examine if it is also a Mp-coboundary. Anyway, it turns out to be easier to
calculate H (G Mp):
From Corollary 1.3we immediately see that

H (GMp) = H (H,C) (5.11)

where H = & is the stabilizer of the diagram D in G Focusing on the rst
cohomology group, we have HX(G Mp) = Hom (H, C), and since C is abelian
and torsion-free, any homomorphism H ! C factors through the abelianiza-
tion Hyp, mod torsion, and we see that the computation of H(G I\7ID) is re-
duced to the computation of the rst homology group of H with, say, rational
coef cients.

However, it seems hard to give a nice description of H directly. Instead,
we consider the surface S° which is obtained from S by cutting along D.
We may assume that D does not contain “parallel” (isotopic) components,
since H is unaffected by the addition of a component parallel to an ex isting
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component. Similarly, we may assume that D does not contain components
parallel to a boundary component of S, so the cut surfaceS®has no connected
component diffeomorphic to a cylinder (except if S is the closed torus, in

which case D is forced to consist of a single non-trivial loop, and S%is the

cylinder). Let n denote the number of components of D, and let n® be the
maximal number of components such that S cut along these is still connected.
Put n = n%+ n% Then SCis a (possibly non-connected) surface with 1 + n%
connected components, total genusg®= g n%and a total of r®= r+ 2n

boundary components. There is a “glueing map” j: S°! S which is a local

diffeomorphism. The mapping class group Gof S°maps to H (via j), because
for any homeomorphism g% S%! SO xed on the boundary S0 there is a
unigue homeomorphism g: S! S xing {S and tting into the diagram

0
SOL) SO

lj Jj (5.12)
9

S——S

and clearly any isotopy xed on S°descends to an isotopy xed on {S. Since
the low-dimensional homology groups of mapping class group s are known,
we might hope to get information about H;(H) through the homomorphism
&! H. But unfortunately, this map is not injective, since a diffe omorphism
of SP consisting of “oppositely oriented” Dehn twists along two b oundary
components glued together by j is isotopic to the identity in G Also, it is not
surjective, since the elements of H are allowed to permute the components
of D, which no homeomorphism coming from G can do.

We need a notion of a “larger” mapping class group through whi ch infor-
mation about H (&) can be translated into infgrmation about H (H). To this
end, choose an oriented parametrization c: = ., S' ! 1S of the bound-
ary. Consider the group Diff (S c) of diffeomorphisms of S°preserving this
parametrization, ie. the group of diffeomorphisms g such that ¢ 1 Ojyso €
is a permutation of the 2n + r copies of S! consisting of identity maps. We
de ne G%to be the group Diff (S® c) modulo isotopies preserving c. Note that
in case S%is non-connected, elements of G°are allowed to permute homeo-
morphic components.

There is a homomorphism from GPto the permutation group of the bound-
ary components of S@ and the kernel of this map is easily seen to be & (if
a diffeomorphism maps each boundary component to itself and at the same
time preserves a parametrization, it xes the boundary poin t-wise). Thus we
have a short exact sequence

1 el GO po 1,

where PYis the appropriate subgroup of Spogse (I caseSYis connected, any
permutation of the boundary components is realizable throu gh a diffeomor-
phism.)

Consider the subgroup Q° PO of permutations which x po(1S) (or
more precisely the set po(j 1(S))) and preserves the pairing of elements of
po(1S° j 1(1S)) induced by j. In other words, Q°consists of the permuta-
tions s 2 POsuch that s(b) 2 po(j 1(j(b)) for every boundary component b
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of S% je. s(b) = bif bis a boundary component of S, otherwise s(b) is either
equal to b or the boundary component of S%which it is identi ed with by~ j.
Let HObe the pre-image of Q%in G° so we have a new exact sequence

1 e HO QO 1. (5.13)

One could also de ne HPas the subgroup of G%consisting of elements which
descend to elements ofH as in (5.12 above. Now, the homomorphism HP°!
H is easily seen to be surjective. For the moment, assume that he kernel of
this map is the free abelian group Z " with one generator for each component
of D. Then we have another short exact sequence

1 zZ" HO H 1. (5.14)

Lets see how (.13 looks like after an application of Theorem 1.4 As
explained earlier, we use rational coef cients (with trivi al action), so since Q°
is a nite group, its rational homology (in positive dimensi  ons) vanishes, and
we are left with

0—— H1(FQ)go—— H1(H%Q) ——0 (5.15)

By work of (among others) Harer, the low-dimensional homolo gy groups
of mapping class groups are known, at least with rational coe f cients. For
easy reference, we collect the results we will need in a propo sition.

Proposition 5.2. Let Gy denote the mapping class group of a genus g surface with
r boundary components.

(1) Ifg 3, Hi(Gyr) = 0, and hence HGy,r;Q) = 0.
(2) Forg= 2, Hi(&;Q) = 0.

(3) Forg= 1, Hi(G;Q) = Q".

(4) For g= 0, Hy(G;Q) = QU D2

In fact, (1) follows easily from the results in Section 2.2 For any surface S
and non-seperating curves a, b in S, there is an orientation-preserving diffeo-
morphism of S mapping ato b. But then the Dehn twists along any two non-
seperating curves are conjugate by Lemma 2.4, and they thus represent the
same element in the abelianization H1(G). Since, by Corollary 2.8, Gy is gen-
erated by Dehn twists on non-seperating curves, we conclude that Hq(Gy)
is cyclic. Finally, since a surface of genus at least 3 admits an embedding
of Sp 4 such that all seven curves occuring in the lantern relation a re mapped
to non-seperating curves, the relation 4t = 3t implies that H1(Gy) is trivial.
A re ned version of this argument shows that H;(G,) is cyclic (of order 10
for r = 0), so that its rational homology vanishes, showing ( 2).

In the case (@), the Dehn twists along the r boundary components repre-
sent a basis for the rational homology. Finally, in the case (4), think of Sp,
as the closed unit disc with r 1 small open discs centered at the x-axis re-
moved. Then ther 1 Dehn twists along the boundaries of these small discs,
alongwith (r 2)(r 1)/2 twists along circles enclosing exactly two of these
discs represent a basis forH1(G,; Q).
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Since the mapping class group of a non-connected surface is dviusly the
product of the mapping class groups of the components, this s hows how
to nd a set of generators for Hi(G®Q), and that we may in fact represent
these generators by Dehn twists. Since the action of Q%is induced by the
conjugation action of H%n G, we see from Lemma 2.4that the action simply
identi es some of these generators. The exact details regarding which gen-
erators are thus identi ed depend on topological constrain ts (for instance,
it can happen that two components of S°are homeomorphic, but that there
does not exist a glueing-compatible diffeomorphism taking one to the other).

Applying Theorem 1.4to (5.14) and using the surjective map Hy(A, M) !
H1(A, M)c, we obtain another exact sequence

H1(Z" Q) —— H1(H%Q) —— Hy(H;Q) ——0,
which by using the isomorphism ( 5.15 becomes
Hi(Z" Q) —— H1(&Q)go—— Hi(H;Q) —— 0. (5.16)

Recall that the group Z " really means the free abelian group generated by n
pairs of left and right Dehn twists in the boundary component s arising from
the cutting along D. Consider such a pair of Dehn twists t, tbol in the
boundary curves b, b°which are glued together by j. If both b and b°belong
to components of SOwith genus 2, tyt 0" is mapped to 0 in Hy(G’Q)qo.
If exactly one of them belongs to a component with genus 2, the product
tot,o" is mapped to a generator of Hy(G%Q)qo, and if both b, b° belong to
genus 1 components, the image of tyt bol in Hy(G* Q)qoidenti es the gen-
erators ty, t o (in case these were not already identi ed by the action of Q9.

In this way we see that we have a combinatorial method to compu te
H1(H;Q) by cutting along D, writing down all generators coming from
genus 0 and 1 components, and identifying and/or removing ge nerators ac-
cording to which permutations of the generators are topolog ically realizable
or which are killed by the image of H{(Z";Q).

5.3 Future Work

One may argue that the present report does not describe much progress, in
that it does not contain any fascinating new results. Howeve r, | believe that
it lays a rm foundation for the study of many interesting que stions related
to the moduli space, some of which | describe below.

First of all, one could try to nd out what can be said about H(GO(M ))
from the calculations in the preceding section. Corollary 1.3 does not seem
to have an analogue where one considers the mapsR ! C which vanish
for all but nitely many elements of R, so the above cannot directly give a
calculation of H1(G Mp). But, as written above, one could examine to what
extent the inclusion Mp ! Mp can be used to transfer information about
HY(GMp) to HY(G Mp).

Somewhere in between the algebraic functions B(S) and the “formal”
functions B(S), we nd the algebra of smooth functions on the moduli space,
which, according to the assumptions of Proposition 3.11, is the Gmodule we
really should consider.
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Clearly, it is not strictly necessary that the cohomology gr oup be trivial
for the conclusion of the proposition to hold; it is enough th at the cocycles
which appear can be killed by a coboundary. If the above descr iption of the
cohomology group is to be applied to that situation, one woul d have to nd
a way of translating a smooth function on the moduli space int o a (formal)
linear combination of BFK-diagrams.

Besides the problem of uniqueness of a Ginvariant differential star prod-
uct within a given differential equivalence class, there is the question of exis-
tence. Proposition 3.23provides a method by which to handle this problem.
Since Teichmiller space is contractible, the problem is to show the vanishing
of the equivariant conomology HL(T,D(M )); this is probably related to the
cohomology of the Riemann moduli space T/ G but the question is which
role the twisted coef cients play.

Actually, it is already known that a Ginvariant star product exists on
the SL,(C)-moduli space: In terms of BFK-diagrams, Bullock, Frohman, and
Kania-Bartoszyfska in [BFKB99 constructed such a star product. Unfortu-
nately, as shown in the last section of [Sko0{, this BFK star product is not
differential.

Another way in which to construct a differential Ginvariant star product
would be to make some sort of amalgam of the BFK star product an d the
BT star products. Would it for e.g. be possible to construct a star product
which is “ Gequivariant equivalent” to the BFK star product and differ entially
equivalent to (one of) the BT star products? For this to work, the BFK and
BT star products clearly need to be equivalent, but even this seems a dif cult
question; the characteristic classes presented in [zR99 fail to apply since the
BFK star product is not differential.

From a wider perspective, one could also consider other grou ps than
SL,(C). An obvious and quite interesting candidate is SU (2)  SLy(C), or
more generally SU(m). Since the SUY2) moduli space embeds in the SL,(C)
moduli space (this can be seen by proving that if two homomorp hisms into
SL,(C), taking values solely in SU(2), are conjugate in SLy(C), then they are
conjugate in SU(2)), an obvious question is if a star product on the larger
moduli space restricts to a star product on the smaller. This would, rst of
all, require that any smooth function on the SU (2) moduli space extends to a
smooth function on the SL »(C) moduli space, and second that the restriction
to the SU(2) moduli space of the star product of the extensions is indepen -
dent of the extensions chosen.

From a pedagogical point of view, several sections could be i mproved.
This applies at least to 3.5 4.2.2 4.2.3 4.3 4.4 One way in which to do
this is to give better references, or at least explain which p arts of the given
references are relevant. Also one should explain the discrepancies between
our sign conventions, normalizations etc. and those in the r eferred papers.
Another way in which to improve certain sections is to state m ore precisely
under which conditions the contents of the section apply: In  some cases com-
pactness of the Lie group is essential; sometimes the surfa@ must be closed,
while at other times it needs to have at least one boundary com ponent; some
constructions can be done on the whole moduli space, but some only makes
sense on the smooth parts.

With these words, we have come to the end of the road.
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