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1 Kullback-Leibler Distance and Entropy

Let X be a r.v. (possibly multidimensional) with density f(z). The cross-
entropy or Kullback-Leibler distance between f and a different density g is then
defined as

9(X)
F(X)

where E h(X) means the expectation of h(X) where X is a r.v. with density

g(x).
A lower bound follows from Jensen’s inequality:

E, log

- / g(2)log g(z) dz — / g(e)log f(z)dz,  (L1)
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with equality if and only if f = ¢'. This motivates to view cross-entropy as
a measure of closeness, such that the f in a given classs of densities which is
closest to g is the one with minimal cross-entropy or equivalently with highest
value of

[ote)togs(@)ds = B,log £(X). (1.2)

For the following, note that this last expression also makes sense even if P, is
singular.

A basic property is that minimizing crosss-entropy is the same as mazimum
likelihood estimation: if Uy, ...,U, are observations from an unknown density
fo(x), the MLE 6 is obtained by maximizing the log likelihood

> log f(Us;0) = nEg, log f(U;0)
=1

w.r.t. 8 where F,, is the empirical distribution giving mass 1/n to each of the
U;.

Lor rather f(z) = g(=) for g(r)dz-a.a. .



2 Finite HMM’s: Examples

We consider here hiddden Markov models with a fixed length (as opposed to the
variable length models occuring, e.g., in speech recognition and DNA sequenc-
ing); a basic reference is Cappé, Moulines & Rydén [1].

Such models aim at describing observations Yy, ...,Y, with a dependence
structure governed by an underlying unobserved time-homogeneous Markov
chain Xy,...,X,. That is,

P(YO S Ao,. .Y, € A,L‘XO =20,...,Xp = Qj‘n) = G(Io,Ao) .. .G(xn,An)

for suitable distributions G(z, -). The Markov chain Xy, ..., X, may be discrete
with transition matrix Q = (qm,) , or general with transition kernel say

Q(z, F). We will use notation like Yp., = (Yo,..., ), Xom < (Xo, ..., X,).

The joint density of (Xo;n, Yo;n) in the discrete case is

—
x,x’'=1,...,

VioQuoxs " Qim0 (Y0) = 9(Tns Yn) (2.1)

where g.(y) is the density of G(z,dy) w.r.t. some reference measure p.

Hidden Markov models are one of the basic vehicles for modeling dependent
observations and one gets quite far by just using a finite set £ of Markov states.
In fact, if the Y}, take values in say R?, then any distribution H on Rt
is the weak limit of distributions H,, corresponding to hidden Markov model
(typically with the size of E' = E,, going to co with m).

A classical statistical problem is filtering or smoothing where one asks for the
distribution of X., (or suitable marginals) given the observed values; precise
definitions are given in Section 3. For example:

Example 2.1 Consider a change-point problem where E has only two states
1,2 such that a transition 2 — 1 cannot occur. This means that the Y; have
density g1(-) up to a certain point (the time of change of state from 1 to 2) and
g2(+) thereafter. A basic task is to assert whether such a change occurs and when,
which basically amounts to giving statements on the conditional distribution of
Xo:n given Yo, = vy, In particular, one is interested in the (conditional)
probabilites of the sequences xé?zl of all 1’s and :cé]f,)l, k=0,....,n—1, with 1’s
at the first k£ places and 2’s at the rest.
A more complicated and realistic change-point problem (geological layers of
different types) is given as a recurrent example in [1].
O

Example 2.2 A target moves on a lattice but the observation is blurred by

noise. More precisely, let the lattice be L def {1,..., M}2 and let the (known)

movement mechanism be random walk with probability 1/8 for each of the 4
neighbours and 1/2 to stay at the same site. The Markov chain at time n is
the position X, of the target which without noise is observed as a 1 at site X,
whereas the remaining sites have a 0. The noise at time n at site 7j is €, ;, ; where
the €, ; are i.i.d. N(0,1). Thus, the observation at time n is Y,, = (Yn’ij)ijeL
where Yy, ;; = €,;; + 1{X,, = ij}. One is interested in IP’(X;.CH =1ij | Yo:k) in
order to decide at which ij to aim the next shot (or bomb). O



Example 2.3 In financial modeling of log-returns Yy, . .., Y, the simplest model
(Black-Scholes) is just that the Y} are i.i.d. N(u, 02). However, often one ob-
serves phenomena such as periods with larger variation than typical, i.e. stochas-
tic volatility. In a hidden Markov model, one takes instead g, (-) as the N (i, 02)
density. A frequently used model for the underlying Markov chain is an autore-
gressive process Xy+1 = pXji + Vi with the Vi ii.d. N(O, w2), but as noted
above, an appealing alternative is just a general finite-state Markov chain. O

Example 2.4 Let Cy,...,C, € {—1, 1} be a sequence of bits transmitted along
a noisy channel. More precisely, assume the observed sequence is Yy,...,Y,
where Y, = WiCj + Vi where the V; are i.i.d. N(0,0?) and the W} are so-
called fading coefficients, describing time-varying properties of the channel and
often modelled as an autoregressive process Wy1 = pWy + V) with the V// i.i.d.
N(O, w2). Thus the hidden Markov chain may be taken as X = (Ck, Wk), and
one is facing a filtering problem, to reconstruct the Cy from the Y}, (the Wy are
of no direct interest in themselves, i.e. they constitute nuisance variables). O

3 Filtering and Smoothing in Finite HMM’s

The state space of Xg, X1, ... is taken as {1,...,r} throughout. When writing

P(Yx = yg), this is to be understood as the density of Yy at yi. Thus, e.g.,

P(Yr = uk |X;.C = 2k) = Gu,(yx). We will further use notation like y.), o

(yOa s ayk)a Lk:n déf (ykv s 7y77«) and p(yOk) déf ]P)(YE)E = yO:k)?

def def
PYo.r> o) = P(Your = Yours X = 1), P(Worl|rr) = P(Yor = Yol Xx = 21)

etc.

We are concerned with recursions for the following quantities, using a nota-
tion close to [1] (note that often, we suppress the dependence on the observed
sequence Y., ):

), the log likelihood of y,.;, that is, the logarithm of

Z Vo YGzo (yo)(ho@l Gz, (yl)qwl,wz © ey G (ﬁk) (31)

Zo:k

where v % (vz) is the initial distribution (the distribution of Xo, i.e.
vy = P(Xo = x)). That (3.1) is the likelihood means that it gives the
marginal probability that Yp., = y.;, which follows since for each xq.x the
term under the sum sign is the probability that Xo.x = ®o:x, Yo:x = Yg.-

ck(yx) the conditional probability p(yk|yg.,_1) that Yi = yx given yo.—1.

Br:tjn (Tro0) the conditional probability p(zr.e|yq.,) that X e = g given the
observations y,.,. Of particular interest are:

®0:nn(T0:n) - This is the joint smoothing probability, that is, the condi-
tional probability of the whole sequence of Markov states xg., given
Yon-

Grjn (Tk) def Gkkn (1) . This is the marginal smoothing probability, that
is, the conditional probability that X = x given y,.,,.



Gkik1)n (T, Trr1) - Thisis the conditional probability that X, = z, Xp11 =
Typ+1 given yo.n, i.e. that a transition from xy to zp41 occured be-
tween k and k£ + 1. It is a key tool for obtaining the joint smoothing
probability, and is further used in Section 5.

Gntijn(Tny1) - This is the prediction probability, that is the conditional
probability that the next Markov state is z,41 given yq.,,.

G (1) def Gk (zr) - This is the marginal filtering probability, that is
the conditional probability given y,.;, (not y,.,!) that the Markov
state at time k is xg

The computational difficulty in obtaining the above quantities is largely the
curse of dimension, i.e. large values of n and/or k. For example, in (3.1) the sum
extends over r™*1 values of xg., and each term is a product of n + 1 factors, so
the complexity is O(nr"). Further, a naive computation of (3.1) will typically
give rise to overflow or underflow when n is large, which motivates some of the
normalizations to be used in the following.

3a The Forward Step

This step computes the conditional likelihoods ci(yx), the marginal filtering
probabilities ¢, (71), the prediction probabilities ¢y 1| (2r+1) and thereby the
log likelihood ¢,,, cf. (3.2) below, by a forward pass in k (to get the smoothing
probabilities, the additional backward step presented below is needed).

The initialization is ¢o|—1(z0) = vz, and the updating from k —1 to k is

1. cx(yg) «— Z Oklk—1(Tk) G (Yr);

Ikzl

2. Gr () < Prjk—1(k) g, (k) /e (Yr);

3. Ptk (Try1) Z Ol (Tk ) Gy -

wk:1

The complexity of this algorithm is O(nr?). The validity follows by elemen-
tary conditioning arguments and the definitions of the ck, ¢g|r, Pr41)x as follows.
First

T

ce(ye) = p(yk}yo:k—l) = Zp(ykamk}yO:k—l)
rEp=1

T

= Z p(xk |y0:kfl)p(yk |y0:k715$k)

=1
= Z Orpe—1 (xe)p(yr | 2) = Z Orik—1 (k) gai (i)
=1 =1

which shows 1. Next the chain rule for conditional probabilities gives

(@1 uk | Yow—1) = 2@k | Yor)P Yo | Yoiro1) -



The Lhus. is g, (ye)p(2k | Yo._1) so alltogether, we get

Gor U)Orii—1(T) = Onpr(n)cr (Yx)

which proves 2. Finally,

T

¢k+1\k(xk+l) = p(xkﬂ ‘yo;k) = Z p(xkakarl |y0:k)
=1
T o ks
= Z P(mk ‘ yO:k)kaﬂEkH = Z ¢k\k($k)qu$k+1 )
wk:l Ik:].
proving 3.

For ¢,,, it follows by writing p(y,.,,) as

pwo)p(v1 | wo)p(y2 | Yo.r) -~ P(Un | Youn—1) (3.2)

and taking logarithms that
én = ch(yk). (3.3)
k=0

3b The Backward Step

This step allows to compute smoothing probabilities, first low dimensional ones
like ¢pjn (Tx), Prikt1jn Tk, Try1) and next the entire set @o., | (€o.n). Again, the
complexity is O(nr?).

The algorithm involves the auxiliary quantities

det Brn(@r) — P(Your—1)
) = ChCn p(?Jo:n) ﬂkln(mk)

def 2
Brin(Tk) = P(Yri1nlTh)s  Orjn(@k

(for the last identity, use a decomposition similar to (??)). Here the 3y, satisfy
the obvious recursion

p
ﬁk\n(xk) = Z qajkg;k+1gwk+1(yk+l)ﬂk+l|n(‘/’rk+1)7
$k+1:1
and hence
. 1 & .
Brjn(Tk) = - Z Qoranir Jewsr Ykr1) Brgijn (Trrr) - (3.4)
Ik+1:1

The initial conditions are 3,,,, (z) def 1, ﬁvn‘n(xk) def 1/¢p. From Bn|n, one then
computes first ﬂvn,”n, next Bn,g‘n and so on (backward scan).

The implications are that combining with the filtering probabilities com-
puted in the forward step, we can obtain the smoothing probabilities as

_ ¢k|k($k)5k|n($k) 35
Dr|n (Tk) S o @) B () (3.5)
Oror1n (T Thi1) = Okl (Th)Gorwrss Grnrr Wkt 1) Brrin (@rr1) - (3.6)



To see this, note first that up to a constant depending only on y,.,, but not xy,
the numerator ¢,k (2x)Bkn (zx) in (3.4) is proportional to

P(Yok Tk)PYpg1:01Tk) = P(Youns Th) -

Therefore the r.h.s. of (3.4) equals

p(yO:n’xk) p(yo:nka)
252:1 p(y():na m;g) p(yOn) ‘
Next the r.h.s. of (3.5) equals
P(Yo:k Tk) P(Yo:x)
—— Qzpxi1 9z Yy —— P\Ykt2:n | Th+1
p(yO:k) ETk+41 k+1( k+l)p(y0:n) ( k+2 | +)
1
= p(TO:n)p(yO:kv xk)QIkrk+1g$k+1 (yk+1)p(yk+2:n | $k+1)
p(yO:nﬂxlﬁkarl)
= — " = Opki1n(Ths Tht1) -
P(Yo.n) .

To obtain the full smoothing probability ¢o.,n(To:n),

‘Not implemented in this version‘

4 The EM Algorithm

The EM algorithm is one of the main tools for performing maximum likelihood
(ML) estimation in the absence of full data information (incomplete observa-
tions, lost data etc.). The main example is exponential families with density

Jo(v) = TH)7O) (4.1)

w.r.t. some reference measure p(dv) where v is the observation vector. The ML

estimator is then often some nice explicit function 8 ef a(t(v)) of t(v) where
v is the observed outcome of the r.v. V with the prescribed density fg.

Example 4.1 Let V3,...,V, be ii.d. exponentiald and V def (Vl Vn)T.

Then (4.1) holds with ¢{(V) = =V; —--- —V,, k(0) = nlog )\, and we have
A=n/(Vi +--- +V,) = —n/t(V), as can be obtained by straightforward
differentiation of the log likelihood —A(Vy +--- +V,,) + nlogA. O

Example 4.2 In a normal mixture problem Y = (Y7,...,Y},) are i.i.d. with a
common density fg(y) which is a mixture

d

1 2
) —(y—pi)*/2
E I e
V2

i=1 T

of N(u, 1) densities (for simplicity, we assume that the variance is known and
equal to 1), so that the unknown parameters are (o, p1;),_, (constrained by
a1+ -+ ag =1). One can interpret the model as a given observation Y being
assigned type ¢ w.p. a; and then having distribution N(g;,1).



To obtain the representation (4.1), one defines

V (YY), HV) (N NG, S, Sa)

def def
0 = (617'~'79d76d+17"'792d) = (].OgOél,...,IOgOéd,/,Ll,...,/Ld),

where Ji is the type of Y; and

N, df Z]l{h:i}’ g, def Z Y, = ZYk]l{Jk:i}.
-1 ki Jy=i k=1

Further, u is supported by d disjoint copies of R, such that the restriction u(dyy)
to the kth is (v27r)~'e ¥#/2dyg. Then (4.1) holds with x(6) = (u2+---+pu2)/2.
__ After conditioning upon the Ji, it is readily guessed that the MLE estimator
0 is given by

& ==t =2k, i=1,....d, (4.2)

i.e. the ML estimator of «; is the empirical mean N (i)/n of the Y with Jy = 4,
and similarly the ML estimator of u; is the empirical mean of the same set of
Y).. For a formal verification of (4.2), introduce a Langrangian multiplier A and
consider the minimization of

2d
Zﬂjtj(v) + /\(e9d+1+...+692d_1). 0
j=1

Now consider the general exponential family setting, and assume that only
Y is observed and not the whole of V. For example in Example 4.1, there
could be censoring at ¢y so that only the V3 Atg, ..., Vi Aty are observed, and in
Example 4.2 only the Y;, but not their types Ji could be observed. The statistical
estimation problem remains explicitly tractable in the first example but not in
the second where we are left with an 2d — 1-dimensional optimization problem
without an explicit solution. The EM algorithm proceeds iteratively. When
updating from 6,, to 0,1, t(V') is replaced by its Py, -condional expectation
t, given Y:

e o, [HX) Y], Our ® B(t). (43)

It can be shown that the 6,-likelihood is non-decreasing in n and hence that
6,, — 0 under suitable regularity conditions.

Example 4.3 Consider the normal mixture example 4.2. Write

On - (log Qp1,. .- 710g Qn dy Bn,1y- -y ,Un,d) .

Then

Po, (Je =i|y) = Po, (Je =1i|yr)
Qp g 27‘[ 71/2ef(yk*lln,i)2/2 def
= d : ( ) — — N2 = ¢(0nayk)7
5t (2m) 2 v

tn = (Nn,17'~'7Nn7daSn,1a~'~aSn,d)




where

Noi € Eo [Ni|Y] = > 0(0n.us),
k=1

Sni € Eo, [Si|Y] = Y Y0, m)
k=1

From (4.2), it therefore follows that 0,11 = é(tn) is given by Qn41, = Npi/n,
Hnt1,i = Sn,i/Nni- O

The difficulty in applying the EM algorithm is usually the computation of
the conditional expectation ¢,, (the E-step) rather than the computation of 8(t,,)
(the M-step) which involve just the same calculations as when computating the
MLE in the presence of full observations. It is therefore tempting to perform
the E-step by Monte Carlo, which means that t,, is redefined as

t, < %(t(Vn,l) Ft V(Va), (4.4)

where V,, 1,..., V, m, are simulated replications from the conditional Py, -distribution
of V given Y. This algorithm is known under names such as the Monte Carlo
EM algorithm, the stochastic EM algorithm etc. (outside the exponential family
setting we have restricted ourselves to, these names may actually cover slightly
different algorithms). The Monte Carlo EM algorithm obviously has the prop-
erty that {6,}, .y becomes a time-homogeneous Markov chain with no state

being absorbing (in particular not the MLE 5!), so that the best one can hope
for is oscillations around @ which are small given m has been large enough, not

convergence in probability or a.s. To obtain this, one needs to let m def My O
to oo with n.

5 The EM Algorithm for Finite HMM’s

If Xo., is a discrete Markov chain with completely unknown transition proba-
bilities g;; and known initial distribution v, it is easy to see that the maximum
likelihood (ML) estimates are given by

~ Nww’
;= 5.1
Qrx N, ( )
where Nz def gil 1{Xy = z,z111 = 2’} is the observed number of transi-
tions  — 2’ and N, def 3—1 1{X} = x} the observed number of visits to

up to n — 1. The intuition is of course that (5.2) gives the empirical frequency
of transitions z — 2’ among all transitions out of x.

Now consider a HMM where the ¢, are completely unknown and the g,
have the form g(y;6,). To be specific, we will assume that 6, is a normal mean
as in Example 4.2. As is readily guessed, the MLE estimators when both Xg.,,
and Yj., are observed are then

~ o Nww’ é\ Sw
Qe = Nx ) x N*

(5.2)



where N %" S (X, =2} and S, ' S Vil{X) =2}. Again, the

expression for 5(95) is intuitive: 6, is the empirical mean of all Yj for which
Xk =X.

In the hidden situation, where only Yj., is observed and we proceed via the
EM algorithm, we have to plug in the conditional expectations of N,/ (m), N, (m),
NZ(m), Sz(m) given Y., in step m. Letting

Q(m) = (qz1/(m))w,w’:l7...,r’ O(m) = Hﬂc(m))wzl)mﬂ‘
be the current estimates ¢y, (m), 6,(m), this gives

n—1 n—1
= > Poumyeim) Xk =2|Yom) = D bujnlz;m)
k=0 k=0

where the ¢y, (x;m) are the smoothing probabilities computed using Q(m), 8(m)
as parameters. Similarly,

n n—1
N;(m) = Z¢k|n(x7m)7 Nrr/(m) = Z¢k:k+1\n(maml;m)v

k=0 k=0

k=0
and the EM updating formulas are

Naar(m) Sz(m)
zx’ 1) = ) ew 1) = .
e +1) = TR u(m 1) = (53)
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