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]_ Abstract

In the following we will investigate two representations of the hyperbolic plane H?2:
the disc model and the Upper Half-plane model. In particular we will look at the
geodesics in the two representations, and especially discuss the distance between
two arbitrary points in the disc model. Last but not least it will be shown that
the Gaussian curvature of the hyperbolic plane is constantly —1, by computing the
Gaussian curvature in the Upper Half-plane model.

2 The Upper Half-plane

Let
H?={z=x+iycC:y >0}

(9ij(2)) = (%2 (1)) ,

y2

be given the metric

a slightly manipulated version of the standard Euclidean metric. The goal of this
chapter is to find the geodesics of the Upper Half-Plane. To do that we’ll show that

the group
+_Jfa O) .
Gl(2,R)" = {(c d) tad —be > O}

acts on H? as a group of isometries and it also acts transitively on H?, because then
we have that H? is geodesically complete by a proposition proved at the end of this
note.

The main result of this chapter is to show that the geodesics in H? are the half
circles and half lines perpendicular to the line y = 0. In particular H? is geodesically
complete, i.e. all geodesics are defined on all of R.

First a proof of the statement about G1(2,R)™ acting as isometries on H2. We
want a useable expression for the metric given two tangent vectors to H2. We identify
the tangent vectors in 2 by complex numbers, so for a point z € H? the inner product
induced by the metric in the tangent space T,H? is given by

1 _
(v,w), = (fm2)? Re(vw), wv,w € C.

We have to specify how G1(2,R)" acts on H2. So for a matrix (CCL Z) consider

the map h : H?> — H? given by h(z) = Zzzidb First we need to see that h actually

goes into H2, so the imaginary part of h(z) has to be positive.

Im(h(z))—i az+b az+b\ 1 (az+Db)(cz+d)—(az+b)(cz+d)
T2 \ez+d cz+d)  2i oz + dP?
Al
:7m22>0 for z € H? and A = ad — be > 0.
lez + d|

For h to be an isometry it has to be a diffecomorphism. It and its inverse are
holomorphic maps so it is clearly a diffeomorphism, and then the pullback of the
metric g under h should be equal to g, i.e. h*g =g.



Generally for a holomorphic map f(z) = u(x+iy)+iv(x+iy) we have the Cauchy-

Riemann equations 2% = %Z =: A and —g—"; = % =: u, and the pushforward of f on

oz
a vector is given by
U a\ _ (Xa—pub
v) \b) \pa-+Ab)’
but (A +iu)(a + ib) = Aa — pb + i(ua + Ab), so the differential at a point z is given
by multiplication by the complex derivative of h.
B () = (cz+d)a— (az + b)c _ A 7
(cz+d)? (cz 4+ d)?

where A = ad — bc is the determinant.
Therefore let v, w € C, then

h*g.(v,w) = (hyv, hsw)y () = mf{e (g’(z)vm'@)
—M e(vw) = L e(vw) = (v,w), = v, W
- (Img(z))2 R ( ) (Imz)2 R ( ) < ’ >z gz( ’ )a

and h is an isometry. So with the matrix beeing arbitrary, G1(2,R)™ acts as a group
of isometries on H?2.
Now we are able to find the geodesics, and the first curve we want to show beeing
a geodesic is the half y-axis,
l={iy:y >0}
To see this we use the reflection r : H?> — H? given by r(z + iy) = —x + iy, which is
easily seen to be an isometry, though not covered by the actions of G1(2,R)*, which

1
under 7, as the differential of a linear map is the linear map itself, and in R? r is just

_01 (1)> Since r is an isometry, then if I(t) is a geodesic then
r(l(t)) is also a geodesic, and if we choose the initial data i € C as start point and v
as a start vector, then if [(¢) is parametrized by arc-length then, r(I(t)) = I(¢), and
the geodesic will stay in [(¢) to all times, that it might be defined. By the way, this
is a very standard way of finding geodesics.

As noted our geodesic has to be parametrized by arc length, this gives us the
ability to give an explicit expression for the geodesic. So |I'(t)|,,» = 1 for all t.
I(t) = dy(t) and I'(t) = iy/(¢) so

has [ as the fixed points. If we choose the start vector v = (0) it will also be invariant

multiplication with

‘ll(t)h{z = Im (t) = Wﬁ

so y(t) = |y'(t)| which means that y(t) = +y'(¢). The solution to the differential
equation with positive sign points up and the one with negative sign points down.
We just look at the equation with positive sign. It gives the solution I(t) = C + ¢,
but 1(0) =4, so C = 0, and [(t) = ie’, is a geodesic in H? defined for all ¢ € R.

In order to get geodesics in all directions through the point ¢, we need to find
isometries that have i as fixed point, so let h € GI(2,R)™ be the isometry given by

the rotation matrix
cosf) —sinf
(sin@ cos ) eR.
Then ¢ is a fix point
i1cosf —sinf .
—_— =
sinf + cos 6 ’

h(i) =



and the differential of h(z) is given by multiplication by

h/(’L 1 _ 672i0

(isin® +cosf)?

bl

so h(l) is a geodesic through ¢ pointing in the direction determined by the angle
5 — 26. In order to get geodesics trough any other point just notice that Gl(2,R)*
acts transitively on H2. In fact if 2 = bi + a, b > 0 then z = h(i) for h given by the

matrix
b a
(5), amiee

In all cases the geodesics are the images of [ under som M&bius transformation as in
the action of GI(2,R)*. The Mdbius transformation take circles (or lines) to circles
(or liness) and also preserve angles. Therefore, and since the real axis is mapped onto
itself, the images will always be either a circle perpendicular to the real axis or a line
perpendicular to the real axis. You could think, that the geodesic only needs to be
perpendicular in one end to the real axis, but by rotating the geodesic 7 radians we
see that also the other end must be perpendicular to the real axis.

Remark 2.1. The mother of all the geodesics in H? was (t) = €', which is defined
for all t € R. By the transformations we use to get the rest of the geodesics we do
not alter with the timedependence. Therefore the upper half-plane is geodesically
complete, and by Hopf-Rinows theorem also complete as a metric space.

Now we have established all the facts about geodesics in the upper half-plane.
Now we want to transfer these results to the disc model.

3 The disc model

Let D C C be the unit disc D = {z € C : |z| < 1} with the Riemannian metric, g,
given by
4Re(vw) >
oo, w) = {v,u), = A
12|

D equipped with this Riemannian metric is the Poincaré model for the hyperbolic
plane. We will tie this description of the hyperbolic plane closely together with the
upper half plane, 2.

If we can find an isometry between D and H?2, we can transfer our results about
geodesics in H? to D. We will look at the Cayley-transform, ¢ : D — H and see that
it is an isometry.

The cayley-transform is given by ¢(z) = fiz—ﬁ, and to see that ¢ actually goes
into H? we just have to look at the imaginary part of ¢(2):

1 z4+i Z—i 1{(+9)EzZ+i)+(2—19)(z—1)
I - — (= _ __2
m(e(2)) 2¢< i ZZ—H') 2< iz — P
1 2
= |Z|2 >0 forzeD.
|z — 4l

We also need to verify that c is a diffeomorphism, that is both ¢ and c¢~! are
holomorphic. By definition the cayley-transform is clearly holomorphic. The inverse
cayley-transform can easily be calculated to be

w—1

71 —
W =5



which also clearly is a holomorphic map, so the cayley-transform is a diffeomorphism.

To show that ¢ is an isometry, the pullback of the metric § to D should be equal
to g: ¢*g = g. To make this calculation we need the pushforward of ¢, and because
we only have one complex variable we should just calculate the derivative of ¢ with
respect to z, and then c,w = ¢/(2)w:

by 2
d(z) = G

Now let us show that the cayley-transform is an isometry. Let v,w € C

.14 _
— 4
c*g(v’w) — <c*v7c*w>c(z) _ ‘Z Z| Re ( VW )

(1—|2%)? |z ="

4
= m Re(vw) = (v,w), = g(v,w),
so ¢*g = g and c is an isometry.

So now we have a method to transfer geodesics from H? to D, so that they remain
geodesics in D. The first kind of geodesics we look at are the ones through i € H?2,
because they will be geodesics through ¢=*(i) = 0 € D. In Chapter 2 the fundamental
geodesic was y(t) = ie!, and because ¢! is an isometry v(t) = ¢~ o~y(t) is a geodesic
in D through 0, with the equation

iet —i  et—1 et/ _et/2

w(t): 1+et :Zet+1 :Zet/2+e—t/2

= itanh(t/2).

Taking v to the limit ¢ (¢) — ¢ for t — oo and ¥(t) — —i for t — —o0, we see that v
is represented in D as a vertical straight line through 0.

All geodesics through 4 in H? can be specified by rotation of the initial vector (1)> ,
so all geodesics through 0 € D are given by rotations of this vertical line generated
by 1, so all geodesics through 0 in D are straight lines.

With ~ parametrized by arc length, we get furthermore that v also is. This
implies that if 2’ € D is given, we can rotate it around 0 to the imaginary axis to z.
Now the geodesic between 0 and z is ¢, and because v is parametrized by arc length
d(o,z) =t if z =1(t). That is z = ¥(t) = ziz—;} and with z beeing on the imaginary

%v and by isolating e! we get ef = ‘f_‘—u which implies that

d(o,z)tlog<|z|“).

112

axis |z| =

Now we found all the geodesics through 0 in D and that is a good start. But
given two arbitrary points in D, z 22, we want to find the minimal geodesic between
them, to give a concrete formula for the distance between the two points. Just like we
did with 0 and the arbitrary point 2z’ above. The idea is to use the transformations
between D and H? to find the geodesics. First we use the cayley-transformation to
get two points wy = ¢(21) and wy = ¢(z2) in H?. Now we know, that the geodesic
between w; and wsy are either a straight line perpendicular to the real axis or half of
the arc of a circle which is perpendicular to the real axis. Let us call the geodesics
intersection with the real axis for v; and vy. If the geodesic is a straight line, just let
v be infinity. Now we use the inverse cayley-transformation to transport the geodesic
and the four points back to D. The inverse cayley-transformation is an isometry, and
therefore it preserves angles, so the geodesic is perpendicular to the boundary of D.
Futhermore because ¢! is a Mobiustransformation it takes circles (or straigth lines)



Mobiustransformations on D are isometries

to circles (or straight lines), so the geodesic between z; and 29 is either a straight line
or a part of a circle, in both cases the curve is perpendicular to 9D. The intersection
of the geodesic with 9D are by = ¢(v1) and by = ¢(v3).

The next thing is to determine the distance between the two points. For that, we
use the points corresponding points w,ws,v; and vy in H2. Because we know, that
here we can use a Mdébiustransformation to move the three points wq, v1, v2 to respec-
tively 4,0, 00. Now we transform back to D with the inverse cayley-transformation,
so all in all z; goes to 0, by goes to i, by goes to —i and z, goes to an unspecified
point z € D. But z is not completly arbitrary, because it lies on the geodesic be-
tween 0, ¢ and —¢ which is the imaginary axis, so z is of the form z = i|z|. The
reason we do this is, that now we know the distance between 0 and z from our pre-
vious calculations. And with the cayley- and inverse cayley-transformations beeing
Mébiustransformations our total transformation of (z1, z2,b2,b1) to (0,2, —i,7) is a
Mobiustransformation. We know want to use the fact that the cross-ratio is invariant
under Mobuistransformations to get an expression of the distance between z; and z5.

It will be proved later that the cross-ratio is invariant under Md&biustransforma-
tions, but let us just assume that for the moment. Let us also assume that the
Mobiustransformations we use is an isometry (that will also be proved later). The
cross-ratio of four points is defined as

21— 23 k2T %4

[21722;23,24] = .
Z1 — R4 22— Z3

So the cross-ratio of the tuple (0, z; —i,1) is

_0—dz4id  |z[+1
C04diz—4  1—|z]

[0, z; —1, 1]

But now because the transformation was an isometry, and the cross-ratio is invariant
under the transformation we get the following formula for the distance between z;

and 2o
2] + 1 21 —by 2z —by
(21722) (270) Og<1_z| og Zl_bl Zg—bg

What we need to show is, that the cross-ratio is invariant under Md&biustransfor-
mations and that the Mobiustransformations we need are isometries.

Remark 3.1. The discmodel is also complete, since the time dependence is not changed
by the Cayley-transformation that takes geodesics from the upper half plane to the
disc. So geodesics in D is defined to all times.

3.1 Mobiustransformations on D are isometries

The Mobiustransformations on D were constructed by conjugation of a Mébiustrans-
formation on H?2, or rather on the upper half plane as a subset of R2. These trans-

formations are
az+b

cz+d’
and we denote them by f. We use the Cayley-transform to go back and forth between

D and ‘H?. So, if we define g as g(z) = ¢ 1o foc(z), we get a transformation from D
to itself. The next thing is to calculate an expression for g that is easy to work with.

VA

a,b,c,de R ad—bc > 0,



Cross-ratio is preserved by Mdbuistransformations

Let z € D.
; a(—zzf’>+b
ClOfOC():Clof<—iz+Z.):1 z'z
z—i c(-iztt) +d

_1 [ —taz+a+ bz —bi
c
—icz+c+dz— di

—iaz+a+bz—bi
—icz+c+dz—di

REC===)
z2(b—c+i(—a—d))+a—d+i(—b—c)
—z(a—d—i(-b—¢c))— (b—c—i(—a—d))

Zn+m

—1

- zm+n’
where m =a —d+i(—b—c¢) and n = b — c+ i(—a — d). We also had the condition
that ad — be > 0, and this means that |n|> — |m|* = 4(ad — be) > 0.

We already know that the Cayley-transform is an isometry, so if we can just show
that Mobiustransformations on H? are isometries, then g is also an isometry, and we
are done. But in Chapter 2 we showed that G1(2,R)" acts as isoemtries on H?, and
the way this group acts on H? is by Mobuistransforming the given element of 2 that
it is acting on. In other word we showed that the Mdbuistransformation in D is an
isometry.

3.2 Cross-ratio is preserved by Maébuistransformations

We want to show that cross-ratio is preserved by general Mdbiustransformations with

a,b,c,d € C and not in R as we have required so far, and just ad — bc # 0. This will

especially give us that the Mobiustransformations we need preserves cross-ratio.
The cross-ratio between four points in C is

(21 — 23) (22 — 24)
(21— 24) (22 — 23)

[21722;23,24] =

So when f(z) = ‘Cljig we have that

azi1+b _ az3+b aza+b _ azs+b
cz1+d czz+d czo+d cza+d

az1+b _ azs+b azo+b  az3+b
cz1+d cza+d czo+d czz+d
First of all it is clear that you must be able to reduce this horrible expression,

but secondly it is also clear that it would be a mess to write all the details. So we
calculate all of them in one go. Let i # j.

[f(z1), f(22); f(23), f(24)] =

az;+b az; +b  aczzj+ cbzj + adz; + bd — acziz; — bd — adz; — bez;
czi+d  czj+d (czj + d)(czj +d)
zi(ad — be) — z;j(ad — be)
(cz; + d)(czj + d)
(2 — z;)(ad — bc)
ezt d)(ez; + d)




Geodesically completeness

All of the four brackets gives this fraction — with the correct i and j’s — but the
only thing that do not cancel is the term z; — z;, so we see that

[f(21), f(22); f(23), f(z4)] = (21 — 23) (22 — 24)

(21 — 24) (22 — 23)

= [21722;’23724},

and the cross-ratio is invariant under Mobiustransformations.

3.3 Geodesically completeness

The following proposition is very handy and an easy way to show that a Riemannian
manifold is geodesically complete, and in view of Hopf-Rinows theorem, it is then
easy to show that a Riemannian manifold is metrically complete.

Let (M,g,V) be a Riemannian manifold with a connection V — it could be the
Rieammian connection, but it doesn’t have to. Then M is geodesically complete if
and only if every maximal geodesics is defined on all of R. The maximal geodesic
with speed V is denoted 7y .

But before we state the proposition we need the notion of a exponential map
defined on the tangent bundle to a manifold.

Define a subset Y of TM (the tangent bundle), the domain of the exponential
map, by

YT :={V € TM : vy is defined on an interval containing [0, 1]},

and then define the exponential map exp : T — M by

exp(V) = v (1).

For each p € M the restriced exponential map exp,, is the restriction of exp to the
set Y, :=TY NT,M.

The following are som properties about the exponential map that will not be
proved. But proofs can be found in [Lee(1997)]

Proposition 3.2 (Properties of the Exponential Map).

(a) T is an open subset of TM containing the zero section, and each set Y, is
star-shaped with respect to 0.

(b) For each V€ TM, the geodesic vy is given by
Yv () = exp(tV)
for all t such that either side is defined

(¢) The exponential map i smooth

(d) Suppose M and N are Riemannian manifolds with Riemannian connections and
suppose that o : M — N is an isomorphism, then ©.(Y,(M)) C Yoy (N) and
the following diagram commutes.

Tp(M) —E Ty (V)
€XPp leva(p)

M—F s N



In (d) the only requirement on the connection is that is should be preserved
under diffeomorphisms, and that is the only reason why it should be the Riemannian
connection. So all in all any connection that is preserved under diffeomorphisms
has the property of the diagram. But in the following we need it specifically to be
the Riemannian connection, or at least a connection that is compatible with the
Riemannian metric, because we need geodesics to have constant speed.

Proposition 3.3. Suppose that a group of isometries on a Riemannian manifold M
acts transitively, then M is geodesically complete.

A group acts transitively if there for all point p,q € M exists an element of the
group, ¢ : M — ]\47 such that g@(p) =q.

Proof. Let p € M be given. Let € > 0 such that the maximal geodesic exists for all
startvectors V € T, M where |V| < ¢ (where |V| = 1/g,(V,V)). Such an € can be
found, because exp is defined on an open set. These maximal geodesics are given
by the exponential map defined on the tangent bundle. That there exists a maximal
geodesic with startvectors for all V € T, M where |V| < ¢, means that exp, V' exists
for all |[V| < e, when V' € T, M. We denote the maximal geodesic vy (t) = exp,(tV),
and if we can show that vy can be extended to the all of R, then we can also extend
it to all of R_.

Assume that the maximal geodesic with +/(0) = V' is only defined on (a, b) where
a<0<1<b<oo. Defineq=~(b— 1) and define w =+/(b— 3). Now because we
have a group of isometries that act transitively on M, we can find an isometry such
that ¢ : M — M and ¢(p) = q.

VI =|v(b— 3| =7 (0)] <e, because Riemannian geodesics have constant speed.
If we push W forward to T, M with ¢, ! then ;' (W)| < € because ¢ is an isometry.
So now we know that exp, (¢, !(W)) exists. From the commutative diagram above
we know that exp, (W) exists, and so exp,(sW) = J(s) exists for s € [0;1] and is a
geodesic and 7/(0) = W. We are now able to extend v to (a,b+ 1) by

) = {:y(t) | te (a,b)1 1

Ft—b+3) te(b—3,b+3)
and 7'(b — ) = W so the old v and the new v coincide, so the maximal geodesic
was not so maximal after all, and that gives a contradiction. So a maximal geodesic
can be defined on all of Ry, and by the remark in the beginning of the proof, M is
geodesically complete. O

4: The Gaussian curvature of the 2-dim hyperbolic space

In general, given a chart (U,z),z = (x!,...,2") in a Riemannian manifold M, the

Riemannian connection is defined by the Christoffel symbols as

Vo0 = > Tk,
k

where {0;} = {52} is the standard familiy of vector fields that to each point in U

gives a basis for the tangent space 1T, M, and the Ffj are smooth functions, given by

1 .
T = 2 > 9" (Ohgij + Digu — Augin); 1)
l



where g;; are the components of the Riemannian metric, and g/ are the components
of the inverse matrix.
From the Riemannian connection we can define the Riemannian curvature tensor
Rm by
Bm(X,Y,Z W) =g(R(X,Y)Z, W),

where X, Y, Z, W are vector fields on M, and R is the curvature tensor R(X,Y)Z =
VxVyZ -VyVxZ — V[X7y]Z.
By straight forward computations we can express functions for the curvature ten-

sor in local coordinates by R(9;,0;)0; = >, Rfij(?k where

Ry = 0% — ;T + Z(F?zrfh —TiT5,)- (2)
h

Now we can express the Riemann curvature in the new Rfi ; as
h
Rijki = E 9in R
h
Furthermore we have the Ricci curvature tensor, Re, given as the trace of the curva-
ture tensor, so
_ i
le = § Rjila
i
and the scalar curvature is the trace of the Ricci curvature

R=> g¢'Rj.
l

By a corollary to Gauss’ Theorema Egregium® we have that the Gaussian curvature,
K, of a Riemannian 2-manifold is related to the curvature tensor, Ricci curvature
tensor and scalar curvature by the formulas

Rm(X,Y,Z,W) = K(g9(X,W)g(Y, Z) — g(X, Z)g(Y,W)),
RC(X,Y) = K(Q(X>Y))7
R =2K. (3)

With all these formulas we are now ready to calculate the Gaussian curvature of
the Upper Half-plane.

We know that g;; = y=2d;; so g = y?6"/. This is all we need to compute
the Christoffel symbols and the Gaussian curvature. The symmetry of the Rieman-
nian connection is expressed in local coordinates as commuting lower indices in the
Christoffel symbols, so by (1)

1
Iy =T3 = =y*(01912 + 02911 — D1912)

2
1,0 o -1
=gy TV

Similarly,
%, =T5 = -y !

and the rest are 0.

!Lemma 8.7 in [Lee(1997)]
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By equation (2)

Rj1p = —02T5; + 01T, + Z(ngr}lu — 5 Ty)
h

—y 0+ (y -y =y

Similarly,

2 2
Riy = -y,

R%n = 3522 =0,
Ri1 = Rjj, + Ry = -y 2,
2

Roy = —y~7,
R= -2,
K =-1.

So the hyperbolic space in two dimensions has constant Gaussian curvature - 1.
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